Pure Mathematics Year 1/AS

Algebraic expressions 1A

1 a X3xx4:X3+4
=¥’

b 2x3x3x2=2x 3 x x3+2

=6x°
3
c %zk*2
=k
d 4p*+2p= 4 xpi+p
:2><p3_1
:Zp2
e 3_X3— gxx_s
3x? 3 x?
::]_)(xs_2
=X
f)°=y"°
= y10

g 10x5+2x3=5x"3
= 5x°

h (p%?+p*=p°+p*
:p6—4
:p2

i (2a%)?+2a®=22x ab + 2a®
=4a° + 2a°
=2a%"3
=2a’

j 8p4 - 4p3 = 2p4—3
= 2p1
= 2p

k 2a*x3a°=2x3xa*xa®
=6xa'*®
= 6a°

21a°h’ _éxa_Sxi
7ab* 7 a b*
= 33 1p7 4
= 3a%h®

SolutionBank

m 9x% x 3(x?% =9 x 3 x x% x x?*3

=27x2+*6
=27x8

X2 x 48 =3 x2 x4 xx3*t2+6
= 24x1

7a* x (3a%)? = 7a* x 9a®
= 63a'?

(4y°)° + 2y° = 64y° + 2y°
= 32y°

2+ 3a’x 6a°=2+3x6xad 2
= 4a°

3a4x 2a5>< 8.3:3 X 2 X a‘4+5+3
= 6al?

9(x—2)=9x-18

X(x + 9) = x% + 9x

—3y(4 — 3y) = —12y + 9y?
X(y +5) = xy + 5x

—X(3x + 5) = —3x%— 5x
—5x(4x + 1) = —20x% — 5x
(4x + 5)x = 4x% + 5x
—3y(5 —2y? =—15y + 6y°
—2x(5x — 4) = —10x2 + 8x
(3x — 5)x? = 3x3 — 5x?

3x+2)+(X—=7)=3x+6+x—-7
=4x—1

5x—6—(3x—2)=5x—6—-3x+2
=2x—4

4(c + 3d?) — 3(2c + d?)
= 4c¢ + 12d? — 6¢ — 3d?
=-2¢ + 90
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Pure Mathematics Year 1/AS SolutionBank

2 n (r2+322+9) - (2r2 + 32— 4) 83 +5x  8x° 5x
=r2+32+9-2r2-3t2+ 4 3d =+
=13 —r2 2X 2X  2X

5
=4+ =X
0 X(3x2—2x +5) = 3x3— 2x2 + 5x 2

5
=4x° +=
p 7y?(2 — 5y + 3y? = 14y?— 35y3 + 21y*
q —2y%(5 — 7y + 3y%) = —10y*+ 14y*— 6y* , IX 457X 5¢
F7(x—2) +3(x + 4) — 6(x — 2) o 75X >
=7x— 14 +3x+ 12— 6x + 12 =gx7’l+x2’1
=4x+10
S +X
S 5X—3(4—-2X)+6=5x—12+6x+6 T 5
=11x—-6
9x° -5x* _ 9x*> 5x°
t 3XP—X(3—4X)+7=3x°—3Xx+4x>+ 7 f = -
— 7X2_ I+ 7 3X 3x 3x
=3X571—§X371
u 4x(x +3)—2x(3x-7) 3
= 4x2 + 12X — 6X2 + 14x , 5%
= 26x - 2X° =3 -

v 3x3(2x + 1) — 5x3(3x — 4)
= 6x3 + 3x%2— 15x3 + 20x2
= 23x%—9x8

6x* +10x°  6x* 10x°
3 a = +
2X 2X 2X

=3x**1+ 5x°*t
=3x%+ 5x°
3x°—x"_3x> X’

b 2
X X X

— 3X5—1 _ X7—1
3x* —5x°

c 2x*—4x? _ 2x' 4x
4x 4x  4X
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Pure Mathematics Year 1/AS

Algebraic expressions 1B

1l a

xX+4)Xx+7)
=x2+ 7x+4x + 28
=x%+11x + 28

x—=3)(x+2)
=x2+2x—3x—6
=x>—x—6

(x—2)?
=(x—2)(x—2)
=x?—2x—2x+4
=xX>—4x+4

(x—y)(2x +3)
= 2x% + 3x — 2xy — 3y

(x+3y)(4x—y)
= 4x% — xy + 12xy — 3y?
= 4x% + 11xy — 3y?

(2x— 4y)(3x +y)
= 6X% + 2xy — 12xy — 4y?
= 6x% — 10xy — 4y?

(2x—3)(x—4)
=2x°—8x—3x+12
=2x%— 11x + 12

(3x + 2y)?

= (3x + 2y)(3x + 2y)

= Ox? + BXy + 6xy + 4y?
= Ox? + 12xy + 4y?

(2x + 8y)(2x + 3)
= 4x% + 6X + 16Xy + 24y

(x+5)(2x+3y—5)

=X(2x + 3y — 5) + 5(2x + 3y — 5)
= 2x% + 3xy — 5x + 10x + 15y — 25
= 2x% + 3xy + 5x + 15y — 25

(x—1)(Bx—4y-5)

=X(3x —4y —5) — (3x — 4y — 5)
=3x>—4xy —5Xx—3x+ 4y +5
=3x2—4xy —8x+4y+5

(x—4y)(@2x+y +5)
=X(2x+y +5) —4y(2x +y + 5)
= 2x% + Xy + 5x — 8xy — 4y? — 20y
= 2x% + 5x — 7xy — 4y? — 20y

SolutionBank

m (X +2y —1)(x + 3)

=x(x+3)+2y(x+3)—(x+3)
=x2+3x+2xy +6y—x—3
=x2+2X +2xy + 6y — 3

(2x + 2y + 3)(x + 6)

= 2X(X + 6) + 2y(x + 6) + 3(x + 6)
= 2x% + 12x + 2xy + 12y + 3x + 18
= 2x% + 15x + 2xy + 12y + 18

(4-y)4y —x+3)

=4(4y —x +3) —y(dy — x +3)
=16y —4x + 12 — 4y? + xy — 3y
= -4y? — 4x + 12 + xy + 13y

4y +5)Bx—y+2)
=4y(3x—y+2)+5(3x—y+2)
= 12xy — 4y? + 8y + 15x — 5y + 10
= 12xy — 4y? + 3y + 15x + 10

(5y —2x + 3)(x — 4)

=5y(x—4) —2x(x —4) + 3(x — 4)
= 5xy — 20y — 2x* + 8x + 3x — 12
=5xy — 20y — 2x* + 11x — 12

(4y—x=2)(5-y)

=4y -y)—x5-y)—2(5-Y)
=20y —4y?> —5x +xy — 10 + 2y
=22y —4y?> —5x + xy — 10

5(x + 1)(x — 4)
=(Bx+5)x—-4)

= 5x% — 20x + 5x — 20
= 5x? — 15x — 20

7(x—2)(2x +5)

= (7x — 14)(2x + 5)

= 14x% + 35x — 28x — 70
=14x°>+7x— 70

3(x—3)(x—3)
=(Bx—9)(x—3)
=3x%— 9x — 9x + 27
=3x%— 18x + 27

X(X=y)(x+Yy)

= (X = xy)(x +)
=3 + X%y — X%y — Xy?
= x3 — xy?
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Pure Mathematics Year 1/AS SolutionBank

2 e X(2x+y)(3x +4) 0 3x(x—2y)(2x+ 3y +5)
= (2x% + xy)(3x + 4) = (3x% — 6xy)(2x + 3y + 5)
= 6x° + 8X? + 3x%y + 4xy = 3x2(2x + 3y + 5) — 6xy(2x + 3y + 5)
= 6x3 + 9x%y + 15x2 — 12x%y — 18xy? — 30xy
f y(x—5)(x+1) = 6x3 + 15x% — 3x%y — 18xy? — 30xy

=(xy —9Sy)(x +1)

= X%y + xy — bxy — by p (x+3)(x+2)(x+1)
= x%y — 4xy — 5y = (X2 +2x+3x+6)(x + 1)
= (X2 +5x +6)(x + 1)
g y(3x—2y)(4x +2) =x(x + 1) +5x(x + 1) + 6(x + 1)
= (3xy — 2yH)(4x + 2) =x3+ X2 +5x2+5x+6x+6
= 12x%y + 6xy — 8xy? — 4y? =x3+6x>+11x+6
h y(7-x)(2x - 5) q (x+2)(x—4)(x+3)
= (7y — xy)(2x — 5) = (x> —4x +2x—8)(x + 3)
= 14xy — 35y — 2x%y + 5xy =(x2—2x—8)(x +3)
= 19xy — 35y — 2x%y =x3(x +3) —2x(x + 3) — 8(x + 3)
=x3+3x2—2x*— 6x —8x — 24
i X(2x +y)(5x—2) =x3+x2—14x—24

= (2x% + xy)(5x — 2)
= 10x3 — 4x% + 5x%y — 2xy

-

(x+3)(x—1)(x—5)
= (X2 —x+3x—3)(x—5)

j X(x+2)(x+3y—4) = (X2 +2x—3)(x—5)
= (X2 + 2X)(x + 3y — 4) =x3(x—5) + 2x(x — 5) — 3(x — 5)
=x3(x + 3y —4) + 2x(x + 3y — 4) =x3—5x2+2x2—10x — 3x + 15
= x3 + 3x%y — 4x% + 2x% + 6xy — 8X =x3—-3x?—13x + 15

= x3 + 3x%y — 2x2 + 6xy — 8X

s X=5Kx—-4)(x—3)
kK y2x+y—1)(x +5) = (X2 — 4x — 5x + 20)(x — 3)
= (2xy +y* —y)(x +5) = (x* = 9x + 20)(x — 3)
= 2xy(X + 5) + y2(x + 5) — y(x + 5) =x3(x —3) — 9x(x — 3) + 20(x — 3)
= 2x%y + 10xy + Xy? + 5y? — xy — 5y = x3 —3x% — 9x% + 27x + 20x — 60
= 2x%y + 9xy + Xxy? + 5y? — By =x3—12x% + 47x — 60
I y(B3x+2y—3)(2x +1) t (2x+1)(x—2)(x+1)
= (3xy + 2y? — 3y)(2x + 1) = (22— 4x+x—2)(x + 1)
= 3xy(2x + 1) + 2y?(2x + 1) — 3y (2x + 1) =(2x2—3x—-2)(x+ 1)
= 6X%y + 3xy + 4xy? + 2y? — 6xy — 3y =2x%(x + 1) — 3x(x + 1) — 2(x + 1)
= 6x%y + 4xy? + 2y? — 3xy — 3y =23+ 2x2 - 32— 3x—2x— 2

=23 - x2—5bx-2
mx(2x+3)(x+y—15)

= (2x2+3X)(x +y —5) u (2x+3)3x—1)(x +2)
=2x%(x+y—5) +3x(x +y—5) = (6x2—2X + 9x — 3)(X + 2)
= 2x3 + 2x%y — 10x? + 3x? + 3xy — 15X = (6x%+ 7x —3)(x + 2)
= 2x3 + 2x%y — 7x% + 3xy — 15X = B6X%(X + 2) + TX(X + 2) — 3(x + 2)
=6x3+ 12x> + 7x% + 14x — 3x — 6
n 2x(3x—1)(4x—-y—3) =6x3+ 19x° + 11x — 6

= (6x% —2xX)(4x —y —3)

= 6x%(4x —y — 3) — 2x(4x —y — 3)

= 24x3 — 6x%y — 18x% — 8x? + 2xy + 6X
= 24x3 — 6X%y — 26x% + 2Xy + 6X
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Pure Mathematics Year 1/AS SolutionBank

2 v (3x—2)(2x+1)(3x—2)
= (6x% + 3x — 4x — 2)(3x — 2)
= (6x2—x —2)(3x — 2)
= 6x%(3x —2) —x(3x —2) —2(3x — 2)
=18x3—12x? —3x? + 2x —6x + 4
=18x3—15x>—4x + 4

w (X+y)x—y)x—1)
= (2 =xy +xy - yA)(x— 1)
= (¢ - y)(x 1)
=x%(x— 1) —y*(x - 1)
= X3 — X2 — xy? + 2

X (2x —3y)3

= (2x = 3y)(2x — 3y)(2x — 3y)

= (4x% — 6xy — 6xy + 9y?)(2x — 3y)
(4x% — 12xy + 9y?)(2x — 3y)
= 4x%(2x — 3y) — 12xy(2x — 3y) + 9y?(2x — 3y)
= 8x3 — 12x%y — 24x%y + 36xy? + 18xy? — 27y3
= 8x3 — 36x2%y + 54xy? — 27y°

3 Shaded area
=(x+7)Bx—y+4)— (x—2)?
=X(BX—y+4)+73x—y+4)—(x—2)(x—2)
=32 — Xy +4X+ 21X — Ty + 28 — X2+ 2x + 2x — 4
= 2x2— Xy + 29x — 7y + 24

4 Volume = (x + 2)(2x — 1)(2x + 3)
= (2x2 —x +4x—2)(2x + 3)
= (2x2 + 3x— 2)(2x + 3)
= 2x2(2x + 3) + 3x(2x + 3) — 2(2x + 3)
=4x3 +6X2 + 6x>+ 9x —4x — 6
= 4x% + 12x% + 5x — 6 cm?®

5 (2x+5y)Bx—y)(2x +Y)
= (6x% — 2xy + 15xy — 5y?)(2x +Y)
(6x2 + 13xy — 5y?)(2x +Y)
6x2(2x +y) + 13xy(2x +y) — 5y?(2x + y)
= 12x3 + 6x%y + 26x?%y + 13xy2 — 10xy? — 5y*
= 12x3 + 32x%y + 3xy? — 5y°
= ax® + bx?y + cxy? + dy?
Therefore,a=12,b=32,c=3andd=-5

Challenge

(x+y)*

=(x+Y)x+y)(x+y)(x+y)

= (X2 + Xy + Xy + Y2 + xy + xy +y?)

= (X + 2xy + Yy + 2xy +y?)
X(X2 + 2xy + y2) + 2xy(x* + 2xy + y?) + YA (X° + 2xy + y?)
x*+ 233y + x2y2 + 2X3y + 4x2y? + 2xy® + x2y? + 2xy® + v
= x* + 4%y + 6x%y2 + Axy? + y*
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Pure Mathematics Year 1/AS

Algebraic expressions 1C
1 a 4x+8=4(x+2)

b 6x—-24=6(x—4)
c 20x +15=5(4x + 3)
d 2+ 4=2(x*+2)
e 4x%+20=4(x*+5)
f 6x2—18x = 6x(x — 3)
g X>—7x=x(x—7)
h 2x2+4x = 2x(x + 2)
i 3x2-x=x(3x—1)
j 6x2—2x=2x(3x—1)
k 10y?—5y =5y(2y — 1)
| 35x%— 28x = 7x(5x — 4)
m x2 + 2x = x(x + 2)
n 3y*+2y =y(3y +2)
0 4x%+12x = 4x(x + 3)
p 5y*— 20y =5y(y - 4)
g 9xy?+ 12x%y = 3xy(3y + 4x)
r 6ab —2ab?=2ab(3 —b)
s 5x%—25xy = 5x(x — 5y)
t 12x%y + 8xy? = 4xy(3x + 2y)
u 15y —20yz? = 5y(3 — 479)
v 12x?-30 = 6(2x*> —5)
W xy? = X%y = xy(y — X)
X 12y?—4yx = 4y(3y — X)
2 a xX+4x=x(x+4)

b 2x2+6x =2x(x + 3)

SolutionBank

X2+ 11X+ 24 =x2+8x + 3x + 24
=X(x+8)+3(x+8)
=(x+8)(x+3)

X2+ 8X + 12 =x2+ 2x + 6x + 12
=X(X+2) +6(x +2)
=(x+2)(x +6)

X2+ 3x — 40 = X%+ 8x — 5x — 40
=X(x +8) —5(x + 8)
=(x+8)(x—5)

X2—8x+12=x2—2x —6x + 12
=X(X—2)—6(x—2)
=(x—2)(x—6)

X2+5X+6=x2+3x+2x+6
=X(x+3) +2(x+3)
=(x+3)(x+2)

X2—2X =24 =X°— 6X + 4x — 24
=X(Xx—6) +4(x —6)
=(Xx—6)(x+4)

x2—3x—-10=x2—5x+2x— 10
=X(x—5) +2(x—5)
=(X—5)(x+2)

X2+ X —20=x2—4x + 5x — 20
=X(x—4) +5(x—4)
=(x—4)(x+5)

22 +5X+2=2X°+ X+ 4X + 2
=x(2x+1)+2(2x + 1)
=(2x+1)(x +2)

3x°+10x—8=3x>—2x+12x — 8
=X(3x—2) +4(3x — 2)
=(Bx—2)(x+4)

5x2— 16X + 3=5x— 15X — X + 3
=5x(x—3) —(x—3)
=(x—3)bx—1)

6X°— 8X — 8 = 6x°— 12X + 4x — 8
=6x(x—2)+4(x—2)
=(x—2)(6x + 4)
=2(x—2)(3x + 2)
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Pure Mathematics Year 1/AS

2 0 2%+ 7x-15=2x>+10x —3x— 15
=2X(x +5) —3(x +5)
=(x+5)(2x—-3)

p Puty=x2
2x4+ 14x%2+ 24 = 2y° + 14y + 24
=2y?+ 6y + 8y + 24
=2y(y +3) +8(y +3)
=(y +3)(2y +8)
= (x2+ 3)(2x%+ 8)
=2(x*+ 3)(x* + 4)

q x*—4=x2-2?
=(x+2)(x—2)

r x2—49=x2-72
=(x+7)(x—7)

S 4x?—-25=(2x)*—5?
= (2x + 5)(2x — 5)

t 9x%— 25y? = (3x)? — (5y)?
= (3x + 5y)(3x — 5y)

u 36x2—4=4(9x*-1)
= 4(3x)?- 12
=4(3x +1)(3x— 1)

v 2x?-50=2(x*— 25)
= 2(x*—5?)
=2(x +5)(x — 5)

W 6x2— 10X + 4 = 2(3x2—5x + 2)
=2(3x>—3x—2x + 2)
=2(Bx(x—1)—2(x—1))
=2(x—1)(3x—2)

X 15x%+ 42x — 9 = 3(5x%+ 14x — 3)
=3(5x*— x + 15x — 3)
=3 (x(5x—1) + 3(bx — 1))
= 3(5x — 1)(x + 3)

3 a xX+2x=x(x*+2)

b x*—x2+x=x(x*—x+1)

c x3—5x=x(x*—5)

d x3—9x=x(x*—9)

= x(x* — 3%
=x(X + 3)(x —3)

SolutionBank

e xX3—x2—-12x=x(x*—x—12)
= X(X* —4x + 3x — 12)
=X(X(x —4) + 3(x — 4))
=x(x—4)(x +3)

f x3+ 11x% + 30x = x(x? + 11x + 30)
= X(x? + 5x + 6x + 30)
= X(x(x +5) + 6(x + 5))
=X(X +5)(x + 6)

g x3—7x%+6x =Xx(x*— 7X + 6)
= X(X? — X — 6X + 6)
=xX(X (x=1)-6(x— 1))
=x(x-1)(x-6)

h x3—64x = x(x*> — 64)
= x(x? — 8%
=X(X + 8)(x — 8)

i 2x3—5x2 = 3x = x(2x* — 5x — 3)

X(2x% + X — 6x — 3)

X(x (2x + 1) — 3(2x + 1))
=x(2x + 1)(x — 3)

j 2x3+13x2 + 15x = x(2x? + 13x + 15)
= x(2x? + 3x + 10x + 15)
=x(x(2x + 3) + 5(2x + 3))
=Xx(2x + 3)(x + 5)

k x*—4x=x(x*-4)
= x(x?— 2%
=X(X +2)(x —2)

| 3x3 + 27x% + 60x = 3x(x? + 9x + 20)
= 3x(X? + 4x + 5x + 20)
= 3X(X(x + 4) + 5(x + 4))
= 3x(x + 4)(x + 5)

Xyt = () ()2
= (¢ +y)0¢ -~y
= (X +y)(X +Y)(x—Y)

6x3 + 7x% — 5x = X(6x* + 7x — 5)

X(6x% + 10x — 3x — 5)
X(2x(3x + 5) —(3x + 5))
=X(3x +5)(2x—1)

Challenge

Ax* —13x2 + 9 = (4x* — 4x2 — 9x% + 9)
=4x3(x*—1) - 9(x*— 1)
=(x*—1)(4x%>—9)
= (X —1%)(2x)° - 39
=(x+1x—1)(2x+3)(2x—3)
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Pure Mathematics Year 1/AS SolutionBank

Algebraic expressions 1D

1 a xX+x2=x" >
=X5 | (%/;) % %
= X3 +X
Jx
b x’+x'=x"""7 !
2 2
1
305 3s = X6
C XZxX? =X
X o
1
d (Xz)% _ XZX* 2 a 252 = \/E
=3 =5
£l > 2 —
e (x)=x b 81> = (V81)
=X 29239
=7
1
= gx‘) c 27° =327
2 1 2.1
g 9x3+3x6=3x3° d 42%= 1
! 4?
= 3x? 1
7 2 7 2 16
h 5x5+x5 =5x° 3
1
1
i 3xtx2x T =6xt Y o
=6x " _ 1
Jo
. ol 1
i YxxIx = x2xx? =3
11
_ 23
5 -3 1
=@/xy’ o
125
3 4 34
k (\/;) x(i/;) = X2 xx3 N
—x23 : (Z) -
17
=X 3 3
. h 1296* = (\4/1296)
=@ o
=216
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Pure Mathematics Year 1/AS SolutionBank

5
"6 g 9x’ —15%° _ 9x* 15X’
3x° 3x* 3%
343 -2 (3 512)2 =3x X7 —5x x>
[512) B evees =37 =5¢°
343
2 X
e
2 2
_ ﬁ h 5x+33x _ 5x3 . 3x3
49 15x I5x* 15x
1 1 = %x x1‘3+%><x2‘3
3 a (64x1°)5 = Joax'"> ) |
_ -2 -1
5 = —X2+—=X
= 8X 3 5
1 1
3 hy2 3 2 =5t
b 5x°=2x" _ 5x 2X 3x: 5x
X X X
3-5 2-5 1
:2;’; 2X23XX 4 a 81 =481
Bl B =3
X X N L
4. 73"
b x(2x 3)* = xx2'x 3
1 12><l 7i+1
c (125x7) = J125% 7 = 24y 3
1
= 5x° = 16x °
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Pure Mathematics Year 1/AS SolutionBank

1
ijs 7 27Ux=

|>—A > | =

w
X
|
>
N
Il

3

7\
o | —
>
(5]
N—
%
VR
=<
N | W
N—
=<
Il Il
O | — /t\) NN
\1|’_‘
N
w |
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Algebraic expressions 1E

1 a /28 =/4x+7 j V175+/63+2/28
:2\/7 :\/Ex\/?+\/§x\/7+2x\/2xﬁ
b 73 —JBx3 :3{7+3ﬁ+4\/7
= 2 xJ4x~/9 =\7(5+3+4)
=/2x2x%x3 212\/7
=672 k /28 -263+/7 =47 - 207 +7
¢ 0252 =2ﬁf‘6ﬁ+ﬁ
Ny =37
~ | \/80-2420+3V45
e  Vi65 - 245 + 3845
= 4/5-45+95
e /90 =+/9x+/10 _9J5
=310
m 3480 — 24/20 +5+/45
V2 _axfa 31645 2445 + 535
2 j_ ~125 - 45 +15y5
:2’(2 3 =235
-3 | JE A
V2 _ o< 3 i
9 5 =3 -
_3x\3 0 12+3/48+/75
> — V23 + 34163 + 253
=3 23412431543
h 20 ++/80 =V4+/5 +16+/5 ~19V3
ZZﬁM\E 2 a 3(2+3) = 2/3+4343
= 2J3+9
i /200 ++/18 /72 = 23+3
=100v/2 ++/9v2 —\9/4+2
:10\/§+3\/§—6\/§ b \/§(3—\/§) :3\/5—\/§\/§
=2(10+3-6) = 35415
-T2 ¢ VE(4-5) = V22
= 42410
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2 d (2-42)(3+V5) = 6+2V5-3V2-245 3 V75-V12 = V253143
= 6+2J5-3v2 10 =5J3-23

=33
e (2—J§)(3—ﬁ) = 6-247 -3J3+/37
= 6-2J7-3/3++21

f (4+«/§)(2+\/§) = 8+44/5+2/5+/55
= 8+6v5++/25

= 8+6y/5+5
=13+6+5

g (5—\/5)(1—\/5) = 5-5\3-3+33

= 5-6J3+9
= 5_63+3
= 8-643

h (4+J§)(2—J§) = 8-4/3+23-+/34/3

= 8-23-/9
=8-2./3-3
=5-23

i (7-+11)(2+11)

= 14+ 711 - 211 - V11411
14+5\11-+/121
14+5y11-11

= 3+5\/1_1
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Algebraic expressions 1F

1 a i_ 1><\/§ V12 _ J12
J5 J5x+5 P 56 Vi2xvis
5 __1
_? \/E
1><\/]§
b 1 _ 1><\/ﬁ :\/Ex\/ﬁ
V11 V11xA 11 J13
i 5
11
N1 T
X 1
2 o
2 _1
BB i
V15 V15x+/15 1 1x(1-+3)
VN RE T
J35 _ 1-/3
ST 1-3++/3-+/9
9x5 _1-V3 143
BT 2 2
J9x+/5
ST o1 1x(2-5)
5 245 (2++5)(2-5)
5 _2-45
5B 4-5
© Va8 V2 25
) -1
=ﬁ =—2+\/§
:% c 1 _ 3447
3T (3-47)(3+7)
f J§= 5 :3+xﬁ
V80 5x\16 97
1 +
= 3 Zﬁ
1
"4
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2

4 4x(3++5)

3—J§=(3—J§)(3+\/§)

124445
9-5
124445

4
=3+\/§
1 J5+4/3

53 (V5-3)(\5++3)
J5+4/3

5-3
_5+38

2

V2 (3-v2)(4++5)

2:62(4—\/5)(4+\/§)
=(3—\/§)(4+\/§)

16-5
(3-v2)(4++5)
B 11

12+3J5-42-410
11

5 SX(Z—JE)

2++/5 B (2+\/§)(2—\/§)
L)
i 5(2_—1\/5)

(V5

a1

|
N
N—

5\/5 ~ 5\/5(\/§+\/7)

7 (VB—7)(\B+7)
 5(VBx2+427)

8-7

SolutionBank

5\/5 5(\/E+\/ﬂ)

h

, 11
[

B 1

=5(4+414)
11(3-11)

34411 :(3+J1_1)(3—J1_1)

) 11(3-11)

9-11

3-7
_10-2v21
4

_5-va1  \21-5

-2 2

(VA7 =11 (V17 - V11

N
N

Ji+

Vi1 _
VT (VA7 + VA1) (V27 1)
_ 17187 - /187 +11

17-11

_ 28-24/187

6
14-.187
3

5 (AL V) (VAL )

N

@_(\/ﬂ—\@)(\/ﬂwﬁ)
_ 41+ 2441429+ 29

41-29

_ 70+24/1189
12

_ 35++/1189
6
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(28 S T
* M B (BB () (-] 11-62
Al _ 4x(11+642)
=J€+§_2 e - (11-6v2)(11+6v2)
-1 B 444242
1 121+ 663/2 -664/2 - 72
=-1 _ 441242
s. 1 1 49
B3-v2)" (3-42)(3-+2) L3 3
_ 1 (5+v2) (5+V2)(5+2)
9-32-3v2++/4 3
1 -
211—6\/5 25+35,\/§+5\/§+\/Z
__ 1x(11+6V2) T 2741042
(11-6v2)(11+6+2) 3x(27-10V2)
11+6+/2 =
12146632 - 6632 72 (27+1042)(27-1042)
_1146v2 ) 3x(27-10V2)
49 © 729-2704/2 +2704/2 — 200
o1 1 _81-3012
(2+\/§)2 - (2+\/§)(2+\/§) 529
1 B 1
_ 1 ° (5+J§)(3-J§)_15—5J§+3J§—\/Z
4+2\/§+2\/§+\/275 1
_ 1 T13-242
I+45 1x(13+242)
_ 1x(9-45) _
9+ 445)(9-45) (13-2v2)(13+2V2)
_ 9-4y5 ~ 13+ 242
~ 81-36+/5 +36+/5 80 169+ 2642 - 2642 -8
9-445 134242
T T 161
—9-45 , ,
. 4 4 f(5—\/§)(2+\/§)=10+5\/§—2\/§—@
(3-v2) (3-v2)(3-V2) 2
4 7+33
T9-3J2-32+ 4 2x(7-3V3)

(7+3V8)(7-3v3)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 3



Pure Mathematics Year 1/AS SolutionBank

3 1 2 _ 14-6+/3
(5—J§)(2+J§) 49- 2143+ 213 -27
14-643
2
_7-33
1n

3-245 (3-245)(v5+1)
E1 T (BAE
_3J5+3-10-2\5

5+\/§—\/§—1
(-7
4
7.5
4 4
7 5
p=__!q=£
4 4
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SolutionBank

Algebraic expressions, Mixed Exercise 1

1l a

305
y'xy
3%5

=Yy

3x% % 2%
=3 % 2 % X2+5
=6x’

(4x%) = 2x°

= %3+ 2x°
= 64x°+ 2%’
=32x°7°

= 32X

4h* x 3b* x b*
=4 x3xp?"3d
=120°

xX+3)(x—5)
=x>—5x+3x—15
=x>—2x—15

2x=7(Bx+1)
=6x>+2x—21x—7
=6x>—19x— 7

2x+5@Bx—-y+2)
=2X3X—y+2)+ 5(3x—y +2)
=6x> — 2xy + 4x + 15x — 5y + 10
= 6x> — 2xy + 19x — 5y + 10

X(X+4)(x—1)

= +4)(x— 1)
=3 = X* + 4x% — 4x
= x>+ 3x% — 4x

(X+2)(x=3)(x+7)

= (¢ = 3x+2x— 6)(x+7)

= —Xx-6)(x+7)

=X’ X+ 7) = x(x + 7) — 6(x + 7)
=X+ 7% = x> — TX — 6x — 42
=x>+6x*— 13x — 42

(2x +3)(x = 2)(3x — 1)
=(2x* —4x + 3x — 6)(3x — 1)
=2 —x—6)(3x— 1)

=2x3x— 1) —x(3x — 1) — 6(3x — 1)

=6x —2X° —3x>+X— 18X+ 6
=6x° — 5% — 17X+ 6

4 a

3(5y +4)
=15y + 12

5%%(3 — 5% + 2x%)
=15x>—25x° + 10x*

SX(2x + 3) — 2x(1 — 3x)
= 10x>+ 15x — 2x + 6x°
= 16X>+ 13X

3x(1 + 3%) — 2x(3x — 2)
=3x2+ 9x> — 6X° + 4x
= 9%’ — 3%"+ 4x

3%% + 4x
=X(3x+4)

4y* + 10y
=2y(2y +5)

x>+ Xy + Xy
=X(X+y+Yy?)

8xy* + 10x%y
= 2xy(4y + 5X)

X2+ 3X+2

=X+ X+2x+2
=X(X+1)+2(x+1)
=X+ 1)(xX+2)

3x% + 6x
=3x(x +2)

X2 —2x — 35
=x>— X+ 5x — 35
=X(X=T7)+5(x—=17)

=(X=T(x+5)
2 —x—3
=2x*—3x+2x—3

=X(2x—=3)+(2x—3)
=2x—=3)(x+1)

52— 13x— 6

=5+ 2x— 15x— 6
=X(5x+2)—3(5x+2)
=(5x+2)(x—3)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 1
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6 f 6-5x—x° N
=6+X—6X—X 9 a (—)
= (6 +X) = X(6 +X) 27
=(6+X)(1 —X) 2]2
; 3
7 a 2xX°+6x
=2X(X* + 3) _4
9
b x> —36x
= X(X* - 36) 2
225):
=Xx(x* — 6%) b (—)
= X(X + 6)(X — 6) 289 3
J225
c 2+ 7 - 15x _[Ej
=Xx(2x* + 7x — 15)
=X(2X* = 3x + 10x — 15) 15
=X(X(2x — 3) + 5(2x — 3)) T
8 a 9x’+3x° w13
=3¢
:3X6 10a i
J63
1 3
3\3 =
b [4] N,
3
Nl =—
— 425 37
' 1
= 2 -
4 J7
=4
=42 _N7
2 4 ’
c 3xx2x b 20 +245 /30
~o BN NN T
= 25 +2x35 - 45
! 2 =J5(2+6-4
d 3x3+6x3 I( " )
12 = 4\/§
1l
2 11a When x =25,
Ll 35%2 +2x — 48
2 2({/}) =35x25"+2x25—48
=21877
8 \s b 35x%+2x — 48
9 a > =35x> + 42x — 40x — 48
s =TX(5x + 6) — 8(5X + 6)
(B — (5% + 6)(7x — 8)
"\ 327 When X =25, 5x + 6 = 131
and 7x — 8 = 167,

both 131 and 167 are prime numbers.
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12a

c

13a

(s )
=372 ++/2+/5
:3«/5+\/B

b (2-V5)(5++3)
= 10423 -5V5-/3+5
= 10+2v3-5V5 /15

(e~B)(4-+5)

= 24-6\7 - 42 +4247
= 24-67 42 +-14

S

b -
V21

i
(\/5—1)(\/5+1)

\/E+1

()
(V3-2)(V3+2)
3346
3.4
=3J§+6

-1

=-33-6
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&‘

ﬁ
Q‘

(3+J_)(fJ_)

23-2423437+37

23-37

6024851

:(2+\/§)(2+\/§)

1

T 4423+243+9
1
- 4+2\/§+2\/§+\/§

1x(7—4ﬁ)

=(7+4ﬁ)(7—4ﬁ)

7-43

T 49— 283 + 283 — 48

_7-43

1
7-43

T 16—avT 4T +49

1

C23-87
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1 5
13f — 16 0
(4—\/7)2 J75-+/50
5
_ 1x(23+8V7) ~ J25x3 252
(23-87)(23+8V7) _ 5
_ 23+8v7 5\/51‘5‘/5
529+ 184+/7 —184+/7 — 448 "5
23487 -
— _ 1x(3+42)
3 -V2)3+2)
14a x3—x2—IZx—15 ~ B2
=(XX+3)x"+bx+c) N B B
=x>+ bx® + cx + 3x* + 3bx + 3¢ V92323 -
=x> + bx? + 3%x* + 3bx + cx + 3¢ =\/§+\/5
=x—x*—17x-15 1
Equating the coefficients gives b + 3 =—1, =B +2
3b+c=-17,3c=-15
Usingb+3=-1, b=—4
Using 3c=-15,c=-5 17 (\/H—S)(S—\/ﬁ)
b 17 15 = 511 =121 -25+5V11
X = X2 — 17x — -
_ (x4 3¢ — 4% — 5) = 10711-36
=(X+3)(x* = 5X+x—5) B e

= (X +3)(X(x = 5)*+(x = 5))

_ _ 2

: =X(1+ 8x)(1 — 8x)

15a y?
| 19 272x+1
(1 3j3 :(33)2x+1
=] —X =33(2x+1)
64 : :36X+3
_ 1 X3Xg =73Y
J64 y=6x+3
8X
s 20 8+x/12=-2
4 3
83 + xv/124/3 = 8x
-1
b 4y 83 + x+/36 = 8x
=4(Lx3jl 8\/§+6x=8x
64 8\/§=2X
= 4><i x> X= 4\/5
64
=256%"
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21 Area=+/12 cm?, length = (1+\/§)cm 23a 2433
Vi2 = 3 x3?
1+\/§ _ 5ec

() u
T

Width =

11
a:_
D ,
RN N b From part a: 3*x27" =243/3 =3"
Jax3-6 3 %3 =37
:_—2 3X+3y=317l
11
_23-6 So X+3y=—
D) 2
F 3y 11-2x
— + =
= 2
! 11-2x
=3-/3 cm y= 6
2
(2-Vx)
22 Jx 4x3+xg
2 24
_(@2-x*) s
B 1 4%’ +x?
X2 = ;
' ' X2
_@2x)e-x) 0 s
L =x2(4x3+x2j
XZ
! ot 1 15
=4—2x2—2x2 X2 2 a2
1
2 S
1 Xl =4x2 + X
=X 2(4-4xX*+X) =4%* + x°
i i) i 5
=4X72—4X72+2+X72 a=5, b=2
ol i
=4x 2 —4x° + x>
.l i
=4x 2 —4+x?
4

4++/x

T
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Challenge

a (a+b)(va-vb)
~ a—avh +Vavb b

=a—b

b Rationalising the denominators:
1

1 1 1
N N SN R SN 7N 7 S

2 -3 N B
B)VI-B) (ErB) —B) () &) (V2 x25) (V2% )

\/'
B BB, A -

+
1-2 2-3 3-4 24 -25

= -(V1-2)-(V2-V3) (5 )--(f@)

= V1+V2 -2+ 3B +4-..—24+25
= —1++25

=-1+5
=4

(Vi+
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Quadratics 2A

1 a x+3x+2=0 2 ¢ 3x% = 6X
(x+1)(x+2)=0 3x2—6x=0
Xx+1=00rx+2=0 AX(Xx—-2)=0
Sox=-lorx=-2 x=0o0rx—2=0

Sox=0o0rx=2
b Xx*+5x+4=0

(x+1)(x+4)=0 d 5x* = 30x
X+1=00rx+4=0 5x2—30x =0
Sox=—-lorx=—4 5x(x —6)=0
x=0o0rx—6=0
cC X°+7x+10=0 Sox=00rx==6
(x+2)(x+5)=0
X+2=00rx+5=0 e 2¢%+7x+3=0
Sox=-2orx=-5 (2x+1)(x+3)=0
2x+1=00rx+3=0
d X*—x—6=0 2X=—lorx=-3
x—=3)(x+2)=0 Sox=-1 orx=-3
x—3=00rx+2=0
Sox=3o0rx=-2 f 6x2—7x—3=0
, Bx+1)(2x—-3)=0
e x*—8+15=0 3x+1=00r2x—-3=0
(x=3)(x=5)=0 Sox=-1orx=3

Xx—3=00rx—5=0

Sox=3o0rx=5
g 6x>—5x—6=0

f X2—9X+2020 (3X+2)(2X_3):O
(X_4)(X_5):O 3Xx+2=00r2x—-3=0
Xx—4=00rx—5=0 Sox=-%orx=3

Sox=4o0rx=5
h 4x2-16x+15=0

g xX—-5x-6=0 (2x—3)(2x—5)=0
x—6)(x+1)=0 2x—3=00r2x—-5=0
X—6=00rx+1=0 Sox=32orx=2
Sox=6o0rx=-1

3 a 3x2+5x=2

h X2_4X_12:O 3X2+5X_2:0
(x-=6)(x+2)=0 (3x—1)(x+2)=0
Xx—6=00rx+2=0 3x—1=00rx+2=0
Sox=6o0rx=-2 Sox=1orx=-2

2 —
28  X=& b (2x-3)2=9
X“—4x=0 _

- 2X—3 =43
X(x—4)=0 = 13+3
x=0o0orx—4=0 13 3_—
Sox=0o0rx=4 x:_2+

b X2 = 25X Sox=3o0rx=0
x2—25x =0
X(x—25)=0

x=0o0orx—25=0
Sox=0o0rx=25
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3¢ (x—7)?=36 4 Area of shape = 44
X—7 =16 XXX+ X(x+3)=44
X=+6+7 X2+ X2+ 3x =44
Sox=1orx=13 2% +3x—44=0

(2x + 11)(x—4) =0

d 2X§=8 Then either 2x +11=0=x= -4
) fi or X—4=0=>x=4
i ; = X represents a length so cannot be negative,

Sox=2o0rx=-2 qiving x - 4.
¢ B 5 5X+3=+/3x+7
5 (5x+3)2=3x +7
=13 (5% + 3)(5% + 3) = 3x + 7
25x? + 15X + 15X + 9=3x + 7
5 5 25x2+27x+2=0
Then either 25x +2=0=x= -4

f (x—3)°=13 or 4120 x— 1

X—-3=+4/13
x:Si\/ﬁ

So x=3++/13 or x=3-+13

g (3x-1)*=11
3x—1=+11
3x=1++11
X_li\/l_l

3

h 5x2— 10x2=—7 + X + X2
—6x2—x+7=0

6x2+x—7=0

(x—1)6x+7)=0
X—1=0o0r6x+7=0
Sox=lorx=-¢%

i 6x°— 7 = 11x
6x°—11x—7=0
Bx—7)(2x+1)=0

3X—7=00r2x+1=0
Sox=%forx=—3

j 4%+ 17x=6x— 2%
6x>+ 11x=0
x(6x+11)=0

x=0o0or6x+11=0
Sox=0o0rx=-%
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Quadratics 2B

c X*+6x+6=0

. —6+4/6% — 4(1)(6)

2x1
X=—6b/36—24
2
X=—6ix/ﬁ
2
X:_eim
2
X=—6¢2\/§
2
x=—34_r\/§

Then, x=-3++/3 or x=-3-/3

d x¥)-5x-2=0

_—(-5)= J(E5)? —4(1)(-2)
2x1

o 5++25+8

2
X_Si\/ﬁ
2

X

1 ax2+3x+1=0 5133 533
d Then, x= or X=
o —3+4/3%-4(D)() 2 2
2x1
X=—7 X_—lOi«/102—4(3)(—2)
__3i\/§ 2x3
=7 , _—10:+/100+24
~3++5 -3-45 6
Then, x = > or X= > —10i\/@
76
b x¥*—-3x-2=0 o ~10++4x31
- (93 ~40)(-2) B
2x1 X_—10¢2Jﬁ
X=3ix/9+8 " 6
2 L 5t\3L
X=3i\/ﬁ T3
2 —5+4/31 -5-4/31
Then, Xx=— or X=——
Then, x=3+;/ﬁ or x=3_;/r7 3 3

f 4x2—4x—1=0
(947 -4

X 2x4
X:4J_r\/16+16
8
X=4¢J§
8
X:4J_r\/16><2
8
X:4J_r4«/§
8
lei\/i
2
Then, x=1+\/E or x=ﬂ
2
g 4x2—-7x=2
4% —-T7x-2=0
L D EJET) - 44)(-2)
2x4
X=7i\/49+32
8
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! g MR ERLT ) o, —l1E121436
8 2
(%9 _ -11+4157
8 =T
Then,x=2o0rx= —+ Then, x = 0.765 or x=—11.8
h 11x%+2x—-7=0 d *-7x—17=0
257 4@ D EJET) - 4Q(17)
B 2x11 2x1
X_—21~/4+308 X_?i\/49+68
B 22 2
X_—2ix/312 - [EVIT
YY) 2
2+ /4%78 Then, x=8.910orx=-1.91
X=_—
23_ e 5% +9%—1=0
-2+
X = % 949 45D
x=_1—1 X_—Qi\/81+20
10
Then, XZM or X:ﬂ _9+.101
11 11 X=—— o
10
2 a X2+4X+2:O Then,X:0.1050rX=—1.90
L TAEVA 402 f 22-3x—18=0
2xd (937 ~42)(-18)
X=—4i\/16—8 )
2 3+./0+144
=73
+4/1
Then, x =—0.586 or x = —3.41 x=3 1 53
b X2_8X+1:O Then,X:3.840I’X=—2.34
‘e —(-8)£4/(-8)* - 4()(1) g 3x2 + 8 = 16x
2x1 3X>—16x+8=0
g 8Ev6a-4 . ~(-16):(-16)’ ~4(3)®)
2 B 2x3
. 860 . 16+/256-96
2 B 6
Then, x=7.87 or x=0.127 x—16i\/@
24 _0— 6
¢ X+ 1lx=9=0 Then, x =4.77 or x = 0.558
B —114 112 — 4(1)(-9)

2x1

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 2
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2 h 2%+ 11x =5x%2 — 18 3 f 6x% + 6 = 12x
3x°—11x—18=0 6x°—12x+6=0
2 -
~(~12) +/(-11)? - 4(3)(-18 6(x*—2x+1)=0
(1D (1) ~4(3)(-18) 60— D0 1= 0
o 11++121+216 Then, x=1
6
2 _
11+/337 g 2 -ll=7
= 2% —T7x—11=0
Then, x = 4.89 or x = ~1.23 DT - 4@)(-1)
, 2x2
3 a x+8x+12=0
7++/49+88
x+6)(x+2)=0 X:f
Xx+6=00rx+2=0
Then x=—6 or x =—2 = 1EN137
4
b xX*+9x—11=0 Thenx=4.68 orx=-1.18
9+ /92 —4(1)(-11)
9++/81+ 44 X =8x— 15
x= JENoL+as X>—8x+15=0
2 (x—3)(x-5)=0
_ —9£+v125 X=3=00rx—5=0
X= 2 Then,x=3o0orx=5

Then, x =1.09 or x=-10.1 )
4 Area of trapezium = 50

c X¥-9x—-1=0 1(2x)(x+ (x+10)) =50
—(=9) + /(=9)2 — 4(1) (=1 X(2x+10) =50
(9 J(zx)1 W(-1) AR
NE: V81+4 (5t \/5% — 4(1)(-25)
2 2x1
L _ 985 L _ ~5+/25+100
2 N 2
Then,x=9.110r x=-0.110 x—_Si 125
2
d 2%+5x+2=0
(2x+1)(x+2)=0 w = T2EV25x5
2x+1=0o0rx+2=0 2
Thenx= —% orx=-2 X_—SiS\/g
2
e (2x+8)°=100 Height = 2x = ~5+515 =5(+5 -1)
2X + 8 = +10

X+4 =45 Height cannot be negative, so height is

X=—4+5 5(\/5—1) m.
Then,x=1o0orx=-9
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Challenge

195 195 _pg
X  X+2

195+19—5x:28x
X+2

195(x +2) +195x = 28x(x + 2)
28x* —334x-390=0

_ —(-334)+/(-334)° — 4(28)(-390)

2x 28
‘= 334+ \/111 556 + 43 680
56
‘= 334+ /155 236

56
X IS positive, so x =13

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.
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Quadratics 2C

1 a x2+4x=(x+2)>-22 3 b 5x°—-15x+3=5(Xx*—-3x)+3
= 2_ 2 2
e = 5((x=3)"-(3)')+3
b X2_6X:(X—3)2_32 = (X_%)Z_%_FB
=(x-3)*-9 ,
- 5(x-3 -
C Xz—.‘].6X=(X—8)2—82 Sop:5,q:%andr:_3T3
= (x—8)2— 64
C 3X+2x-1=3(x*+2x)-1
@ % x= () () kgt
- 1% _ (1)) =
:(x+%)2—% 3((x+3) (4 ) 1
) . :3(x+%)2—%—1
e X -14=x-7)-7 _ 2
= (x— 7)2— 49 =3(x+3) -3
Sop=3,g=fandr=—3
2 a 2x2+16x =2(x*+ 8X)
=2((x + 4)*- 4?) d 10— 16X — 4x2=—4x2 — 16x + 10
=2((x + 4)*- 16) =—4(x% + 4x) + 10
=2(x +4)>-32 =—4((x+2)2—-2%+ 10
=—4(x +2)*+ 16 + 10
b 3x?— 24x = 3(x*— 8X) — —4(x +2)2 + 26
=3((x - 4)*- 4% Sop=-4,q=2andr=26
=3((x — 4)*>- 16)
=3(x-4)*- 48 e 2x—8x2+10=—8x2+2x+10
= —8(x2-1x)+10
¢ 5x%+ 20x = 5(x + 4x) (¥ —4x)+
=5((x +2)°-2?) = —8((x—3)° —(3)°)+10
= 5((x + 2)2— 4) (( 83 (8))
=5(x+2)°-20 = -8(x—%) +%+10

2 2
= 2((x-2/ (')
_ 2 4 X+3x+6=(x=2)—(3)+6
= 2((x-5)" -2 ( 2)2 (3)
= o(x_5)_2= = (x=3) +%
= 20-8) -5 a=%andb=2
2 4
Coy2 = 932 4
¢ o =—22)((x2 _SZX) 5  2+0.8x—0.04x°=—0.04x* + 0.8x + 2
= 2((x -2 —22) =—0.04(x* — 20X) + 2
=-2((x—2)> - 4) =—0.04((x — 10)2— 105 + 2
- =-0.04(x — 10)* + 4 + 2
=X =6—0.f)4(x—)10)2

=2((x+2)2-2)+1

=2(x+2>—-8+1

=2(x+2)2-7
Sop=2,g=2andr=-7
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Quadratics 2D

1 a x+6x+1=0

2
X2+ 6x=—1 2 a [x+%} =§+g
(x+3)2—32=-1 4
(x+3)2=-1+9 3)" 15
(X+3)2:8\/_ “2) 7
X+3=48
X=-3++/8 x+§=i\/§
X=-3%£+4x2
X =-3+22 x=—%i %
X =—-3+22 or x=-3-22
x=—§+@orx=—§—@
b X2+12x+3=0 22 2 2
X2+ 12x =3 )
(X+6)2— 62 =3 b 5x°+8x—2=0
(X+6)2:_3+36 X2+§X—g:0
(x +6)2 =33
X+6 =33 , 8 2
x=-6+33 A
x=—6+~/33 or x=-6-+/33 (X+ﬂ 2_(f Zzg
5} 5 5
c x2+4x—-2=0 2
X2+ 4x =2 o] 22428
(x+2)2-22=2 >/ B
(x+202=2+4 4Y 26
(x+2)?=6 R
X+2=+/6 > 2
x=-2+6 X+%:i 2—2
x=-2+6 or x=-2-+/6 x——i+\/%
d x2—10x=5 > O
(x-=5)2-52=5 4 26 4 26
(x-57=5+25 =gty T s
(x - 5)2 =30
x=5=430 c B2 —x-8=0
X =5++/30 XZ_lx_gzo
X=5+~/30 or x=5-+/30
X —Zx=2
2 a 2x2+6x—3=0
2 2
X2 +3x—2 =0 (x—% —(% =2
2 3 2
x+3x=§ x—l _2+i
3V 3V 3 8 64
X+=| —|=| == 2
( 2) (Zj 2 X_l =&
8 64
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Pure Mathematics Year 1/AS SolutionBank

Challenge
2 c —%:i %
a ax?+2bx+c=0
L1, 129
5 8 x+2x:Eo0
x—l V129 or _1 129 2 a 2 a
SN & 6
a a a
d 15-6x—2x*=0 :
(] B
2 15 a a® a
X°+3x——=0
2 b)Y b2 ¢
X+—| =——=
X+3x_E ( aj a2 a
2 , 2
(X+Ej _b*-ac
(353 )
2 2
(x+ j—E 9 X+R=i b —Zac
2 2 4 a a
2
3) 39 wo_ D, [b"-ac
x+§ = " -
X+§=i,/§ b ax?+bx+c=0
2 4 b c
X2 +— x+——0
x=—S4¥39 a
. (ge) J e
X:—§+@ or x:_E_@ 2 a
2 2 2 2 ( bj e .
X+— ——2+—:0
3 a x—14x+1=(x-772-72+1 2 42 a
=(X-7)>—49+1 bV B ¢
= 2 Xp— | =— =
e 2a 4a°> a
p=-7andq=-48 2
x+£ _b?—4dac
b xX*-14x+1=0 2| =12
(X—7)2—48=0 :
(x-=7)>=48 X+£:i b —iac
x—7=+/48 2a da
X=7++16x3 X__£+m
Xx=7+43 =gt
r=7ands=4 X_—bim
- 2a
4 X2 +2bx+c=0
(x+b)>—b’>+c=0
(x+b)2=b>-c

X+b=+Jb?-c

X=-h++b?-c
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Quadratics 2E

1 a f(1)=5(1)+3
=5+3
=8

b g3)=3*-2
=9-2
=7

¢ h(8) =+/8+1
=9

=3

d f(1.5)=5(1.5)+3
=75+3
=10.5

e g(\/z) x/z)z -2

-
=2-2
=0

f h(-1)=~—1+1

=0

g f4)+g2)=5@)+3+2*-2
=20+3+4-2
=25

h (0)+ g(0) + h(0) = 5(0) + 3 + 0> — 2
+4/0+1
=0+3+0-2+1
=2

g4 _ 4 -2
h3) 3+l
16-2
N/
14
2
=7

2 fla)=a’—-2a=38
a’—2a-8=0

(a —4a+2)=0
a=4anda=-2

SolutionBank

fix)=0
10-15x=0
52-3x)=0

— 2
X=3

The root of f(X) is <.

g(x)=0
xX+9)(x-2)=0
xX+9x—-2)=0
X==9o0rx=2
The roots of g(x) are —9 and 2.

h(x)=0
X'+ 6x—40=0
x+10x—4)=0
X=—10orx=4
The roots of h(X) are —10 and 4.

jx)=0

144 -x*=0

(12+12x=x)=0
Xx=—-12o0r 12

The roots of j(x) are 12 and —12.

k(x)=0
XX+ 5)(X+7)=0
X(X+5x+7)=0
X=0,Xx=-5o0orx=-7
The roots of k(x) are 0, —5 and —7.

m(xX)=0
X+ 5% —24x =0
X +5x—24)=0
X(x+8x—=3)=0
X=0,Xx=—-8orx=3
The roots of m(x) are 0, —8 and 3.

, P =a()
X —3Xx=2X—06
X —5x+6=0
x—=3x—2)=0
X=3and x=2

f(x) = g(x)
2 +30x = 17%
2 = 17X +30x=0
X2 = 17x +30) =0
X(2x=5x—=6)=0
X=0,x=3andx=6
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6 a f(x)=x"—2x+2 1 1
=(x—1P%-1°+2 7 e X2 -2 x2=5]=0
=(x—1)Y+1
p=-landq=1 1 3

Sox?=2orx*=5
1
b (x—1) is a squared term so is always > 0. X2=2=x=4
Therefore, the minimum value of 1
fix)y=0+1=1,s0f(x)>0. X?=5=>x=25
The roots of k(x) are 4 and 25.
7 a fix)=0
X*+ 9%’ +8=0 f . mXx)=0
(2 +9(x)+8=0 2x3+2x -12=0

O+ 1 +8)=0

Sox’=-1lorx =—8 1y? 1
X =—1=x=-1 [X3j +(x3j—6=0
X =-8=x=-2 1 1
The roots of f(x) are —1 and —2. (XLZJ(XS 4 3] =0
b ) ) gx)=0 1 1

X' —12x"+32=0 Sox3=2orx? =-3
cP* =127 +32=0 1

(X —4x*—8)=0 X3=2=x=8

Sox*=4orx*=8 1
=4 = x=14) X} =-3=x=-27

=8> =48 = tAx2 = 4242 The roots of m(x) are 8 and —27.
The roots of g(x) are —2, 2, —2\/5 and 2\/5 8 a 3% -28(3)+27 =(3)> —28(3")+27
=3 -27)3"-1)

c h(x) =0
27x°+26x° = 1=0
270¢)? +26(x) - 1=0 b fx)=0
Q7 -1 +1)=0 (3*-273"-1)=0
=L ox=1 3 =27=x=3
X=-1=x=-1 F=1=>x=0
The roots of h(x) are ~1 and 5. The roots of f(x) are 0 and 3.
d i)=0

321033 +1=0
32062 -330)+1=0
(32X - 1xX’ = 1)=0
Sox’ =+ orx’=1
=2+ =>x=1
X=1=x=1
The roots of j(X) are 4 and 1.

e k(X)=0
X—7Jx+10=0

R
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SolutionBank

Quadratics 2F

1 ay=x>—6x+8 c y=25-x?

As a = 1 is positive, the graph has a \/
shape and a minimum point.

When x =0, y = 8, so the graph crosses the
y-axis at (0, 8).

Wheny =0,
X>—6x+8=0
x-2)(x-4)=0

X =2 or X =4, so the graph crosses the
x-axis at (2, 0) and (4, 0).

Completing the square:
X*—6x+8=(x-3)%>—-9+8

=(x-3)?—-1
So the minimum point has coordinate
(3,-1).
The sketch of the graph is:
y=x2-6x+8
(0, 8)
(2,0) _
0 \./(4, 0) x
y=x2+2x—-15

As a = 1 is positive, the graph has a \/
shape and a minimum point.
When x =0, y=—15, so the graph crosses
the y-axis at (0, —15).
Wheny =0,

X +2x-15=0
x=3)x+5)=0
X =3 or X =-5, so the graph crosses the
x-axis at (3, 0) and (-5, 0).
Completing the square:
X2+2x-15=(x+1)>-1-15

=(x+1)>—-16

So the minimum point has coordinate
(-1, -16).
The sketch of the graph is:

\ ]

.0\ O /G.0)x

y=x*+2x-15
(-1,-16)

(0, -15)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

As a =—1 is negative, the graph has a N
shape and a maximum point.
When x =0, y = 25, so the graph crosses the
y-axis at (0, 25).
Wheny =0,
25-x2=0

BG+x)(5-x)=0
X =—5 or X =5, so the graph crosses the
x-axis at (—5, 0) and (5, 0).
Completing the square:
25-x2=—x2+0x+25

=—(x>— 0x — 25)

=—(x-0)2+25
So the maximum point has coordinate
(0, 25).
The sketch of the graph is:

yn
(0, 25)

[=5.0 0] 5.0\ x

y=x2+3x+2
As a = 1 is positive, the graph has a \/
shape and a minimum point.
When x =0, y = 2, so the graph crosses the
y-axis at (0, 2).
Wheny =0,
X+3x+2=0

x+2)(x+1)=0
X =—2 or X = —1, so the graph crosses the
x-axis at (—2, 0) and (—1, 0).
Completing the square:

2
x2+3x+2=(x+§j —2+2
2 4

(3)-
=l Xx+—| -=
2 4

So the minimum point has coordinate

(-£-3).
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1 d The sketch of the graph is:

wn/
(2,0
y=x*+3-2

(13/

(-2, ())‘{:’__ 0

=y

y=-x+6x+7
As a =—1 is negative, the graph has a N
shape and a maximum point.
When x =0,y =7, so the graph crosses the
y-axis at (0, 7).
Wheny =0,
—X2+6x+7=0
(X—-Dx=7)=0
x=—1 or x =7, so the graph crosses the
x-axis at (—1, 0) and (7, 0).
Completing the square:
X2+ 6X+T7=—(x2—6X)+7
= —((x=3)%*-9)+7
= —(x-3)*+16
So the maximum point has coordinate
(3, 16).
The sketch of the graph is:

yny:—x2+6x+ d
0,7)
(-1, 0)
0 (7. 0) x

y=2x>+4x +10

As a = 2 is positive, the graph has a \/
shape and a minimum point.

When x =0, y = 10, so the graph crosses the
y-axis at (0, 10).

Wheny =0,

2x2+4x+10=0

Using the quadratic formula,

_ —45.42-4(2)0)
2x2
—4++/-64
4

There are no real solutions, so the graph
does not cross the x-axis.

X =

SolutionBank

f Completing the square:
2x% + 4x + 10 = 2(x* +2x) +10
=2((x+1)>2-1)+ 10
=2(x+1)*>+8
So the minimum point has coordinate

(-1, 8).
The sketch of the graph is:

y 1/
(0, 10)

(-1.8)

y=2x"+4x+10

=y

(0]

g y=2x2+7x—15
As a = 2 is positive, the graph has a \/
shape and a minimum point.
When x =0, y=-15, so the graph
crosses the y-axis at (0, —15).
Wheny =0,
2X2+7x—15=0
(2x-3)(x+5) =0
X =2 or x=-5, so the graph crosses the

x-axis at (£,0) and (-5, 0).
Completing the square:

2x2+7x—-15= 2 x2+ng—15

So the minimum point has coordinate
(~+ %)

The sketch of the graph is:

\ 1
(-5, 0) 0 / (3,0)
(0, -15)

y=2x*+Tx-15

=y
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1 h y=6x>—19x+10

As a = 6 is positive, the graph has a \/
shape and a minimum point.

When x =0, y = 10, so the graph crosses the
y-axis at (0, 10).

Wheny =0,

6x>—19x+10=0

(Bx-2)(2x-5)=0

X = 2 orx = 3, so the graph crosses the
x-axis at (,0) and ($,0).

Completing the square:

6x2—19x+10=6 xz—%xj+10

2
=6 x—E _ 36l +10
12 144
Ej 12
12 24

So the minimum point has coordinate
(5.-%)

12 24 )"

The sketch of the graph is:

J\'
(0, 10) =6x2—19x + 10

.
(1,0)
TN

(l‘.’ 12])

b |tn

y=4-"7x—2x
As a =—2 is negative, the graph has a N
shape and a maximum point.
When x =0, y = 4, so the graph crosses the
y-axis at (0, 4).
Wheny =0,
—2x2—=7x+4=0
(—2x+1)(x+4)=0
X = % or x =—4, so the graph crosses the
x-axis at (%,0) and (-4, 0).
Completing the square:

2K —Tx+4= -2 x2+—xj+4

2
-2 x+zx -9 +4
4 16

2
=2 x+—xj +—

SolutionBank

So the maximum point has coordinate

The sketch of the graph is:

Yy
Yy=4-7x-2x°

(0, 4)
(3. 0)

TR

y =0.5x% + 0.2x + 0.02

As a = 0.5 is positive, the graph has a \/
shape and a minimum point.

When x =0, y = 0.02, so the graph crosses
the y-axis at (0, 0.02).

Wheny =0,

0.5x2+0.2x +0.02=0

Using the quadratic formula,
021 J0.22 —4(0.5)(0.02)
- 2x0.5

x=-0.2+~/0
=-0.2
There is only one solution, so the graph
touches the x-axis.
Completing the square:
0.5x? + 0.2x + 0.02

=0.5(x* +0.4x) +0.02
— 0.5((x+0.2)% —0.04) +0.02

= 0.5(x+0.2)?

So the minimum point has coordinate
(-0.2,0).

The sketch of the graph is:
y=0.5x>+0.2x + 0.02 V4

(0, 0.02)
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2 a The graph crosses the y-axis at (0, 15), so

c=15.
The graph crosses the x-axis at (3, 0) and
(5, 0) and has a minimum value.
(x=3)(x=5)=0

x2—8x+15=0
a=1b=-8andc=15

The graph crosses the y-axis at (0, 10), so
¢ =10.
The graph crosses the x-axis at (=2, 0) and
(5, 0) and has a maximum value.
—(x+2)(x-5)=0

—Xx?+3x+10=0
a=-1,b=3andc=10

The graph crosses the y-axis at (0, —18), so
c=-18.
The graph crosses the x-axis at (-3, 0) and
(3, 0) and has a minimum value.
(x+3)(x-3)=0

X2+0x—9=0
Butc=-18,not 9,502 (x* +0x-9) =0
a=2,b=0andc=-18

SolutionBank

d The graph crosses the y-axis at (0, —1), so

c=-1.
The graph crosses the x-axis at (—1, 0) and
(4, 0) and has a minimum value.
x+1)(x-4)=0

X*=3x—4=0
Butc =—1, not 4, so< (x> —3x—-4)=0
a=+,b=-2andc=-1

Minimum value = (5, —3), so the line of
symmetry is at x = 5.
The reflection of (4, 0) inthe liney =5is

(6, 0).
x-6)(x-4)=0
X>—10x+24=0

Completing the square:
x2—10x + 24 = (x = 5)? — 25 + 24
=(x-5)2%-1

But the minimum value is (5, — 3),
therefore:
y=3(x-5)*>-3

=3x%>—30x + 72
a=3,b=-30andc=72
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Quadratics 2G

1 ai fx)=x>+8x+3 2 x2+6x+k=0
b2 — 4ac a=1b=6andc=k
=82-4(1)(3) For two real solutions, b?> — 4ac > 0
=64 —12 6°2—4x1xk>0
=52 36 -4k>0
36 > 4k
i g(x)=2x*—3x+4 9>k
b2 — 4ac Sok<9
= (3 - 44
=90-32 3 2x2—3x+t=0
=-23 a=2,b=-3andc=t
For exactly one solution, b> —4ac =0
i h(x)=—x2+7x—3 (3% —4x2xt=0
b2 — 4ac 9-8t=0
= 72— 4(-1)(-3) Sot=¢
=49 - 12
=37 4 f(x)=s+8x+s

a=s,b=8andc=s

iv j(x) =x* - 8x + 16 For equal solutions, b? — 4ac = 0

b2 — 4ac 82-4xsxs=0
= (—8)* —4(1)(16) 64 —4s=0
=64 —-64 64 = 452
=0 16 = 2
) Sos=+4
v k() =2x—3x"—4 The positive solution is s = 4.
=—3x2+2x—4

b — 4ac 5 3x%-4x+k=0
= (2> = 4(=3)(-4) a=3,b=—4andc=k
=4-48 For no real solutions, b> — 4ac < 0
=44 (-4 —4x3xk<0

. . L. 16 — 12k <0

b i This graph has two distinct real roots 16 < 12k
and has a maximum, so a < 0: h(x). 4 < 3k
Sok> 3

il This graph has two distinct real roots

and has a minimum, so a > 0: f(x). 6 a g(x)=1+3px+ (14p—3)=0

a=1b=3pandc=14p-3
For two equal roots, b?> —4ac =0
(Bp)?—4x1x(14p—3)=0

2 _ -
iv This graph has one repeated root and has 9p” —56p + 12 - 0
a minimum, so a > 0: j(x). (p—6)(Op=2)=0
p=6orp=2%
v This graph has no real roots and has a p is an integer, sop = 6
minimum, so a > 0: g(x).

il This graph has no real roots and has a

maximum, so a < 0: K(x).
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6 b Whenp =6, Challenge
X2+ 3px + (14p — 3)
=x2 + 3(6)x + (14(6) — 3) a For distinct real roots, b> — 4ac >0
=x2+18x + 81 b? > 4ac
x2+18x+81=0 Ifa>0andc>0,ora<0andc<0,chooseb
(x+9)(x+9)=0 such that b >+/4ac
SOx=-9 Ifa>0andc<0,ora<0andc>0,

) 4ac < 0, therefore 4ac < b? for all b
7 a h(x)=2x"+(k+4)x +k

a=2,b=k+4andc=k b For equal roots, b?> — 4ac = 0
b2 —4ac=(k+4)>—4x2xk b? = 4ac
=k*+8k+ 16— 8k =k + 16 If 4ac < 0, then there is no value for b to

_ satisfy b? = 4ac as b? is always positive.
b k>0, therefore k? + 16 is also > 0. If

b? — 4ac > 0, then h(x) has two distinct real
roots.
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Quadratics 2H

1l a

The bridge is 200 m above ground level,
since this is the height at the centre of the
bridge.

0.000 12x2 + 200 = 346
0.000 12x2 = 146
146

2

~0.00012

146
X=x=
0.00012

Sox=1103 and x=-1103

length = 1103 x 2 =2206 m

—0.01x? + 0.975x + 16 = 32.5
—0.01x2 +0.975x — 16.5=0
Using the formula, where a=—0.01,
b=0.975and c=-16.5,

L 09751 |/0.975% — 4(~0.01)(~16.5)
- 2(-0.01)

‘= 0.975+,/0.290 625

0.02
Xx=75.7and x =21.8 (to 3 s.f)
21.8 mph and 75.7 mph

y=-0.01x%+ 0.975x + 16
=—0.01(x*>—97.5x) + 16
=—0.01((x — 48.75)*> — 2376.5625) + 16
=—0.01(x — 48.75)? + 39.765 625
A=39.77 (to4s.f.),B=0.01and C =48.75

The greatest fuel efficiency is the
maximum, when x = 48.75
48.75 mph

When x =120,
y =-0.01(120)2 + 0.975(120) + 16

=-11
A negative fuel consumption is impossible,
so this model is not valid for very high
speeds.

Without any fertliser, f = 0, so each hectare
would yield 6 tonnes of grain.

3 b

When f = 20,
g =6+ 0.03(20) — 0.00006(20)?
=6.576
For an extra tonne yield, g = 6.576 + 1
=7.576
6 + 0.03f — 0.000 06f2 = 7.576
1.576 — 0.03f + 0.00006f2 =0
Using the formula, where a = 0.000 06,
b=-0.03 and c = 1.576,
X =

—~(~0.03) +/(~0.03)% — 4(0.000 06)(1.576)

2(0.000 06)

‘e 0.03£,/0.00052176

0.00012

x=440.4and x=59.6 (to 1 d.p.)
59.6 —20=139.6
39.6 kilograms per hectare

t=M —1000p, t = 10000 when p = £30
10000 =M — 1000 x 30
M = 40000

r =p(40 000 — 1000p)
=—-1000p? + 40 000p
=—1000(p? — 40p)
=—1000((p — 20)? — 400)
=—1000(p — 20)? + 400 000

A =400000, B =1000 and C = 20

==-1000(p — 20)? + 400 000
maximum = £400 000 when p = 20
They should charge £20 per ticket.
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Challenge

a d(s)=as’+bs+c
When s =20, d = 6:
6 = a(20)? + b(20) + ¢
6 =400a+20b +c Q)

When s = 30, d = 14:
14 = a(30) + b(30) + ¢
14 = 900a + 30b + ¢ )

When s = 20, d = 24:
24 = a(40)? + b(40) + ¢
24 = 1600a + 40b + ¢ (3)

(2)—Q):

(14 =900a + 30b + ¢) — (6 =400a + 20b + ¢)
— 8=500a + 10b 4

(3)—Q):

(24 = 1600a + 40b + ¢) — (6 = 400a + 20b + c)
= 18 =1200a + 20b (5)

(5) —2x (4):
(18 = 1200a + 20b) — 2(8 = 500a + 10b)
= 2=200a,s0a=0.01

8 =500(0.01) + 10b
8=5+10b=b=0.3

6 = 400(0.01) +20(0.3) + ¢
6=4+6+c=c=—4
a=0.01,b=03andc=-4

b 0.01s?+0.3s—4=20
0.01s?+0.35s—24 =0
Using the formula, where a = 0.01, b = 0.3

and ¢ =24,
. ~0.34/0.3* — 4(0.01)(-24)
2(0.01)
03 J1.05
0.02

X=36.2 or —66.2 (to 3 s.f.)
The speed of the car must be positive, so is
36.2 mph.
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Quadratics 2 Mixed Exercise

1 a »+3y+2=0 2 by=2x+x-3
+DHiy+2)=0 As a =2 is positive, the graph has a \V/
y=—lory=-2 shape and a minimum point.
When x = 0, y = =3, so the graph crosses
b 3x*+13x—-10=0 the y-axis at (0, —3).
Bx—=2)x+5)=0 When y =0,
x=2orx=-5 2 +x—-3=0
2x+3)x—1)=0
¢ 5x2—10x=4x+3(—%,—%) x=-3 2x=+J7+5 or x = 1, so the graph
52— 14x—3=0 crosses the
Gx+DE—-3)=0 x-axis at (—%, 0) and (1, 0).
x=—-gorx=3 Completing the square:
23X +x—3= Z(x2 +%x)—3
d (2x-5)7%=7 s ,
225244 (o -7
2x=+7+5 = (x4l -z
= 5£47 So the minimum point has coordinates

2 (~.2).
2 a y=xltsxid The sketch of the graph is:
As a =1 is positive, the graph has a \/ VA
shape and a minimum point.
When x = 0, y =4, so the graph crosses the
y-axis at (0, 4).

When y =0, >
x2+J;x+4=O _%’ 0\ O [(1.0) X
x+Dx+4)=0
x =—1 or x = —4, so the graph crosses the (0, -3)
x-axis at (—1, 0) and (4, 0). 3=
Completing the square:
x2+5x+4=(x+%)2—(%)2+4 c y=6—10x— 4’
B CTEN As a = —4 1s negative, the graph has a N
- (x + 7) B shape and a maximum point.
So the minimum point has coordinates When x =0, y = 6, so the graph crosses the
(_%, _%). y-axis at (0, 6).
The sketch of the graph is: When y =0,
6—10x —4x*=0
V4 (1-2x)(6+2x)=0

x =+ or x =—3, so the graph crosses the
x-axis at (%, O) and (-3, 0).

Completing the square:
(=1,0) 6—10x —4x>=—4x*— 10x+ 6

4. 0)(_\5.9/0 = —4(x +3x)+6
- —4((x+%)2—(%)2)+6

373
= —4(x+%)2 +8

0,4

=V
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2 ¢ So the minimum point has coordinates 3 b F+3x-5=4x+1
(_%’4749). ¥-x—-6=0
. (x=3)x+2)=0
The sketch of the graph is: v=3andx—-2
o I I

4 a kK*+11k—-1=0

a=1,b=1landc=-1

(0, 6) Using the quadratic formula:
. —11+11° =4(1)(-1)
(=3,0) (30 - 2(1)
[ OH ¥ P | EVPE
2
d y=15x—2x° k=0.0902 or k=-11.1

As a = -2 is negative, the graph has a N
shape and a maximum point.

When x =0, y = 0, so the graph crosses the a= 2,b=-5and = 1
y-axis at (0, 0). Using the quadratic formula:

When y =0, . —(=5)+/(-5)° —4(2)(1)

_ 2
15x—2x"=0 2(2)

b 2t2-5t+1=0

x(15-2x)=0 :
x=0orx= 71, so the graph crosses the Y= -(-D= \/(—1) —-4(=D@3)
x-axis at (0, 0) and .(7%, 0) .. 2(-1)
Completing the square: [= 54417
15x — 2x* = —2x* + 15x 4

= —2(x2—%x) t=2280rt=0.219

= 2((x =) - (%)) 10-x-¥=7

4 4
3-x—x*=0

2
— 15 225
= 2(x-5) + %
So the minimum point has coordinates
15 225
(T ’ T) :

The sketch of the graph is:

y A
(0,0) R
0 (74, 0)\ X

3 a f(3)=32+33)-5=13

g(3)=4(3) +k=12+k
f(3) = 2(3)

13=12+k

k=1

a=-1,b=—-1landc=3
Using the quadratic formula:

o ZEDEJED —4EDB)

2(-1)

1+413

X =
-2
x=-2300rx=1.30
Bx—172=3-x?

O —3x—3x+1=3—-x°

10x2—6x—2=0

a=10,b=—6and c=-2
Using the quadratic formula:

_—(6)£(6) ~410)(-2)
2(10)
6116

20
x=0.839 orx =—0.239
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a X+ 12x-9=(x+6)>-36-9
=(x+6)>—45
p=1,qg=6and r=—-45

b 5x%—40x+ 13 =5(x*—8x)+ 13
=5((x—4)7*-16)+13
=5(x—4)?-67

p=5,q=—4and r=-67

¢ 8x—2x*=-2x"+ 8
=—2(x* — 4x)
=227~ 4)
=2(x—2)>+8

p=—2,g=—2andr=238

d 32— (x+1)=3>-(2+x+x+1)

=2xr—2x—1
=2(x*—x)— 1
2
=2((x-3) -4)-1
=2(x-)-3
p=2,9=—-+andr= -3
52— 2x+ k=0

a=5b=-2andc=k
For exactly one solution, b*> — 4ac = 0
(2P —-4x5xk=0
4-20k=0
4 =20k
k=1

a 3+ 12x+5=pkx+qgP+r
3+ 12x+ 5 =p(P+2gx + ¢H) + r
3x%+ 12x + 5 = px*+ 2pgx + pg* + r

Comparing x* p =3 1)
Comparing x: 2pq = 12 2)
Comparing constants: pg> +r =5 3)
Substitute (1) into (2):

2x3%xg=12

q=2

Substitute p = 3 and ¢ = 2 into (3)
3x224+r=5
12+r=5
r=-—7
Sop=3,g=2andr=-7

b 32+ 12x+5=0
3(x+2)°=7=0
3(x+2)° =7

7
x+2) =—
(x+2)" =3

7 b

10

11a

SolutionBank

x+2=i\/i

3

SO)C:—Zi\/z
3

27 -20(2")+ 64 =(2")> —20(2%) + 64
=(2°-16)(2" —4)

flx)= (2" -16)(2" —4)
Then either 2* =16 =>x =4
or 2=4=x=2
x=2orx=4

20+ D(x—4)—(x—2)°=0
2(0*=3x—4)—(*—4x+4)=0
22— 6x—8—x*+4x—4=0
x-2x—-12=0
a=1,b=-2,c=-12
Using the quadratic formula:

DD —4(-12)
2
L2452

2

x_2i\/4><13
2
L2213

2
lei\/ﬁ

x—Dx+2)=18
P+x—-2=18
X+x—-20=0
x+5x—-4)=0
x=-5orx=4

The springboard is 10 m above the water,
since this is the height at time 0.

When 4=0, 5¢— 102+ 10=0
104 +5:+10=0
a=-10,b=5and c=10
Using the quadratic formula:
. —5+./5> —4(-10)(10)
2(-10)
_ —5+4/425

-20
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11b

12a

13i

ii

14 a

t=-0.78 ort=1.28 (to 3 s.f.)
t cannot be negative, so the time is
1.28 seconds.

—10£2+5¢+10

=—10(2 - 0.5¢)+ 10
=—-10((t—0.25)> =0.0625) + 10
=—-10(—0.25)> +10.625
A=10.625,B=10and C=0.25

The maximum height is when # — 0.25 =0,
therefore when 1 =0.25s, A= 10.625 m.

f(x) = 4kx® + (4k + 2)x + 1

a=4k,b=4k+2andc=1

b —4ac=(4k+2)* —4 x4k x 1
=16Kk*+ 8k + 8k + 4 — 16k
=16k*+ 4

16k* + 4

k* > 0 for all values of &, therefore

16> +4>0

As b> — dac = 16k* + 4 > 0, f(x) has two
distinct real roots.

When k=0,

o) = 40>+ (4(0) +2)x + 1 =2x+ 1
2x + 1 is a linear function with only one
root, so f(x) cannot have two distinct real
roots when k = 0.

Let \/;:u
2u +u—-6=0
Qu-3)(u+2)=0

u is positive so u =

N | W

9

x=u’=—
4
B=17x*+16=0

"N =17xY)+16=0

*—-Dx*-16)=0
Then either x* =1 = x = +1
or =16=>x=+2
x=-2,x=—1,x=1landx=2

c=230—Hp,c=80andp=15
80=230—-15H
H=10
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14b r=p(230 — 10p)

— —10p? +230p

=—10(p* — 23p)

=—10((p — 11.5)* - 132.25)
=—10(p — 11.52 + 1322.5

A=13225,B=10and C=11.5

The maximum value is when (p — 11.5) = 0.
This is a maximum revenue of £1322.50 at
£11.50 per cushion.

Original revenue = 80 x 15 =£1200
Increase in revenue = £1322.50 — £1200

Challenge

=£122.50
a b
b ¢
b+c b
b ¢
b*—bc—c* =0

Using the quadratic formula:

_c +,/c* —4(1)(=c?)
2(1)

c++5¢7

&%

)
-+

c
2

Sob:c=

ctels e
> :

Dividing by c:

1++/5 |
5
The length cannot be negative so

1+\/§
2

b:c= 01
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Challenge

b Letx= \/l+\/1+\/1+\/1+...
Sox=A1+x

Squaring both sides:
X*=1+x
¥-x—-1=0
Using the quadratic formula:
1£(-17 -4 -D)
x =
2(1)

_1+45
2
The square root cannot be negative so

\/1+\/1+\/1+\/T... = liz\/g
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Equations and inequalities 3A

1 a Multiply 2x —y =6 by 3: d Sosolutionis x=41, y=-3.

6x—-3y =18
4x+3y =22 e Multiply 3x — 2y = —6 by 2:
Add: 6x—4y=-12
10x =40 6x+3y =2
x=4 Subtract:
Substitute into 2x—y =6 —ly=-14
8-y=6 y=2

y=2
So solutionis x=4, y=2.

Multiply 7x + 3y = 16 by 3:
21x+9y =48

Substitute into 3x—2y =-6:
3x-4=-6
3x=-2

—_2
X=-3

So solutionis x=—-%, y=2.

2x+9y =29
?gl))(trzafg f Multiply 3x + 8y =33 by 2:
6x+16y =66
x=1 6Xx =3+5y
Substitute into7x+3y =16: 6x+16y = 66
7+3y=16
6Xx-5y =3
3y=9 Subtract:
y=3 21y =63
So solutionis x=1, y=3. y=3

Multiply 5x + 2y = 6 by 5:

Substitute into 3x +8y =33:
3x+24=33

25 +10y = 30
3x—10y = 26 3x=9
Add: x=3
28x =56 So solutionis x=3, y=3.
X=2

Substitute into 5x+2y =6:
10+2y=6

a

Rearrange x + 3y = 11 to give:
x=11-3y
Substitute into 4x -7y =6:

2y =4
i_ ) 4(11-3y)-Ty =6
So solution is x=2, y=-2. 44-12y-7y=6
_19y=-38
Multiply 2x —y =12 by 2: y=2

4x -2y =24

Substitute into x=11-3y:

Add:
X=5
10x = 45 So solutionis x=5, y=2.
x=4%

Substitute into 2x—y =12:
9-y=12
y=-3

Rearrange 2x +y = 5 to give:
y =5-2X
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2 b Substitute into 4x—-3y =40: 3 ay=1x=51)-6=-1
4x—3(5-2x)=40 x=-landy=1
4x—-15+6x =40 x—2y o
10X = 55 b Rearrange 3 =4 to give:
x=51 X—2y=12 1)
Substitute into y =5-2x: Rearrange 2x + 3y + 4 = 0 to give:

2x+3y=—-4  (2)

y=5-11 Multiply (1) by 2 to give:
y=-5 2x—4y=24  (3)
So solutionis x=5%, y=-6. Subtract (2) from (3) to give:
—7y =28
¢ Rearrange 3x —y = 7 to give: y=-4,x=2(-4)+12=4
—y=7-3X So solutionis x=4andy =-4
y=3x-7 e
Substitute into 10x + 3y = -2 c tongiavneq and rearrange 3y = 5(x — 2)
10x+3(3x—7)=-2 5x-3y=10 (1)
10X +9x—21=-2 Expand and rearrange 3(x —1) +y+4=0
to give:
19x =19 3 +y=—1 @)
y=1 Multiply (2) by 3 to give:
Substitute into y =3x-7: 9x+3y=-3 (3)
y=3-7 Add (1) and (3) to give:
14x =7
y=-4

X=3y=-3(1)-1= -3

So solutionis x= zandy =-23

So solutionis x=1, y=-4.

d Rearrange 3y = x— 1 to give:

Xx—2ky=5 @)

Substitute into 2y =2x-3: Multiply (1) by 2 to give:
2y=2(3y+1)-3 6x+2ky=16 (3)
2y=6y+2-3 Add (2) and (3) to give:

__ x=21
—4y=-1 X=3
y=1

Substitute into x =3y +1: b Using (1), 3(3) +k(3) =8

Xx=3+1 1k=—1

x=12 k=-2

So solution is x =13, y=1. _ _
5  Substitute x = qand y = —1 into both
equations to give:
20+p=5 (1)
49-5+q=0 (2)
From (2),5q0=5,q=1

3 a Rearrange 3x — 2y + 5 =0 to give:
3Xx—-2y=-5 1)
Expand and rearrange 5(x +y) = 6(x + 1)

g) give _ Substituting g = 1 into (1) gives:
X+ 5y =6Xx+6 2(1) +p=5
X—5y=-6 (2) 0=3

Multiply (2) by 3 to give: _ _

3x - 15y =18 (3) Sop=3andq=1

Subtract (3) from (1) to give:

13y =13
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Equations and inequalities 3B

1 a Rearrange x +y =11 to give: d Rearrange 3a + b = 8 to give:

y=11-X b=8-3a

Substitute into xy =30 Substitute into 3a® +b* = 28:

x(11-x)=30 3a®+(8-3a)" =28

11x—x* =30 3a’ +64-48a+9a* =28

0=x*-11x+30 12a® —48a+36=0
Oz(x—5)(x—6) Divide by 12:

x=5o0r x=6 a’-4a+3=0

Substitute into y =11-x: (a-1)(a-3)=0

When x=5, y=11-5=6 a=1or a=3

When x=6, y=11-6=5

Solutions are x=5, y=6 or x=6, y=5

Rearrange 2x +y =1 to give:
y=1-2x
Substitute into x* + y* =1:
X2 +(1-2x)" =1
X2 +1-4x+4x* =1
5x* —4x=0
x(5x—4)=0
x=0or x=%
Substitute into y =1-2x:
When x=0, y=1
When x=%, y=1-2=-2
Solutions are
x=0, y=1lor x=¢, y=—

uleo

y =3X
Substitute into 2y? —xy =15:
2(3x)" - x(3x) =15
18x* —3x* =15
15x* =15
x* =1
x=-1or x=1
Substitute into y = 3x:
When x=-1, y=-3
When x=1, y=3

Solutions are
x=-1 y=-3 or x=1 y=3

Substitute into b=8-3a:
When a=1, b=8-3=5
When a=3, b=8-9=-1
Solutions are

a=1 b=5o0r a=3, b=-1.

Rearrange 2u + v =7 to give:

v=T7-2U

Substitute into uv =6

u(7-2u)=6

7u-2u®=6
0=2u’>-7u+6
0=(2u-3)(u-2)

u=32oru=2

Substitute into v=7-2u:

Whenu=3%, v=7-3=4

Whenu=2, v=7-4=3

Solutions are

u=3, v=4o0ru=2 v=3

Rearrange 3x + 2y = 7 to give:
2y =7-3X

y=3(7-3x)
Substitute into x* +y =8:
x*+1(7-3x)=8
Multiply by 2:

2x* +(7-3x)=16

2x* -3x-9=0

(2x+3)(x-3)=0

X=—3% or x=3

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.



Pure Mathematics Year 1/AS

SolutionBank

2 c

Il
—_
\I
|
w
>
~

When x=3, y=4(7-9)=-1
Solutions are
x=-1%, y=52 or x=3, y=-1

Rearrange 2x + 2y = 7 to give:
2Xx=17-2y

x=4(7-2y)
Substitute into x> —4y? =8:
(3(7-2y)) -4y* -8
1(7-2y) -4y* =8
Multiply by 4:
(7—2y)2 -16y* =32
4928y + 4y —16y* =32
0=12y? + 28y 17
0=(6y+17)(2y-1)

)
When y=—4, x=3(7+%)=%
When y=1, x=4(7-1)=3

Solutions are
X=6%, y=-22 0orx=3 y=+%

b Rearrange x +y =9 to give:
X=9-y
Substitute into x> —3xy +2y* =0:
(9-y) —3y(9-y)+2y* =0
81-18y+y* —27y+3y*+2y* =0
6y>—45y+81=0
Divide by 3:
2y?—15y+27=0
(2y-9)(y-3)=0
y=2ory=3
Substitute into x

Solutions are
X=4%,y=42 orx=6, y=3

Rearrange 5y — 4x = 1 to give:
Sy=4x+1
Substitute y = ¢ x + £ into
X —y? +5x =41
x> —(£x+31)* +5x =41
X —Lx*-Lx-L45x=41
25x* —16x* —8x —1+125x =1025
9x* +117x-1026=0
x*+13x-114=0
(x+19)(x-6)=0
Sox=-190rx=6
Substitute intoy = 2 x+1<
Solutions are x =19,y =15
orx=6,y=5

Rearrange x —y = 6 to give:
X=6+Yy
Substitute into xy = 4:
y(6+y)=4
6y+y> =4
y>+6y—4=0
Use the quadratic formula.

a=1b=6,c=-4

y- —b++/b*—4ac
2a

—-6++/36+16
2
—6++/52
2
—6+/4x13

2
=-3+.13

Substitute intox =6 +y:

When y=—3—\/1_3,
x=6-3-+13=3-413

When y=—3+\/ﬁ,
x=6-3+/13=3+413

Solutions are

x=3-413, y=-3-413
or x =3++/13, y:—3+\/ﬁ
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3 b Rearrange 2x + 3y = 13 to give: 4 Rearrange x +y = 3 to give:
2x=13 -3y y=3-X
x=1(13-3y) Substitute into x> — 3y = 1.
’ x2—3(3-x)=1
Substitute into x* +y* =78 w2+ 3% — 10 = 0
(%(l3—3y))2+y2 =78 (x+5)(x-2)=0
2 Sox=-50rx=2
$(13-3y) +y* =78 Solutionsare x=-5,y=8orx=2andy=1
Multiply by 4:
2 5 a 3x+x(2-4x)+11=0
(13-3y)" 4y =312 2 x4 1120
16978y +9y* +4y* =312 X2+ 2x+11=0
13y —78y-143=0 X*—2x—-11=0
D'ZV'de by 13: b Using the quadratic formula,
v ooyt b Vb —dac
(-t
Use the quadratic formula. 2a
a=1 b=-6 c=-11 X_2¢J4+44
~b+(b* -4ac) 2
y= = L2 i;/4_8
_6+(36+44) 2+16x3
2 X=—
2
_6+4/80 2443
2 X= 5
_6+v16x5 x=1+2/3
2 Substitute into y = 2 — 4x:
=6i4\/§ x=1+2«/§,y:—2—8«/§
2 orx:1—2«/§,y:—2+8\/§
=3+2.5
6 a Atthe point (1,p),x=1andy=p.
Substitute into x =4(13—3y): Substituting these values into the first
when y =324, equtiongives:
X= %(13—3(3— 2\/3)) Substituting these values into the second
equation gives:
:%(13—9+6\/§) 4-p=6 (2)
p=-2
=2+3\5 Whenp=-2,k=3
When y=3+24/5, k=3,p=-2
—1(13—
X=7 (13 3(3+ Zﬁ)) b Substitute for k into y = kx - 5:
_1{12_0o_ y=3x-5
2 (13 d 6\/5) Substitute into 4x2 — xy = 6:
—2-3J5 4x2 —x(3x—5) =6
Solutions are ax* — 3X§ + g’x _g :8
X2 +5x—6=
x=2-35,y=3+25 (x—1)(x+6)=0

or x=2+3/5,y=3-2\5
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6 b x=1orx=-6
Whenx=-6,y=-23andx=1,y=-2
The solutions are x =—6,y = —23
orx=1y=-2

Challenge

Rearrange y — x = k into x? + y? = 4:
y=x+Kk

X2+ (x+k)?=4

X2+ x2+2kx+k?—4=0

2x2 + 2kx + k2 —4 =0

Using the discriminant for one pair of
solutions,

b?2—4ac=0

(2K -4(2Q)(k*-4)=0
4k*—8k2+32=0

42 = ~32
k?=8
k=48

=+v4x2
=422
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Equations and inequalities 3C

3ay=9-x
y=-2x+6

b i b (~1,8)and (3, 0)

¢ Substitute each value of x and y into each
equation:
(-1)>+8=1+8=9
2(-1)+8=-2+8=6
(3+0=9

i (3,-1) 2(3)+0=6

c i Rearrange3x+y+1=0togive 4 ay=(x-2)0
y=-3x-1 0=(x—2)
X=2
y Whenx=0,y=4

i (~0.5,0.5) o *

2 a Rearrange2y =2x+1ltogivey=x+ i
e ey 2 b (x—2)?=3x-2

X°—4x+4-3x+2=0
X*—7x+6=0
x—6)(x—1)=0
_ N X=6o0orx=1
\/0‘ x Whenx=1,y=1
Whenx =6,y =16
(1, 1) and (6, 16) are the points of
intersection.

b (-1.5, 4)and (3.5, 9)

¢ Substitute values for x into each equation.

When x = —1.5: 5 y=x-4
2y=2(-11)+11=8,y=4 Substitute into y? = 2x* -17:
When x = 3.5; (x—4)" =2x*-17
2y=2(33)+11=18,y=9 X* —8x+16 = 2x* 17
When x = -1.5: ,
y:2(_1%)2_3(_1%)_5:%+%_5=4 0=x"+8x-33
When x = 3.5: 0=(x+11)(x~3)
y=2(31)2-3(3%)-5=4£-2_-5=9 x=-11or x=3
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SolutionBank

Substitute into y =x—4:

When x=-11, y=-11-4=-15
When x=3, y=3-4=-1
Intersection points:

(-11,-15) and (3,-1)

y=3x-1
Substitute into y* —xy =15:
(3x-1)" - x(3x-1)=15
9x* —6X+1-3x* +x =15
6x° —5x-14=0
(6x+7)(x—2)=0
X=—%forx=2
Substitute into y =3x-1:
When x=-%, y=—2-1=—
When x=2, y=6-1=5
Intersection points:
(-1%,-4%) and (2, 5)

Njo

6x2+3x—7=2x+8
6x>+x—15=0

Using the discriminant:

b? —4ac =1+ 360 = 361
361>0

Therefore, there are 2 points of
intersection.

4x%>—18x+40=10x—9
4x2—28x+49=0

Using the discriminant:
b?—4ac=784—-784=0

Therefore, there is 1 point of intersection.

Rearrange 7x +y + 3 = 0 to give:
y=—7x—-3

X —-2x+4=—7x—-3
3x2+5x+7=0

Using the discriminant:

b2 — 4ac = 25 — 84 = -59
-59<0

Therefore, there are 0 points of
intersection.

Rearrange 2x —y = 1 and then substitute
into x? + 4ky + 5k = 0:
y=2x—-1
X2+ 4k(2x —1) +5k =0
X2+ 8kx — 4k + 5k =0
x2+8kx+k=0

Using the discriminant,
b2 —4ac=0
(8K)* —4(1)(k) =0
64k?*— 4k =0
4k(16k—1)=0
k=0ork= &

As k is a non-zero constant, k = -

X*+8(2)x+ £ =0
16x2+8x+1=0
(4x+1)%2=0

-_1 — 3
X==9¥= =3

p=03x—6
If the swimmer touches the bottom of the
pool, then

0.5x*—3x=0.3x— 6

0.5x*-3.3x+6=0
Using the discriminant:
b? —4ac=(—3.3)>-4x05x%6
=-1.11

As —1.11 is negative, there are no
solutions, so the swimmer does not reach
the bottom of the pool.
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Equations and inequalities 3D

1 a

2X<5+3
2x<8

Xx<4

5x>39-4
5x >35

X>7

6X—2X>7+3
4x >10

1
X>23

Ex+x<-12-6
6x<-18

Xx<-3

—Xx>4-15
-x>-11

x<11

21-8>3x+2X
13> 5x

5x <13
x<23

X—3x<25-1
—2Xx< 24

X>-12

IX+TX<T+7
14x <14

x<1

-0.5x>1-5
—0.5x >4

X<8

Ex+2x>12-4
7X>8

1
X>1<

2x—-6>0
2X>6

X>3

2

b

8-8x>x-1
8+1>x+8x

9> 9x
1>x
x<1

3X+21<8-x
3X+x<8-21

4x<-13
X<-3%

2X—-6-%x-12<0
2X—X<6+12

X <18

1+22-11x <10x—-40
1+22+40 <10x+11x

63 < 21x
3<X
X>3

2x-10>12-3x
2X+3x>12+10

5x > 22
X>4%

12x -3x+9< 45
12x—-3x<45-9

9x < 36
Xx<4

Xx—-10-4x <11
X—4x<11+10

-3x<21
X>—7

X2 —4x>x*+2
X2 —x2—4x>2
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2 j BX—X* >3+ x—X’
5X—X—X>+x2>3

4x >3

x>3

k 3x+2x2—6x <10+ 2x°
-3x <10

10
X > -3

4x% +12x ~
2
Ax% — 10X < 4x% + 12x — 18
18 <22x

9
XEH

|  2x2—-5x< 9

3 a 3x—-6>x—4
2x>2
x>1

4x+ 12 >2x + 17
2X>5
X>21

x>1

(o]
vy~

O

So the required set of values is x > 2%
{x:x>21}

b 2x—-5<x-1
x<4
IX+7>23—X
8x > 16
X>2

So the required set of valuesis 2 <x <4
{x:2<x<4}

C 2x—3>2
2x>5

5

X> —

X+6<12+x
2X<6
X<3

x>2%

SolutionBank

o 1 2 3 4 5 6 7 _
o » x>3
<t QO x<3

So the required set of values is 5 <x <3
{x: 2 <x<3}

d 15—-x<22-2x
Xx<7

15x —5>12x + 19
3x>24
X>8

s 6 7 8 9 10
<«——0 x<7
O—» x>8

So there are no values that satisfy the
inequality.

e 3x+8<20

3x<12

X<4
6x—14>x+6

5x>20

X>4

2 3 4 5 6 7
«— o x<4
o » x=4
So the required set of values is x = 4
{x: x=4}

f 5x+3<9
5x <6

X< ¢

10x +5>27
10x > 22
x> 4

So the required set of values is
x<forx>4%4

{x x<gju {xxx>41}
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3 g 12x+28<20 Challenge
12x < -8
X<—% A:3x+5>2
_ 3x> -3
6x —10 > 7—6x X>-1
12x —20 > 7 — 6X
18x > 27 B: —+1<3
X>15
X<2
2 4 6 1 53 2
-——® \'S—_% XS4
——>» =1l
C:11<2x-1
So the required set of values is 12<2x
x<—2orx>11% x>6
{x: x<-2}u {xx>11} p=-1,q=4,r=6
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Equations and inequalities 3E

1 a x*-11x+24=0 d x*+7x+12=0
(x—-3)(x-8)=0 (x+4)(x+3)=0
Xx=3, x=8 X=—-4, x=-3
Sketch of y=x*—-11x+24: Sketch of y=x*+7x+12:
VA VA
O\%\/g/ ¥ D ZE
W2 —11=24<0 when 3< x <8 x> +7x+12>0 when x <-4 or x> -3
b 12— x—x2=0 e 7+13x-2x*=0
O—_x2+x—12 2x* -13x—-7=0
0=(X+4)(X—3) (2X+:1|.)(X—7)=0
X=—4 x=3 XZ—E,X=7
Sketch of y=12—x—x°: Sketch of y=7+13x—2x*:

) VA
VA

, / |
/41 o \ /_. o 7,\ g

7+13x—2x* >0 when —1<x<7

12—-x—x>>0when —4<x<3

f 10+x-2x*=0
c x*-3x-10=0

2x*—x-10=0
X+2)(x-5)=0
(X=_2)(X=5) (2x=5)(x+2)=0
’ X=3 x=-2

Sketch of y = x*—3x-10: ,
Sketch of y =10+ x—2x":

y VA
VA .

=y

NS

x?—=3x-10>0 when x<-2 orx>5

10+x-2x* <0 when x<-2 orx >3

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 1



Pure Mathematics Year 1/AS SolutionBank

19 4x*-8x+3=0 j  6x*+11x-10=0
(2x-1)(2x-3)=0 (3x—-2)(2x+5)=0
x=3%,x=2 x=% x=-2
Sketch of y =4x*—-8x=3: Sketch of y=6x*+11x—-10:

VA VA

=Y

=Y

%

[2) %\/%

|

(3]

3] —
(Q

4x* —-8x+3<0 when £ < x<2 6x° +11x—10 >0 when x < -5 or x> 2
h —2+7x-3x*=0 k x*-5x=0
3X*-7x+2=0 x(x-5)=0
(3x-1)(x-2)=0 Xx=0,x=5
x=%,x=2 Sketch of y = x*—5x:

VA

Sketch of y=-2+7x-3x":

VA

=Y

o/% \f

x*—5x >0 when x<0 or x>5

—2+7x-3x* <0 when x<%orx>2

| 2x*+3x=0

i X -9=0 x(2x+3)=0

(x+3)(x-3)=0 x=0,x=-2
X=-3, Xx=3 Sketch of y=2x*+3x:

Sketch of y=x2-9: o

VA

]
-y

=Y

N

x?-9<0 when —3<x<3

2x*+3x<0 when —£<x<0
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2 a x* =10-3x ¢ Sketch of y=2x*—3x+1:
x*+3x-10=0
(x+5)(x-2)=0
X=-5 x=2
x?<10-3x = x*+3x-10<0

Sketch of y = x* +3x—10:

VA

VA

2x* —3x+1<0 when 1 <x<1

_3\2/2 X d x(x+11)=3(1-x*)

x?+11x =3-3x>
x> +3x*+11x-3=0

=Y

x> +3x—10<0 when -5< x< 2 4x% +11X—3 =0
b 11<x*+10 £4X_1)(X+3):0
0<x*+10-11 X=4 x=-3
10 X(x+11) <3(1-x*)
Sketch of y = x* —1: = 4x*+11x-3<0

Sketch of y = 4x* +11x —3:

VA

YA

=y

N
=Y

N N,

x?—1>0 when x<-1lorx>1

4x* +11x-3<0 when —3<x<1

c x(3-2x)=1 3 a x2-7x+10<0

3x—2x2 =1 X2 —7x+10=0

a2 x—2)(x—5)=0
0=2x"-3x+1 Xx=20rx=5

0=(2x-1)(x-1)
x=1, x=1 ]\(Sn

= 2x* -3x+1<0 /
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SolutionBank

3 a So2<x<5h
3X+5<17
3x<12
x<4
0 1 2 3 4 5 6
o—0 2<x<5
«< O x<4

So the required values are 2 <x < 4
{x:2<x<4}

b xX>~x—6>0
X>—-x—6=0
x—=3)(x+2)=0

Xx=30rx=-2

\

N

Sox<—-2o0orx>3

10—-2x<5
—2x< -5
X>2%
3 =2 -1 0 1 2 3 4
«——0 x<-2 O—>» x>3

O——» x>2

b=

So the required values are x > 3
{x:x>3}

C 4x*-3x—-1<0
4> -3x—-1=0
(x— 1)(4x+1)=0
x=lorx=-1%

VA

I
=Y

c So—4 <x<l1
4x+8<15—x—-7

5x<0
x<0
2 -1 0 1 2
o0——o0 —<x<l1
<«——0 x<0

So the required values are — <x <0
{x:—4 <x<0}

d 2x*-x—-1<0
2x2—x—1=0
2x+1)(x—-1)=0

x=—zo0rx=1

VA

=Y

So—-1<x<l1

14<3x—2

3x>16
x>51

-1 0 1 2 3 4 5 6 1
O0—0 -j<x<I O—» x>5]

So there are no values.
e xX2—x—-12>0
X*—x—-12=0
x-4)(x+3)=0
Xx=4o0rx=-3

Y

v
N>
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3 e Sox<-3orx>4 2
3X+17>2 4 a = 1
=13 Multiply both sides by x?:
X==3 2X < X2
. . : 2x—x2<0
Dl D S S S S Solve the quadratic to find the critical
o _ > x5S values:
T 2Xx—x2=0
So the required values are -5 < x < —3 X2 6 X) :9
andx>4 x=0o0rx=2
{x: =5<x<-3}u {x:x>4} "
f x2—2x—3<0
X*-2x—3=0 :
(X - 3)(X + 1) =0 ¢ o) X

x=3orx=-1

VA

/ The solutionisx<0or x> 2
0 o\/ X b5>2
X

Multiply both sides by x?:
5x2 > 4x
So-1<x<3 5x%2 —4x >0
X2—3x+2>0 Solve the quadratic to find the critical
x2—3x+2=0 values:
(x—2)(x—1)=0 5x2—4x=0
x=2orx=1 X(5x—4)=0
x=0orx=4%
VA
-
o] 1 2 X
0 4 X

f Sox<lorx>2
The solution isx <0 or x >¢.

2 -1 0 1 2 3 4
o, QO —-l<x<3
T O x<1
O—>» x>2

So the required valuesare -1 <x <1
and2<x<3
{x:—1<x<1}u {x:2<x<3}
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E >—1

X

Multiply both sides by x?:

X > —x?

X2+ x>0

Solve the quadratic to find the critical
values:

XX+x=0

x(x+1)=0

x=0orx=-1

VA

=y

-1 (0]

The solution isx <—1 or x> 0.

6+§>§
X X

6>
X

Multiply both sides by x?:

6x2 > 3x

6x>—3x>0

Solve the quadratic to find the critical
values:

6x2—3x =0
3X(2x—1)=0
x=0o0rx= 1

VA

(0] fl ‘T

The solution isx <0 or x >3.

SolutionBank

1

e 25>7

25x2 > 1

252 —1>0

Solve the quadratic to find the critical
values:

25x2—1=0

(5x-1)(5x+1) =0

X=torx=-¢

VA

The solutionisx < —% orx>%.

<3

6
74‘
Multiply both sides by x?:

6 + 7x < 3x?

3X2—-Tx—6>0

Solve the quadratic to find the critical
values:

’
X

X —T7X—6=0
Bx+2)(x—-3)=0
=—2o0orx=3

3

=y

N/

The solution isx < —% orx >3.

Using the quadratic formula:
a=1 b=-k, c=k+3

b? —4ac < 0 for noreal roots, so
k?-4(k+3)<0
k® -4k -12<0
(k—6)(k+2)<0
—-2<k<6

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 6



Pure Mathematics Year 1/AS SolutionBank

5 b Using the quadratic formula: 7cC
a=p, b=p, c=-2
b? —4ac > 0 for real roots, so 2 -1 0 1 2 3 4 <2
p’+8p>0 o o i<x<s
p(p+8)>0
p>0o0r p<-8 So the required values are —4 <x < %

{x:—%1 <x< %}
6 Xx*-5x—14>0

x> —5x—14=0 S
x—=7)(x+2)=0 8 x—3<2
X=70rx=-2 Multiply both sides by (x — 3)%:
A 5(x — 3) <2(x — 3)?

5 — 15 <2x?—12x + 18
. 2x2—17x+33>0
X Solve the quadratic to find the critical
values:
2x2—17x+33=0
2x—=1DH(x—=3)=0
x=4%orx=3

VA

|
2
A
~J
=Y

So the required values are x <—2 or x > 7
{x: x<=2}u {x:x>7}

7 a 2(3x—1)<4-3x

6x —2<4—-3x 0 3 5L x
9x <6

2
x< 2

{x: x< 2}

The solutionisx <3 orx>5%

2_gy—
b 2x = 5x ~3<0 9 k- 2kx+3=0

2 _ _n—
2X° X~ 3 _ 0 For no real roots, using the discriminant:
(2x+1)x=3)=0 b2 —4ac<0
—__ 1 —_
X=Taorx=3 (-2K) - 4(K)(3) < 0
: 4k - 12k <0
" 42— 12k=0
4k(k—3)=0
\ / k=0ork=3
_%Y £ .f VA
0 X
So—5 <x<3
{x:—3 <x<3}
_ _ 2
c 6x2 2<4 3x:>x<13 So0<k<3
2X"=5X=3<0 = —5 <X<3 When k = 0, the equation gives 3 =0

Therefore, 0 <k < 3.
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Equations and inequalities 3F

1l a 3x+2y=6 Q)
X—y=5 2
Multiply equation (2) by 2:
2x—2y=10 (3)

Add equations (1) and (3):
5x =16

X=%,y=—%
The solution isP (&, -%).

b 2y +3x>x—ywhen the line L; is
above the line Ly:

16
X< 2

2 ai

Yl y=f(x)

0 / \ X
y=g(x)

i 3x—7=13—-2x
5x =20
X=4,y=5
The lines intersect at (4, 5).

i f(x) < g(x) when the f(x) is
below g(x), so x <4

y=2g(x)
y= 1,( v) VA

o\\i

SolutionBank

2 bii 8-5x=14-3x

—2X=06
x=-3,y=23
The lines intersect at (=3, 23).

i f(x) < g(x) when f(x) is
below g(x), so x> —3
c i

[9] \ X
y=gx)

i x2+5=5-2x
X2+ 2x=0
X(x+2)=0
x=00rx=-2
Whenx=0,y=5
Whenx=-2,y=9
The lines intersect at (0, 5)
and (-2, 9).

i f(x) < g(x) when f(x) is
below g(x), so —2<x<0

VA

/ e
-

X

S

y=f{x)
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2 dii 3-x2=2x—12 f i 7-x2=2x—-8
X2 +2x—15=0 X2 +2x—15=0
(x+5)(x—-3)=0 x+5)(x—-3)=0
X=-50rx=3 X=-50rx=3
When x=-5,y =-22 When x =-5,y =-18
Whenx=3,y=-6 Whenx=3,y=-2
The lines intersect at (=5, —22) The lines intersect at (=5, —18)
and (3, —6). and (3, —2)
i f(x) < g(x) when f(x) is i f(x) < g(x) when f(x) is
below g(x), so X <—5 or X >3 below g(x), sox<—5orx>3
e i 3 a 3x¥—-2x—1=x+5
y=1(x) VA 3x?—3x—6=0
XX—x—-2=0
x—2)(x+1)=0
x=2,x=-1

The points of intersection are
(2, 7) and (-1, 4).

=Y

/T
y=g(x)

i X*—5=7x+13
x> —7x—18=0
x—9x+2)=0
x=9o0rx=-2
Whenx=9,y=76
Whenx=-2,y=-1

The lines intersect at (=2, —1) _
and (9, 76). So the required values are =1 < x < 2

iii f(x) < g(x) when f(x) is b 2 -4x+1=3x-2

below g(x), s0 —2<x<9 2x*—7x+3=0
(2x-1)(x—3)=0
foi VA =g x=1orx=3
The points of intersection are
%’ _%) and (3! 7)
/N >
o x

y=1f(x)
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3 Db d So the required values are
x<0orx>2

74

R
X2 X
Multiply both sides by x?
3 —4x=—x?

2] >

/ 72 X —4x+3=0
x-1DHxx=-3)=0
x=1lorx=3

So the required values are + <x<3 Points of intersection are
(1,-1)and (3, 1)

c Bx—-2x*-4=-2x-1

2x2—T7x+3=0 Py =)
2x—-1)(x—-3)=0
=lorx=3

The points of intersection are
%! _2) and (31 _7) s

VA y=2glx) (1,-1) (3,-1)

So the required valuesare 1 <x <3

f 2 =8

x+1

2=8(x+1)

8x+6=0

=3
So the required values are Point of intersection is (-2, 8)
X< gorx>3
A
2 l vy =g(x)
d ; =1 (-%.9)

X=2
Point of intersection is (2, 1) y=f(x)

Ly

So the required values are
X<-lorx> -3
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Challenge
a x2—4x—12=6+5x—x?
22— 9x—18=0
(2x +3)(x—6) =0
=-32o0rx=6

2
The points of intersection are

(-2, -&)and (6, 0).

20 T4

b So the required values are —3 <x<6
{x: —2<x<6}
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Equations and inequalities 3G

1 4
y=4x ¥ % x3=2
YA
81/
3 ;y:x—Z
4_ ! ”I
24 N
U ’
-21-'2_25/2 4‘(5\56 4 6
- y=5-x
e y 0L x2
2 5
i y=(x-3y
]
i ay=x-1
1
]

SARINRY, - i,
.2x+y=5‘y+x:4 4 y+x=35
6 a Fory=x+landy=7-x:
3 X+1=7-x
VA 2x=6
8- x=3,y=4
64"~ T - _
/My =G3-x)(2+ x) Fory=7—-xandx=1
™ Y x=1,y=6
2N
1 N |, Forx=1landy=x+1
64 29| 246X x=1y=2
1) ‘l V+x= 3
L4 The points of intersection are

(3,4),(1,6) and (1, 2).
b y>x+1,y<7-xandx>1

7  y<2-5x—x%,2x+y>0andx+y<4
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8 a ¢ (—%,-1)isthe only vertex formed by
x=2 two solid lines.
VA
811 /‘} =x+4 d Area of shaded region = area of right-
64—A angled triangle — area of unshaded
17 triangle
ol ! Area of right-angled triangle
,/’ ] 1 = % X7 x7
v =4 |
*2\ ! Area of unshaded triangle
M = 1% (~2 =-5) x (¥ — (-1)
=6~ . = 529
y+S5x+3=0 60 )
’ Area of shaded region
= 4 _ 529
b Fory=x+4andy=-5x-3: 2 e
X+4=-5x—3 =%
6x =—7

—-_ 17 - 17
X==5:. Y= %

Fory=-5x—3andy=-1:

y:—]_,)(: _%
Fory=—-landx =2:
x=2,y=-1
Forx=2andy=x+4:
X=2,y=6

The vertices are at the points
(-1,12),(-2,-1),(2,-1)and (2, 6).
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Equations and inequalities, Mixed Exercise 3

1 a 2kx—y=4 (1) 3 b So the solutions are
dkx +3y=-2 (2) (-4,-%)and 3, 1)
Multiply equation (1) by 2 to give
4kx—2y=8 (3)

+y= ive:
Subtract equation (2) from equation (3) 4 a Rearrangex+y=2to give:

y=2-x

_Sy:g R2Hx2-x)—(2-xP=-1
Y B+ —4+4x—x+1=0
_ 2+ N, Qe
b Using (1), 2kx +2 = 4: ;‘2_2;‘+§:8
2kx =2
X = % b Using the quadratic formula:
e tac
2 Rearrange x + 2y = 3 to give: 2a
x=3-2y x_6i\/36—12
Substitute into x> —4y” =33 2
(3-2y) -4y*=-33 EREY
2
9-12y+4y* -4y’ =-33
ey 6+/4x6
-12y=-33-9 X=——7;——
L2y =42 61246
_1 x=
Y=z 2
Substitute into x =3-2y: x=3++/6
x=3-7=-4
So the solution is x=—4,y =7 Substitute into y = 2 — x.
_ y=2—(3iJ€)
3 a Rearrange x - 2y = 1 to give:
x=14+2y .y:_liJg
Substitute into 3xy—y° =8:
2 2 x 2\>!
3y(1+2y)—y* =8 5a 9=3,503"=(3)
3y+6y° —y> =8 — 3 =320
59 +3y-8=0
Equate powers:
b (5y+8)(y—1)=0 x=2y-1
y:—%or y:l :>x:2y—2

Substitute into x=1+2y .
When y=-%, x=1-%=-1

5

When y=1, x=1+2=3
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SolutionBank

S5b

x=2y-2
Substitute into x* =y +7:
Q2y-2)Y=y"+7
4y -8y +4=y"+7
4y* -y’ —8y+4-7=0

37 —8y-3=0
Gy+hH(y-3)=0
y=—tory=3

Substitute into x =2y —2.
When y=-1, x=-2-2=-22

The solutions are:
x=-%y=—landx=4,y=3

Rearrange x + 2y = 3 to give:
x=3-2y

Substitute into x* =2y +4y° =18:
(3-2y) —2y+4y* =18
9-12y+4y* -2y+4y° =18
8y’ —14y+9-18=0
8y’ —14y-9=0
4y-92y+1)=0
y=gory=-3
Substitute into x=3-2y.
When y=2,x=3-2=-3
4

The solutions are: x = —%, y=

When y=—34, x=3+1

ENN=)

andx=4, y=—1

Rearrange —%x + y =1 and substitute

into the quadratic equation:

—1+Ex
YT

7 a ki’ —x(l+§xj+(k+1)x:1

kx? —x—%x2 +kx+x-1=0
ko +2kx—2=0

Using the discriminant for one
solution:

b>—4ac=0
(2k)* = 4(k)(-=2)=0
41> + 8k =0
dk(k+2)=0

k is non-zero, so k= —2

Substituting into kx* +2kx—2=0

gives:
—2x*+4x-2=0
—x*=2x-1=0
¥ +2x+1=0
(x+1)2 =0

x=-1

Substitute for x and &:
y=1+§x =1-(-1D)=2

Therefore, the coordinates are (—1, 2).

The sloping ceiling can be modelled by

= 15 1

R
If the ball hits the ceiling, then
§ofx=—f e ixes

—2x’+Zx-6=0
—3x>+27x-60=0

x> =9x+20=0
Using the discriminant:

b*—4ac=81-80=1
As 1> 0, there are two solutions.

Therefore, the model does predict that
the ball hits the ceiling.
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9 a 3x—x>13+8 11a xX*+x-2=18
2x>21 X +x-20=0
x>105 (x+5)(x—4)=0
In set notation, the solution is x=-50rx=4
fx:x> 2L}
b (x—1)(x+2)>18
b x*-5x-14=0 =x+x-20>0
(x+2)(x-7)=0
x=-2orx=7 " y=x>+x-20
YA y=x>-5x-14

=Y

S NS

x> =5x—14>0 when x < -2 X +x-20>0 whenx<-5orx>4

In set notation, the solution is
{x:ix<-5u{x:x>4}

=Y

orx>7
In set notation, the solution is
{x:x<-2U{x:x>T7}

12a 6x—2x<3+7

10  Multiplying out the brackets: 4x <10
X’ —5x+4<2x-8 x<%
X' —=5x-2x+4+8<0
¥ —7x+12<0 b (2x1—1>(x—55)=0
¥ =7x+12=0 X=70rx=
(x—3)(x—4)=0 "
x=3orx=4 y=2x>=-11x+5
VA
y=x2=Tx+12
% 3 4 X
2x2—11x+5<0when%<x<5

x> —=7x+12<0 when 3<x<4
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20

12¢ 5< —

x
Multiply both sides by x*

5x% < 20x

5x2—20x <0

Solve the quadratic to find the critical
values:

5x2—20x=0

Sx(x—4)=0

x=0orx=4

‘A /

=Y

The solutionis 0 <x <4

d

55500133454

<

O 6x—-2x<3+7

13

o———0 22 -11x+5<0

Intersection is + < x <3

%Hgg
X X

Multiply both sides by x*:

8+ x*<9x

x> —9x+8<0

Solve the quadratic to find the critical
values:

-9 +8=0

x—1Dx—-8)=0

x=lorx=38

SolutionBank

13

=Y

The solutionis 1 <x <8

14 a=k,b=8,c=5
Using the discriminanth® —4ac >0 :

82— 4k x5> 0

64— 20k >0
64 > 20k
-
k<l

15 a=2,b=4k,c=-5k
Using the discriminant b> — 4ac < 0:
(k) — 4(2)(=5k) < 0
16k> +40k< 0
8k(2k + 5) < 0
k=0ork= -3

y=2x2 + dkx - 5k
YA

)
=Y

-3<k<0
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16a y=x*+2x—15 18 y=x*+4x-12

y=x+5)(x—3) ¥ +4x—12=0

0=x+5x—-3) x+6)(x—2)=0
x=-5o0rx=3 x=—6orx=2
Whenx =0,y =-15 y=4—-x

4—x*=0

Y 2+x)2-x)=0
x=—2o0orx=2

VA

Jy=x+4x-12
_5\01
- -6 4y o b i

b x*+2x—15=6-2x
¥ +4x—21=0
x+7x—3)=0
x=—Torx=3
When x =-7,y =20
Whenx=3,y=0
The points of intersection are (—7, 20)
and (3, 0).

~ -

' A
=t

>

-5 0 3 X
y=gx)
215

From the graph and the calculated
points of intersection, the required
values are

x<—-7orx>3.

17 2x*+3x—15=8+2x
2%+ x—-23=0

L R
%(—1—\/@)<x<%(—1+\/@)
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Challenge
1 2kx®+5Skx+5k—3=0 2 2x —k=3x*+2kx +5
Using the discriminant: 3x2+2kx —2x+5+k=0
b* — 4ac > 0 for real roots. 3P+ (2k—2)x+5+k=0
(5k)* — 4(2k)(5k—3)>0 If the line and parabola do not intersect
25k — 40k* + 24k >0 then there are no solutions.
—15k>+24k>0
3k(=5k+8)=>0 Using the discriminant:
3k(-5k+8)=0 b —4ac<0
k=0ork=2% k=2 —43)5+k) <0
4k* — 8k +4 60— 12k <0
VA 4k> — 20k — 56 <0
K —5k—14<0
K—5k-14=0
(k—=T(k+2)=0
k=T7ork=-2
y 3 & o P=k=Tk D)
y = 3k(=5k + 8) \
-2\ 0 Tk
0<k<?i

The line and the parabola do not intersect
in the interval -2 <k <7
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Graphs and transformations 4A

1 ay=xx-3)x—-2)(x+1)
0=(x—-3)(x—2)(x+1)
Sox=3,x=20rx=-1
So the curve crosses the x-axis at
(3,0), (2,0) and (-1, 0).
Whenx=0,y=(-3)x(-2)x1=6
So the curve crosses the y-axis at (0, 6).
X— o0,y —

X— —0,y — —©

T
=)
I\J<
=2 J

b y=(X-1)x+2)(x+3)
0=(x-1)(x+2)(x+3)
Sox=1x=-20rx=-3
So the curve crosses the x-axis at
(1, 0), (-2, 0) and (-3, 0).
Whenx=0,y=(-1)x2x3=-6

So the curve crosses the y-axis at (0, —6).

X— o,y —
X— —0, Yy — —©

VA y=(x=1)(x+2)x+3)

—
1"

y=(x=3)x=-2)x+1

cC y=(x+1)(x+2)(x+3)

O=(x+1x+2)(x+3)
Sox=-1,x=-20rx=-3

So the curve crosses the x-axis at

(-1, 0), (-2, 0) and (-3, 0).
Whenx=0,y=1x2x3=6

So the curve crosses the y-axis at (0, 6).
X— o,y —

X— —00, Yy — —©0

“/_r =(x+ D(x+2)(x + 3)

)

—. N1 0

=Y

y=x+1(A-x)(x+3)
0=(x+1)(1Q—x)(x+3)
Sox=-1,x=1lorx=-3

So the curve crosses the x-axis at

(-1, 0), (1, 0) and (-3, 0).
Whenx=0,y=1x1x3=3

So the curve crosses the y-axis at (0, 3).
X— o,y —>—©

X— —00,y — 0

VA

3

AN

-3 Ll o\ ¥
\/ \JZ( D1 = x)(x +3)
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1 ey=x—2)(x—3)4—-x)
0=(x—-2)(x—3)(4—Xx)
Sox=2,x=3o0orx=4
So the curve crosses the x-axis at
(2,0), (4,0)and (4, 0).
Whenx=0,y=(-2) x (-3) x4 =24
So the curve crosses the y-axis at (0, 24).
X— o,y — —©
X — —00, Y —0

u/""“\
o 2 3

¥ =(x=2)(x=3)@d-x)

f y=x(x—2)(x+1)
0=x(x—2)(x+1)
Sox=0,x=2o0rx=-1
So the curve crosses the x-axis at
(0, 0), (2, 0) and (-1, 0).

X — o0, y —>00
X— =00,y — —©

y=x(x=2)x+1)

=Y

[ 3]

7

SolutionBank

g y=x(x+1)(x—1)

0=x(x+1)(x—-1)
Sox=0,x=-l1lorx=1

So the curve crosses the x-axis at
(0,0), (—1,0) and (1, 0).

X— o,y — 0

X— —00,y — —©0

y=x(x+ ) (x=1)

y=x(x+1)(1-x)
0=x(x+1)(1-x)
Sox=0,x=-1orx=1

So the curve crosses the x-axis at
(0, 0), (-1, 0) and (1, 0).

X— 00,y — —0

X— —00,y — ©

VA

y=x(x+1)(1-x)
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10 y=x—-2)2x—-1)2x+1) 2 a y=(x+17>*x-1)
0=(x—2)(2x—1)(2x + 1) 0=(x+1)>2x—1)
Sox=2,Xx=30rx=—3 Sox=-lorx=1

So the curve crosses the x-axis at (1, 0)
and touches the x-axis at (-1, 0).
Whenx=0,y=12x (-1)=—1

So the curve crosses the x-axis at
(2,0), (£,0)and (-%,0).

Whenx=0,y=(-2) x(-1)x1=2 So the curve crosses the y-axis at (0, —1).
So the curve crosses the y-axis at (0, 2). X —> 00, Y —> o0
X — 0,y — © X — —00, Y — —00

X— =00,y — —©

y=x+13(x-1)
y=(x=-2)2x-1)2x+ 1)

>
1 X

=Y

A

J y=x(@2x-1)(x +3) b y=(x+2)(x—1)?
0 =x(2x — 1)(x + 3) 0=(x+2)(x— 1)
Sox=0,x= 3 orx=-3 Sox=—-2o0rx=1
So the curve crosses the x-axis at So the curve crosses the x-axis at (—2, 0)
(0, 0), (%,o) and (-3, 0). and touches the x-axis at (1, 0).

Whenx=0,y=2x (-1)>=2
So the curve crosses the y-axis at (0, 2).
X— o,y — 0

X— o0,y — o
X— —0,y — —©
X— —00,y — —©0

VA

VA
y=x(2x = 1)(x+ 3)

y=(x+2)x-1)

[S%

=Y

t|—

=2 J

A

i
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2 cy=2-x)(x+1)?

0=(2—-x)(x+1)?

Sox=2o0rx=-1

So the curve crosses the x-axis at (2, 0)
and touches the x-axis at (-1, 0).
Whenx=0,y=2x12=2

So the curve crosses the y-axis at (0, 2).
X— o,y — —©

X— —00,y — ®©

VA

b

]

-1 O p) X
y=02-x)x+1y

y=(x—=2)(x+1)?

0=(x—2)(x+1)>?

Sox=2o0rx=-1

So the curve crosses the x-axis at (2, 0)
and touches the x-axis at (-1, 0).
Whenx=0,y=(-2) x 12=-2

So the curve crosses the y-axis at (0, —2).
X— o,y — ©

X— =00,y — —©

y=(x=-2)(x+ 1)

\/I} .\‘

SolutionBank

e y=x(x+2)

0=x*(x+2)

Sox=0o0rx=-2

So the curve crosses the x-axis at (-2, 0)
and touches the x-axis at (0, 0).

X— o,y — 0

X— —00,y — —©0

VA

y=x(x+2)

=Y

y=(x—1)

0=(x—1)%

Sox=1lorx=0

So the curve crosses the x-axis at (0, 0)
and touches the x-axis at (1, 0).

X— 00,y — ®©

X— =00,y — —©

y=(x-1)yx
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2 g y=(1-%*3+x) i y=x(2-x)
0=(1-x?*3+x) 0=x*(2—-X)
Sox=1lorx=-3 Sox=0o0rx=2
So the curve crosses the x-axis at (—3, 0) So the curve crosses the x-axis at (2, 0)
and touches the x-axis at (1, 0). and touches the x-axis at (0, 0).
Whenx=0,y=1?x3=3 X — 00,y — —0
So the curve crosses the y-axis at (0, 3). X — —00, y — 00

X— o0,y — o
X— —00,y — —®© YA

VA

y=(1-x)P3+x)

\
3
/_3 ol ¢ y=x(2-x)

S
"D

=Y

i y=x(x-2)
0=x%(x—2)
h v=(x—1)3- Sox=0o0rx=2 _
)6 - 8(( _ 1))2((3 _ ))(()) So the curve crosses the x-axis at (2, 0)

and touches the x-axis at (0, 0).
X— 00,y — ©

Sox=1orx=3

So the curve crosses the x-axis at (3, 0)
and touches the x-axis at (1, 0).
Whenx=0,y=(-1)>x3=3

So the curve crosses the y-axis at (0, 3).
X— o,y — —w©

X— =00,y — —©

VA

X— =00,y — ©

VA

VA

o ] N >

=Y

(3]

y=(x-1)(3-x)
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3 ay=x3+x2-2x

=x(X°+Xx—2)

=x(x+2)(x—1)
0=x(x+2)(x—1)
Sox=0,x=-2o0rx=1
So the curve crosses the x-axis at (0, 0),
(2, 0) and (1, 0).
X— o0,y — o
X— —0,y — —©

VA

yp=x'+xr-2x

=Y

Ar

y = X3+ 5x% + 4x
= X(X?+ 5X + 4)
=x(x+4)(x+1)
0=x(x+4)(x+1)
Sox=0,x=—4orx=-1
So the curve crosses the x-axis at
(0, 0), (-4, 0) and (-1, 0).

X— o0,y — o

X— —0,y — —©

y=x"+35x7 +4x

SolutionBank

C y=x3+2x2+x

=x(X°+2x + 1)
= Xx(x + 1)°
0=x(x+1)°
Sox=0orx=-1
So the curve crosses the x-axis at (0, 0)
and touches the x-axis at (-1, 0).
X— o,y — 0
X— —00,y — —©0

YA y=x+2x+x

=Y

y=3x+2x2-x3
=x(3 + 2x — x?)
=x(3 —x)(1 +X)
0=x(3 —x)(1 +x)
Sox=0,x=3o0orx=-1
So the curve crosses the x-axis at
(0, 0), (3,0) and (-1, 0).
X—> o,y —>—©
X— —00,y — 0

YA

I
)
’/,_J‘-"—-
=y
»

y=3x4 27— X
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3ey=x-x2

=x}(x— 1)
0=x*(x—1)
Sox=0orx=1
So the curve crosses the x-axis at (1, 0)
and touches the x-axis at 0, 0).
X— 0,y — ©
X— =00,y — —©

VA

f y=x—x

=x(1 —x?)

=x(1 —x)(1 +x)
0=x(1—-x)(1+x)
Sox=0,x=1orx=-1
So the curve crosses the x-axis at
(0, 0), (1, 0) and (-1, 0).
X— o,y — —©
X— —00, Yy — ®©

VA

SolutionBank

g y=12x3-3x

= 3x(4x*— 1)

=3x(2x —1)(2x + 1)
0=3x(2x—1)(2x + 1)
Sox=0,x=3o0rx=—3%
So the curve crosses the x-axis at
(0,0),(%,0)and(-4%,0).
X — 00, y — 00
X— =00,y — —©

VA
y=12x-3x

b=
|

y=x3—x2— 2x

=x(X*—x—2)

=x(x+1)(x —2)
0=x(x+1)(x—2)
Sox=0,x=-1lorx=2
So the curve crosses the x-axis at
(0, 0), (-1, 0) and (2, 0).
X— 00,y — ©
X — —00, y —> —00

VA

y=x'-x'-2x
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30 y=x3-9x 4 ay=(x-2)°
=x(x*—9) 0=(x—2)°
=x(x—=3)(x+3) So x = 2 and the curve crosses the x-axis at
0=x(x—3)(x +3) (2, 0) only.
Sox=0,x=30rx=-3 Whenx=0,y=(-2)%=-8
So the curve crosses the x-axis at So the curve crosses the y-axis at (0, —8).
(0, 0), (3,0) and (-3, 0). X — 00, § — o0
X_)Oan_)OO X—>—00,y—>—oo
X— —0,y — —©
VA y = (.\‘ _ 2).‘
VA
y=x'-9x
o] 2 "{
—3 @ 3 X
_8]
. b y=2-x)?
jy=x-oc 0=(2-x)
ixz(x -9) So x = 2 and the curve crosses the x-axis at
0=x(x—9) (2, 0) only.
Sox=0o0rx=9 When x = 0 y:23:8
So the curve crosses the x-axis at So the curve crosses y-axis at (0, 8).
(0, 0) and touches the x-axis at 0, 0). X —> 00, Y —> —0
X— 00,y — 0 X — —00, Y — o
X— =00,y — —©
VA
VA
y=x"-9x

“y

=Y
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4 ¢ y=(x—1)>°

0=(x—-1)°

So x = 1 and the curve crosses the x-axis at
(1, 0) only.

Whenx=0,y=(-1)°*=-1

So the curve crosses y-axis at (0, —1).

X— o,y — ©

X— =00,y — —©

VA
y=(x-1)7

o >
_1/_i X
y=(x+2)?
0=(x+2)°

So x = —2 and the curve crosses the x-axis
at (=2, 0) only.

Whenx=0,y=2%=8

So the curve crosses y-axis at (0, 8).

X— 0,y —

X— =00,y — —©

VA
y=(x+2)

=Y

ey

SolutionBank
=—(x+2)
0=—(x+2)3
So x =—2 and the curve crosses the x-axis
at (=2, 0) only.

Whenx=0,y=-22=8

So the curve crosses the y-axis at (0, —8).
X— 00,y — —00

X— —00,y — ©

VA
y=(x+2)

=Y

_'2_\0
8

y=(x+3)°

0=(x+3)°

So x = —3 and the curve crosses the x-axis
at (=3, 0) only.

Whenx=0,y=3%=27

So the curve crosses the y-axis at (0, 27).
X— 00,y — ©

X— =00,y — —©

. “/,r =(x+3)°
27
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4 gy=(x-3)7°

0=(x—3)°
So x = 3 and the curve crosses the x-axis at
(3, 0) only.
Whenx =0,y =(-3)*=-27
So the curve crosses the y-axis at (0, —27).
X— o,y — —w©
X— —00,y — ©
VA ) 3

/

y=(1-x°

0=(1-x)°

So x = 1 and the curve crosses the x-axis
at (1, 0) only.

Whenx=0,y=1%=1

So the curve crosses the y-axis at (0, 1).
X— o,y — —w©

X— =00,y — ©

VA

l\I

=Y

y=(1-x)

SolutionBank
i y=—(x—2)°
0=—(x—2)3
So x = 2 and the curve crosses the x-axis at
(2, 0) only.

Whenx=0,y=—(-2)°3=8

So the curve crosses the y-axis at (0, 8).
X— 00,y — —0

X— =00,y — ©

VA

8-\ |

y=—(x-2)

wn

0 x = 7 and the curve crosses the x-axis
at (3, 0) only.

When x =0,y =~(-1)" =1

So the curve crosses the y-axis at (0, ).

X— 00,y — —00
X— —00,y — ©

=Y

y=-(x-4%)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 10
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5 ay=x+bx®+cx+d

(x+3)(x+2)(x—1)
(x+3)(x2+x—2)
X+ a2 +Xx-6
b=4,c=1,d=-6

y

Whenx=0,y=-6
So the curve crosses the y-axis at (0, —6).

y=ax3+bx?+cx+d
y=ax+1)x-2)(x-3)
=a(x + 1)(x* — 5x + 6)
=a(x®— 4x% + x + 6)
The curve crosses the y-axis at (0, 2), so
when x =0,y =2,
2=a(0-0+0+6)
a=3:
y=1(x®—4x* +x +6)
X3—4x2+ 1x+2

SolutionBank

7 a f(x) = (x—10)(x? — 2x) + 12x

= x3 — 12x% + 20x + 12x
= x3 — 12x% + 32x
= x(x? — 12x + 32)

b f(x) =x(x*—12x + 32)
=x(x—4)(x—8)

c 0=x(x—4)(x—8)
Sox=0,x=40rx=8
So the curve crosses the x-axis at
(0, 0), (4, 0) and (8, 0)
X— 00,y — ®©
X— =00,y — —©

VA y=x(x-8)(x—4)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.
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Pure Mathematics Year 1/AS SolutionBank

Graphs and transformations 4B

1 ay=x+1)X+2)(x+3)(x+4) c y=x(x+1)>x+2)
0=(Xx+1)(Xx+2)(x+3)(x+4) 0=x(X+1)%(x + 2)
Sox=-1,x=-2,x=-30rx=-4 Sox=0,x=-1lorx=-2
The curve crosses the x-axis at (-1, 0), The curve crosses the x-axis at (0, 0) and
(-2, 0), (-3, 0) and (-4, 0). (-2, 0) and touches it at (—1, 0).
Whenx=0,y=1x2x3x4=24 X — 00, Y — 0
So the curve crosses the y-axis at (0, 24). X — —00, Y — o0

X— 0,y —
X— =00,y — ©

yl\
r=(x+ D(x+2)(x+3)(x+4
y=(x+1Dx+2)(x+3)(x+4) b x(r s DA +2)
Y
24
-2 1 x
s 50| x d y= (0= D(c+ (- 1)(x - 2)
0=(2x—-1D(x+2)x—1)(x—2)
Sox=4,x=-2,x=1orx=2
b y=x(x-1)Xx+3)(x—2) The curve crosses the x-axis at
0=x(x—1)(x +3)(x — 2) (£,0), (=2,0), (1, 0) and (2, 0).
Sox:O,le,x:—Borx_:Z Whenx=0,y=(-1) x 2 x (-1) x (-2) = —4
The curve crosses the x-axis at (0, 0), (1, 0), So the curve crosses the y-axis at (0, —4).
(=3, 0) and (2, 0). X — 00,y —
X— 00,y — 0 X — —00, Y — 00

X— =00,y — ©
y=Q2x-D)(x+2)(x-1)x-2)

= xx=1)(x +3)(x=2) ¥1

y]\
L
O 1™%2

) 1~

RY

=Y
|
.
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SolutionBank

1 e y=x¥(4x+1)(4x—1)
0 =x’(4x + 1)(4x — 1)
Sox=0,x=—f0rx=z

The curve crosses the x-axis at (—4,0)and
(4,0) and touches it at (0, 0).

X— 0,y — o
X— —00, Yy — ®©

yl\

y=x*4x+ 1)4x-1)

~0.250| 0.25 *

fy=—(x—4)(x-2)
0=—(x—4)%(x — 2)?
Sox=4o0rx=2
The curve touches the x-axis at (4, 0) and
(2,0).
When x =0,y = —(—4)% x (-2)* = -64
So the curve crosses the y-axis at (0, —64).
X— o,y — —w©
X— =00,y — —©

p = —(x - 4P(x - 2

g y=(x—3)*(x+1)>

0=(x—3)%(x + 1)

Sox=3orx=-1

The curve touches the x-axis at (3, 0) and
(-1, 0).

Whenx=0,y=(-3)?x12=9

So the curve crosses the y-axis at (0, 9).
X— o0,y — o

X— —00,y — ®©

yA
y=x=-3P(x+1)

=Y

-10 3

y=(x+2)*x—-3)

0=(x+2)>3x-3)

Sox=-20rx=3

The curve crosses the x-axis at (-2, 0) and
(3,0).

Whenx=0,y=2%x(-3)=-24

So the curve crosses the y-axis at (0, —24).
X— 0,y —

X— =00,y — ©

\ y A
—Tz\i 3
24

) Y= (4 27— 3)

.

=y
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1 i y=—2x—1)>%x+5)

0=—(2x—1)%x +5)

Sox=3orx=-5

The curve crosses the x-axis at (3, 0) and
(-5, 0).

Whenx=0,y=—(-1)3x5=5

So the curve crosses the y-axis at (0, 5).
X— o,y — —©

X— —0,y — —©

yd\

y=—2x-1x+5)
5
£ 0 0_§ X

y=(x+4)

0=(x+4)*

Sox=-4

The curve touches the x-axis at (-4, 0).
When x =0, y = 4* = 256

So the curve crosses the y-axis at (0, 256).

X— o0,y — o
X— —00,y — ®©

yll
y=(x+4)
?
0| x

SolutionBank

2 a y=(x+2)(x—1)(x*—3x+2)

=(x+2)(x—1(x—1(x-2)

=(x+2)(x — 1)’(x — 2)
0=(x+2)(x—1)>*x—2)
Sox=-2,x=1orx=2
The curve crosses the x-axis at (=2, 0) and
(2, 0) and touches it at (1, 0).
Whenx =0,y =2 x (-1)? x (-2) = —4
So the curve crosses the y-axis at (0, —4).
X— o0,y — o
X— —00, Yy — ®©

y=(x+2)(x-1)(x*=3x+2)
Yy A

2|y 12 x

y = (X + 3)%(x? — 5x + 6)

= (x+3)(x = 2)(x - 3)
0=(x+3)2(x—2)(x—3)
Sox=-3,x=20rx=3
The curve crosses the x-axis at (2, 0) and
(3, 0) and touches it at (-3, 0).
Whenx =0,y =3%2x (-2) x (-3) =54
So the curve crosses the y-axis at (0, 54).
X— o0,y —
X— —00, Yy — ®©

yl\

54 y=(x+3)P(x*-5x + 6)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.
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2 ¢ y=(x—4)%(x*—11x + 30)

= (x—4)’(x—5)(x — 6)
0=(x—4)%(x—5)(x—6)
Sox=4,x=50rx=6
The curve crosses the x-axis at (5, 0) and
(6, 0) and touches it at (4, 0).

When x =0, y = (—4)? x (-5) x (—6) = 480
So the curve crosses the y-axis at (0, 480).
X— 0,y — 0

X— =00,y — ©

\
483‘

¥ =(x—4P(2 - 11x + 30)

O 456 x

y = (X2 — 4x — 32)(x? + 5x — 36)

= (x=8)(x +4)(x +9)(x — 4)
0=(Xx—8)(x+4)(x+9)(x—4)
Sox=8,x=—4,x=-9o0rx=4
The curve crosses the x-axis at (8, 0),
(-4, 0), (-9, 0) and (4, 0).
Whenx=0,y=(-8) x4 x 9 x (—4) = 1152
So the curve crosses the y-axis at (0, 1152).
X— 0,y — 0
X— =00,y — ©

yA
1152

=Y

o\ [40 4\/8

y=(x"—4x—32)(x*+ 5x—36)

SolutionBank

3ay=xt+bx®+cx’+dx+e
y=X+2)(x+1)(x—2)(x—3)
Whenx=0,y=2x1x-2x-3=12
So the curve crosses the y-axis at point P,
which has coordinates (0, 12).

b y=(X+2)(x+1)(x~-2)(x—3)
= (X + 2)(x + 1)(x> — 5x + 6)
=(x+2)(3—4x+x +6)
=xt— 23— Tx2+ 8x + 12

b=-2,c=-7,d=8ande=12

4  y=(x+5)(x—4)(x*+5x + 14)
The discriminant of the quadratic factor
=b? - 4ac
=52-4x1x14
= —31, so there are no real roots.
0= (x + 5)(x — 4)(x* + 5x + 14)
X=-5x=40rx*+5x+14=0
The curve crosses the x-axis at (—5, 0) and
(4,0).
Whenx=0,y=5x (-4) x 14 =-280
So the curve crosses the y-axis at (0, —280).
X— o0,y — o
X— —0o,y —>

y=(x+5)(x=4)(x"+5x + 14)

\ ]

-5 0 4;

-280
Challenge

y=ax'+bx’+ox+dx+e
y =a(x + 1)%(x — 3)?
Whenx=0,y=3:
3=ax1?x(-3)?
a=3:
y=3(x+1)*(x—3)°
= 1(x+ 1)*(x* — 6x +9)
= 1(x+1)(x* - 5x%+3x +9)
= 1(x* —4x* - 2x* + 12x + 9)
=1x - 43— 2x2 +4x +3
a=i,b=—%,c=-%,d=4ande=3
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Graphs and transformations 4C

1 a Forx>0, — >£ (since 4 > 2)
X

x| x|

Forx<0, — < E
X
Soy= 4 Is abovey = 2 in
X X

first quadrant and below in third quadrant.

b Forx>0,y:3>0andy:— <0
X

>0

x| Noox [N

Forx<0,y:E <Qandy=-
X

Y4

=

c Graphs are likey = 1 and so exist in
X
second and fourth quadrants.

Forx>0,—i <-
X

Forx<0,—i >—
X

X [N XN

Soy= 4 is above y = 2 in second
X X

quadrant and below in fourth quadrant.

SolutionBank

>

d Forx>0, §
X

< | w

Soy= 8 is above y = 3 in first quadrant
X X

and below in third quadrant.

YA

= |co

)
RY

»
l

e Forx>0,—8

— < -
X

X |w X< |w

Forx<0,—§ > —
X

Soy= 8 is above y = 3 in second
X X

quadrant and below in fourth quadrant.
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Pure Mathematics Year 1/AS

%andy:
X X

S

2

These arey = Lz graphs, with k> 0.
X

x? is always positive and k > 0 so the
y-values are all positive.

32 > % (since 5> 2)

X X

Soy= 32 is above y = %
X X

_3 3
=58
3 . k ,
y=—isay= =z graph, with k> 0.

X

x2 is always positive and k > 0 so the
y-values are all positive.

y=— isay= - graph, with k<0,
X X

x2 is always positive and k < 0 so the
y-values are all negative.

SolutionBank

These arey = LZ graphs, with k < 0.
X

x? is always positive and k < 0 so the
y-values are all negative.

—% <—% (since -6 > —2)
Soy:—i2 is belowy:—%.
X X
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Pure Mathematics Year 1/AS

SolutionBank

Graphs and transformations 4D

1 ai

i
b i

y = x? is standard.
y=x(x*—1)

=x(x—1)(x+1)
0=x(x—1)(x+1)
Sox=0,x=1orx=-1
So the curve crosses the x-axis at
(0, 0), (1, 0) and (-1, 0).
X— 00,y — ®©
X— =00,y — —©

s

u y=x

y=x(x*-1)
Three points of intersection

i Equation: x? = x(x>— 1)
y=X(X+2)
As a = 1 is positive, the graph has a \/
shape and a minimum point.
0=x(x+2)
Sox=00rx=-2
So the curve crosses the x-axis at (0, 0)
and (-2, 0).

y= 3 is likey = 1 and so exists in
X X
the second and fourth quadrants.

7Ly

«—Yy=x(x+2)

One point of intersection

I Equation: x(x + 2) = _3
X

c i y=x%isstandard.
y=(x+1)(x—1)
0=(x+1)(x—1)?
Sox=—-lorx=1
So the curve crosses the x-axis at (—1, 0)
and touches it at (1, 0).
X— 00,y — + 0
X— —0, Yy — —®©

y=22 YA

il Three points of intersection
iii Equation: x>= (x + 1)(x — 1) 2

di y=x3(1-x)
0=x(1-x)
Sox=0orx=1
So the curve crosses the x-axis at (1, 0)
and touches it at (0, 0).
X— 00,y — —©
X— —00, Yy — ©

y= 2 is likey = 1 and so exists in
X X
the second and fourth quadrants.

mn
y=x%(1-x)

0

&c:/:w

E ]

il Two points of intersection

iii Equation: x2(1 — x) = -2
X

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 1
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SolutionBank

1

e

y=x(x—4)

As a = 1 is positive, the graph has a \/
shape and a minimum point.
0=x(x—4)

Sox=0o0orx=4

So the curve crosses the x-axis at (0, 0)
and (4, 0).

y= 1 is standard.
X

U A

y=x(x—4)

One point of intersection

Equation: x(x — 4) = 1
X

y=x(x—4)

As a = 1 is positive, the graph has a \/
shape and a minimum point.
0=x(x—4)

Sox=0orx=4

So the curve crosses the x-axis at (0, 0)
and (4, 0).

y= L is standard and in the second
X

and fourth quadrants.
When x = 2,

1 . )
y=-=givesy=—1

X
y=x(x—4) givesy=2(-2)=-4

So when x =2, x(x — 4) <_£
X

Soy= 1 cuts y = x(x — 4) in the fourth
X

quadrant.

g

h
/k-y =x(x - 4)
—

Il Three points of intersection

ili Equation: x(x —4) = 1
X

y=x(x—4)

As a = 1 is positive, the graph has a \/
shape and a minimum point.
0=x(x—4)

Sox=0orx=4

So the curve crosses the x-axis at (0, 0)
and (4, 0).

y=(x-2)°

0=(x—2)°

So x = 2 and the curve crosses the x-axis
at (2, 0) only.

X— o,y — 0

X— —00,y — —©0

YA y=(x-2)3

0 4 X

/ \
y=x(x-4)

il One point of intersection

i x(x—4) = (x—2)°

h i y=-x3is standard.

y= 2 is likey = L and in the second
X X

and fourth quadrants.
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1 hi 1§ i x3=—x(x+2)orx3=x(x + 2)
ydk
ki y=4
y=-% y = X(X — 1)(x + 2)?
0=x(x— 1)(x + 2)?
0 Sox=0,x=1lorx=-2
The curve crosses the x-axis at (0, 0) and
. (1, 0) and touches it at (-2, 0).
«—Yy=-x X — 00,y — 00

.. . . . X— =00,y — —00
il Two points of intersection

ylk
2 2
i x¥=—Zorxd= = y=4
X X

i i y=-—x%is standard.

' = x(x - 1)(x + 2)2
y = x? is standard. | y=x(x— 1)+

YA -2 O\ *
«y =
il Two points of intersection
0 x i X(x—1)(x +2)>=4
«—y = -7 | i y=x3isstandard.
y =x(x+ 1’
. . . , 0 = Xx’(x + 1)?
i Two points of intersection Sox=0orx=-1
(At (0, 0) the curves actually touch. They The curve touches the x-axis at (0, 0) and
intersect in the second quadrant.) (-1, 0).
X— 00,y —©
i —x3 = x? X —> —00, Y —> o0
j i y=—x3isstandard. YA
Y =-X(x+2) yox®
As a = —1 is negative, the graph has a /"\ y = 220x + 1)
shape and a maximum point.
0=—Xx(x+2)
Sox=0o0rx=-2 jr
So the curve crosses the x-axis at (0, 0)
and (-2, 0).
J1 i One point of intersection
y=-x(x+2) i3 — 2 2
+4 i x° = x4(x + 1)
5 0 x
y=-x

il Three points of intersection
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SolutionBank

2 a

y =x(x—3)

0=x*(x—3)

Sox=0orx=3

The curve crosses the x-axis at (3, 0) and
touches it at (0, 0).

X— o0,y — o

X— —0, Yy — —®©

y=2islikey= <.
X

x

UA

AL

y = x*(x - 3)

=Y

~J

From the sketch, there are only two points
of intersection of the curves. This means
there are only two values of x where

X*(x —3) = 2
X

x3(x—3)=2
So this equation has two real solutions.

y=(x+1)°

0=(x+1)°

So x = —1 and the curve crosses the x-axis
at (-1, 0) only.

X— 00,y —

X— =00,y — —©

y=3x(x—1)

As a = 3 is positive, the graph has a \/
shape and a minimum point.
0=3x(x—1)

Sox=0o0rx=1

So the curve crosses the x-axis at (0, 0)
and (1, 0).

YA
/ y=3x(x-1)

1 0™ x

y=(x+1)?

3 Db

From the sketch, there is only one point of
intersection of the curves. This means there
is only one value of x where
(x+1)*=3x(x—1)
X432 +3x+1=3x>-1
xX+6x+1=0
So this equation has one real solution.

y= 1 is standard.
X

y = —X(x—1)?

0=—x(x—1)°

Sox=0orx=1

The curve crosses the x-axis at (0, 0) and
touches it at (1, 0).

X— o,y — —©

X— —00,y — ®©

—_
=Y

<

From the sketch, there are no points of
intersection of the curves. This means there
are no values of x where

y=-x(x-1)*

L —X(x — 1)
X
1 =—x*(x — 1)?

1+x3(x—1)°>=0
So this equation has no real solutions.

y =x(x—a)

0=x*(x—a)

Sox=0orx=a

The curve crosses the x-axis at (a, 0) and
touches it at (0, 0).

X— o0,y — o

X— —0,y — —©

y:E isa y=K graph, with k > 0.
X X
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5 a 6 d x+1)(x+2)(3x—2)=0
Sox=-1,x=-2o0orx= 2%
Usingy =3x + 7:

whenx=—1,y=3(-1)+7=4
whenx=-2,y=3(-2)+7=1
whenx=2,y=3(%) +7=9

y=7 So the points of intersection are (—1, 4),
(-2, 1) and (%,9).
b From the sketch, there are two points of 7 a y=x2—3x>—4x
intersection of the curves. This means there = x(x*— 3x — 4)
are two values of x where 0 =x(x — 4)(x + 1)
x2(x—a):E Sox=0,x=4o0orx=-1
X The curve crosses the x-axis at (0, 0), (4, 0)
x}(x—a)=b and (-1, 0).
¥—axi—b=0 X— 00,y — 00
So this equation has two real solutions. X — —00, Y — —0
y = 6x is a straight line through (0, 0).
6 a y:% isa y:% graph, with k > 0. A
x? is always positive and k > 0 so the y=bx
y-values are all positive. :
y=3x+7 A ?
0=3x+7
7
SOX:_E y=2ad-3x2- 4x
y 3?x +7 |s7a straight line crossing the b - 32— dx = 6x
x-axis at (—3,0). B 32— 10x = 0
X(x?—3x—10) =0
" fy=3x+7 X(x—=5)(x+2)=0
Sox=0,x=50rx=-2
Using y = 6x:
whenx=0,y=0
whenx =5,y =230
when x=-2,y=-12
x So the points of intersection are (0, 0),
(5, 30) and (-2, —12).
b There are three points of intersection, so 8 a y=(-1)(x-2)
there are three real solutions to the equation = (x— 1)(x + )(x — 2)
4 47 0=(x—1(x + 1)(x—2)
X Sox=1,x=-lorx=2
The curve crosses the x-axis at (1, 0),
c (x+1)x+2)(3x—2)=0 (-1, 0) and (2, 0).
(x+1)(Bx*+4x—-4)=0 When x =0,y = (—1)2 x (-2) = 2
I+ —-4=0 X — 00,y — o0
IC+TE=4 X — —00, Y — —00
X’(3x+7)=4 y = 14x + 2 is a straight line passing
347 = % through (0, 2) and (-3, 0).
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8 a 9 b Usingy=-x>-8:
7 whenx=0,y=—-0>-8=—8
y=14x+2 whenx=1,y=-12-8=-9
when x = —4,y = —(—4)> - 8 =24
So the points of intersection are (0, —8),
(1,-9) and (-4, —24).

y=x?-1x-2)

/7 10a y=x*+1
o % X As a = 1 is positive, the graph has a /"
/ shape and a minimum point at (0, 1).
2y=x-1
b (-1)(x—2)=14x+2 y=3x—-3
= 23— x+2)=14x + 2 This is a straight line passing through
x3—2x?—15x =0 (0,-%) and (1, 0).
X(x?—2x—15)=0
X(x—=5)(x+3)=0 yA ,
x=0,x=50rx=-3 y=x+1
Usingy = 14x + 2:
whenx =0,y =2
whenx=5,y=14(5)+2=72 y=x-1
when x=-3,y =14(-3) +2=-40 1/
So the points of intersection are (0, 2), T x
(5, 72) and (-3, —40), s
9 ay=(X-2)(x+2) b From the sketch, there are no points of

0=(x—2)(x+2)?

Sox=2o0rx=-2

The curve crosses the x-axis at (2, 0) and
touches it at (-2, 0).

X— o0,y — o

intersection of the curves. This means there
are no values of x where
x> +1=1x—-1
22 +2=x-1
2x—x+3=0

X— —00, Yy — —©

y=-x>—8 So this equation has no real solutions.
As a = —1is negative, the graph has a N )
; : = 1y_1
shape and a maximum point at (0, —8). ¢ X“ta=3X—3
2x2+2a=x—1
A 2x2—x+2a+1=0
_ _ Using the discriminant for two real roots,
y=(x-2)x+2)? b2 —4ac>0
, (-1)*-4(2)(2a+1)>0
x 1-16a-8>0
y=—x?-8 -16a-7>0
16a <—7
a< -—&

11a y=x*(x—1)(x+1
b (X+2)*(x—2)=—x"-8 )(; = xz((x — 1))((x + 1))
, 2(X2+4X+24)(X_2):_Xz‘8 Sox=0,x=1landx=-1
XT+AXT+ 4Ax— %X N gx -8=—x"-8 The curve crosses the x-axis at (1, 0) and
X°+ 3" —4x=0 (-1, 0) and touches it at (0, 0).
X(x*+3x—4)=0 X —> 00, Y —> o0
X(x—1)(x+4)=0

X— —00, Yy —>
Sox=0,x=1lorx=-4

y=3ix+1

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 6
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1la 0=1ix3+1
3
3

x*=-1

X°=-3

x=-33
The curve crosses the x-axis at (—%/5, O).
Whenx=0,y=1

yi\
y=2%(x-1Dx+1)
) 1 X
y=323+1

b From the sketch, there are two points of
intersection of the curves. This means there
are two values of x where

XX —1)(x+1)=ix3+1
IC(x—1)(x+1)=x3+3
So this equation has two real solutions.
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Graphs and transformations 4E

1 Sketches of original graphs: a i fx)=xfx+2)=x+2)
f(x) = x* b @iy
VA y= 32 /
4
) (¢ v
o) o The curve touches the x-axis at (—2, 0)
and crosses the y-axis at (0, 4).

f(x) =x i f)= %, f(x+2)=(x+2)

VA S YA
y=x y=(x+2)

_/

=Y

=Y

1
f(x) = — The curve crosses the x-axis at (—2, 0)

and crosses the y-axis at (0, 8).

>

1 |
iii f(x) = l, fix+2)= X+2
X

L i YA

=Y

~

a f(x + 2) is a translation of the graph of

[

2yl
'3
[

-2
f(x) by ( 0 j, or two units to the left.

The curve crosses the y-axis at (0, 1).

The horizontal asymptote is y = 0.
The vertical asymptote is X = —2.
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1 b f(x)+ 2 is a translation of the graph of f(X) ¢ f(x—1)is a translation of the graph of f(X)
0 1
by (J , Or two units up. by [Oj , or one unit to the right.
i ) =x% () +2=x>+2 i ) =x% fix—1)=(x-1)
VA VA
y=x*+2
r=(x-1)
B I
0 Y 0 1 X

The curve touches the x-axis at (1, 0)

The curve crosses the y-axis at (0, 2). and crosses the y-axis at (0, 1).
i f)=x,fx)+2=x"+2 i f)=x, f(x—1)=(x—1)
VA y= 42 VA P ”3
2
/ N 0 ', %
L35 O X -1 /
The curve crosses the x-axis at(—i/i ,0) The curve crosses the x-axis at (1, 0) and
and crosses the y-axis at (0, 2). crosses the y-axis at (0, —1).
1 1 iii i _lf_l_ 1
i f(x) = —, f(X) +2=— +2 () ==, fx— 1) = -—
X . X

YA

“Y|'=

The horizontal asymptote is y = 2. .
The vertical asymptote is X = 0. The curve crosses the y-axis at (0,—1).
The horizontal asymptote is y = 0.

The vertical asymptote is X = 1.
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1 d f(x) — 1is a translation of the graph of f(X) 1 d iii The curve crosses the X-axis at (1, 0).
0 ) The horizontal asymptote is y = —1.
by _p|rorone unit down. The vertical asymptote is X = 0.

i 00 =2 f—1=x 1 e f(X)— 3 is a translation of the graph of f(X)

0
by [ j, or three units down.
A -3
e i () =x,fx)—3=x"-3

VA

y=x'-3

=Y

‘&/‘
The curve crosses the X-axis at (—1, 0) —N-/\fi X

and (1, 0) and crosses the y-axis at 3
0, -1).
. _ 3 _ 3
i) =x,fx)-1=x -1 The curve crosses the x-axis at (—\/5,0)
VA a1 and (\/5 ,0) and crosses the y-axis at
(0, -3).

i f)=x,f(x)-3=x"-3

B J

]

=
|
"

VA

The curve crosses the x-axis at (1, 0) and =3
crosses the y-axis at (0, —1).

[

=Y

ii f(x)=§,f(x)—l=§—1

The curve crosses the x-axis at (—3/5 ,0)

A and crosses the y-axis at (0, —3).
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_ 1 f ii The curve crosses the x-axis at (3,0)
1e i fog=—,1f(x)=3= X 3 and crosses the y-axis at (0, —27).
: 1
A i f(x)=— f(x 3)= 3

.
J

The curve crosses the x-axis at (%,O) )

The horizontal asymptote is y = —3.
The vertical asymptote is X = 0. .
v Yip The curve crosses the y-axis at (0,—%).

f f(x —3) is a translation of the graph of f(x) The horizontal asymptote is y = 0.
3 The vertical asymptote is X = 3.
by ( J, or three units to the right.
0 2 ay=xx—-1Kx+2)
As a =1 is positive, the graph has a \V)
shape and a minimum point.
0=xx—-1Dx+2)

i () =X f(x—3)=(x—3)

VA

y= (-3 Sox=1orx=-2
The curve crosses the x-axis at (1, 0) and
(-2, 0).

Whenx=0,y=(-1)x2=-2

? The curve crosses the y-axis at (0, —2).

0 3 X
PAZ
The curve touches the x-axis at (3, 0) -2

and crosses the y-axis at (0, 9).

b i f(x+2)is atranslation of the graph of
i fx)=x, f(x—3)=(x—3)’ 5
f(X) by ( 0 ], or two units to the left.

VA y=(x-3)

y="fx+2) y“/

e _/
/ B A
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2 b ii f(x)+ 2 is a translation of the graph of

0
f(x) by (J , Or two units up.

y =) +2Y}

=Y

-1

Since axis of symmetry of f(X) is at

X =—1, the same axXis of symmetry
applies to f(x) + 2.

Since one root is at X = 0, the other must
be symmetric at X = —1.

c y=1f(x+2)is
y=xX+2-1)(x+2+2)
=X+ 1)(x+4)
When x=0,y=4

y=1f(x)+2is

y=X-Dx+2)+2
=X +x—2+2
=x*+X

When x=0,y=0

3 ay=x(l-x
0=x*(1-x)
Sox=0o0rx=1
The curve crosses the x-axis at (1, 0) and
touches it at (0, 0).
X— 0,y —>—©
X— —0o0,y > ©

YA

y = 1)

3 Db

SolutionBank

f(x + 1) is a translation of the graph of f(x)
0
by [ 1] , or one unit to the left.

y=1fx+1)Y%

fx+ 1) = (x+ 1)%(1 = (x+ 1))
=—(x+ 1)’

When x =0, y = 0; the curve passes

through (0, 0).

y=x(x=2)’

0=x(x—2)

Sox=0o0rx=2

The curve crosses the x-axis at (0, 0) and
touches it at (2, 0).

X— 00,y — ©

X— —,y — —

YA Yy = f(x)

f(X) + 2 is a translation of the graph of f(x)
0

by [J , Or two units up.

f(x + 2) is a translation of the graph of f(X)

-2
by [ 0 ], or two units to the left.

Y= f(x) + 2
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4 ¢

f(x+2)=(X+2)(x+2)—2)
= (X +2)x
(X +2)(x)*=0
Sox=0and x=-2
The graph crosses the axes at (0, 0) and
(-2, 0).

y=x(x—4)

As a =1 is positive, the graph has a \V)
shape and a minimum point.

0=x(x—4)

Sox=0o0rx=4

The curve crosses the x-axis at (0, 0) and
4, 0).

YA Yy = f[x]

/.

O 4 X

f(x + 2) is a translation of the graph of f(X)

-2
by ( 0 ], or two units to the left.

f(x) + 4 is a translation of the graph of f(X)

0
by (4], or four units up.

yl\

\ y=1fx) +4
4

y=1fx+2)

fix +2)=(x+2)(x+2)—4)
=(X+2)(x-2)

0=(Xx+2)x—2)

Sox=—2orx=2

When x=0,y=2x (-2)=—4

So f(X + 2) crosses the x-axis at (—2, 0) and

(2, 0) and the y-axis at (0, —4).

f(X)+4=x(x—4)+4
=X —4x+4
=(x—2)

5¢

SolutionBank

0=(x—2)

Sox=2

Whenx=0,y=(-2)"=4

So f(X) + 4 touches the x-axis at (2, 0) and
crosses the y-axis at (0, 4).

y=x(x=1)(x—2)

0=x*(x—1)(x—2)
Sox=0,Xx=1orx=2

The curve touches the x-axis at (0, 0) and
crosses it at (1, 0) and (2, 0).

X — 00, y — 00

X— —0,y —©

yr oy =1kx)

O 1 x

y =f(X + 2) is a translation of the graph of

-2
f(X) by , or two units to the left.
0

y = f(X) — 1 is a translation of the graph of
0

f(x) by j , or one unit down.

y=1flx+2)

y="flx)-1

y =1f(X — 2) is a translation of the graph of
f(X) by @J , or two units to the right.

So P translates to (6, —1).

y =1f(X) + 3 is a translation of the graph of
f(X) by (gj , or three units up.

So P translates to (4, 2).
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SolutionBank

10a

y = f(X) has asymptotes at x =0 and y = 0.
Asymptotes after the translation are at x = 4
and y = 0, therefore the graph has been
translated four units to the right.

f(x) = %,f(x—4)= —

‘ _
o

1
y X—4
y =% — 5%° + 6X
= X(X* — 5X + 6)
=X(X—2)(x—3)
0=x(x—2)(x—13)
Sox=0,x=2o0rx=3
The curve crosses the x-axis at (0, 0), (2, 0)
and (3, 0).
X— 00,y — 0
X— —00,y —> —©

YA \ i
y=x'=5x"+ bx

o A3 X

Let f(x) = X° — 5x> + 6X

(x—2) = 5(x—2)* + 6(x — 2) is f(x — 2),
which is a translation of two units to the
right.

\

0 > N5

=Y

y=(x=2V=-5(x=-2V+6(x-2)

y=x(X—3)(X+2)

0=x*(x—3)(x+2)
Sox=0,x=30orx=-2

The curve touches the x-axis at (0, 0) and
crosses it at (3, 0) and (-2, 0).

10a X — oo,y — ©

b

11la

X— —00, Yy — o0

YA p=(x=3)x+2)

-y

-2 3

Let f(x) = x*(X — 3)(X + 2)
(X + 2)*(x — 1)(x + 4) is f(x + 2), which is a
translation of two units to the left.

% y=(x+2P(x=D(x+4)

=y

y =X + 4% + 4x
=X( + 4% + 4)
=X(X +2)*
Sox=0orx=-2
The curve crosses the x-axis at (0, 0) and
touches it at (=2, 0).
X— 0,y — ®©
X——®,Yy——©

VA :
y=x'+4x*+4x

B
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11b y=(x+a)’ +4(x+a)’ +4(x +a)
y =X + 4x* + 4x crosses the x-axis at (0, 0)
and (-2, 0).
So for the point (—1, 0) to lie on the curve,
the graph must be translated either one unit
to the left or one unit to the right.
a=—lora=1

12a y=x(X+ 1)(x +3)?

0=x(x+ 1)(x +3)

Sox=0,x=—1orx=-3

The curve crosses the x-axis at (0, 0) and

(-1, 0) and touches it (-3, 0).

X— 0,y — ©

X— —0o,y — ©

74 y=x(x+ D(x+3)

=Y

-3 —IW

b y=(X+b)x+b+)(x+b+3)
y = X(X + 1)(x + 3)* crosses the x-axis at
(0, 0), (-1, 0) and (-3, 0).
So for the point (2, 0) to lie on the curve,
the graph must be translated either
two units to the right, three units to the right
or five units to the right.
b=-2,b=-3o0rb=-5

SolutionBank

Challenge

1

a

The graph of f(x) = X’ has a point of
inflection at (0, 0).

y = (X — 3)’ + 2 is a translation of three units
to the right and two units up.

The point of inflection is (3, 2).

ya y=(x-3P+2

=Y

-2
y =f(X + 2) — 5 is a translation by [ 5) ,

or two units to the left and five units down.
So the point Q(—5, —7) is transformed to the
point (=7, —12).

The coordinates of the point Q(—5, —7) is
transformed to the point (-3, —6).

This is a translation of two units to the right
and one unit up.

Soy=f(x—2)+1
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SolutionBank

Graphs and transformations 4F

1 a f(2x) is a stretch with scale factor 1 in the

x-direction.

i f(x) = x2, f(2x) = (2x)? = 4x?

Y4 1(2x)
e

i f(x) =x3, f(2x) = (2x)*=8x®

Y4 f(2x)

e
_ g{f(x}
?’ X
_1 _

ii £(x) = % fox) = L = 7%

2X
\
E——
X

Y4

b f(—x) is a reflection in the y-axis
(or stretch with scale factor —1 in the
x-direction).

i f(x) = X2, f(—x) = (—x)* = x?
Y

0 x
flx) = f(-x)

i f(x) =x3, f(—x) = (—x)*=—-x3

f(-x)

L. 1

b iii f(x) = %,f(—x)=

If A
J -

E—

x
>
f(=x)

¢ f(£x) is astretch with scale factor 2 in the
x-direction.

100 = F(3x) = (4x)" = XT

X
f(1x)

i f(x) =33 f(1x) = (4x)° =

Yy o fv)
r'e

0 X
f(3x)

1 1 2
c iii fx)==,f(:ix)=— ==
=210 =5 =3
ARTR
h

S

d f(4x) is a stretch with scale factor + in the
x-direction.

i f(x) = x2, f(4x) = (4x)? = 16x2
Y f(4x)
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1 d i f(x)=x3 f(4x) = (4x)% = 64x°

YA

Z()x

f(4x)

4

i f(x) = % fax) = L = 1%

e f(4x)is astretch with scale factor 4 in the
x-direction.

|00 = (3x) = (3x) = X—6

[EEN

¥ f(x)
r'd

Ya flx)

(0] X
f(32)

e i f(x)=1,f(ix) =

YA

0

_N f{lrx) .

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

SolutionBank

f 2f(x) is a stretch with scale factor 2 in the
y-direction.

i f(x) = x2, 2f(x) = 2x?

ya 2f(x)

i f(x) =x3, 2f(x) = 2x°
Yyr ()
J
7 0 %
A

2f(x)

> | N

i f(x) = % 2f(x) = 2x

x |~

YA

21(x)
\-
_\() ta x
S =

g —f(x) is a reflection in the x-axis (or stretch
with scale factor —1 in the y-direction).

i f(x) = %3, —f(x) =—x2

yll f{x}

~f(x)
i f(x) =x3, —f(x) =3
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SolutionBank

1 g iii f(x) =

e
ﬂo

< |~

f =2

—»

X

h 4f(x) is a stretch with scale factor 4 in the

y-direction.

i f(x) =x2, 4f(x) - y = 4%

Y

f(x)

4f(x) O x
i f(x) =x3, 4f(x) = 4x3

YA

! {f(x)
0 X
——4f(x)

i f(x) = %,4f(x): 4x

@}

0 X

ﬂ‘——lm

< |~

4
X

YA

i i $f(x) is a stretch with scale factor § in

the y-direction.

f(x) = x2, 1f(x) = 1x?

Y

jg‘“‘“‘* % i)

i +f(x) is a stretch with scale factor < in
the y-direction.
f(x) = x%, 1f(x) = 1 x°

i f(x) =x3 1f(x)= 1x°

ya flx)
0| I x
1)
1 1_1
i f(x) = =, 3f(x) = ix— = —
) X 1) TN T ax
A

-
0 x
W“%f{x]
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2 ay=x-4 2 b —f(x) is a reflection in the x-axis.
=(x=2)(x+2)
As a = 1 is positive, the graph has a \/ YA
shape and a minimum point. 4|y =)

0=(x-2)(x+2)

Sox=2o0rx=-2 /\

The curve crosses the x-axis at (2, 0) and >
_ 0 X

(=2, 0).

Whenx=0,y=(-2)x2=-4

The curve crosses the y-axis at (0, —4).

yr y="fx) 3 ay=Kx—-2)(x+2)x
0=(X—-2)(x+2)x
Sox=2,x=-20rx=0
0 » The curve crosses the x-axis at (2, 0),
—2\ /2 * (-2, 0) and (0, 0).
4 X— 0,y — ©

X— =00,y —> —©

b f(4x) is a stretch with scale factor + in the

x-direction.
YA y = f(x)
YA y = f(4x) /
A 0 X _f 0 2 X
2 2

-4
1y =f(x) b f(4x) is a stretch with scale factor 2 in the
3

y = 3f(x) x-direction.

3f(x) is a stretch with scale factor 3 in the
y-direction. Ys y = f(Lx)

YA y = 3flx)

| T

f(2x) is a stretch with scale factor 1 in the
x-direction.

=Y

=Y

f(—x) is a reflection in the y-axis.
Ity = f(2x)

YA
y = fl—x)

_ij;
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3 b —f(x) is a reflection in the x-axis. 5 ay=x+3x—4
=(x+4)(x—-1)
YA As a = 1 is positive, the graph has a \/

shape and a minimum point.
0=(x+4)(x—-1)
Sox=—-4orx=1

> The curve crosses the x-axis at (—4, 0) and
-2 2\ * (1, 0).
Whenx=0,y=4x(-1)=-4
The curve crosses the y-axis at (0, —4).

y = —f(x)

4 a y=x3(x—3)
0=x%x—3)
Sox=00rx=3
The curve touches the x-axis at (0, 0) and
crosses it at (3, 0).
X— 00,y — 0

¥4 y=x’+3x-4

X— =00,y —> —©

“Y

N

VA y=x(x-3)
b Sy=x>+3x—4
y=1 (x*+3x—4)
f(X) =x2+3x—4,50y= L (x> +3x —4) is
: 1 ich i ' 1
o : > + f(x), which is a stretch with scale factor

in the y-direction.

YA

Sy=x%2+3x-4

b i f(x)=x*x—-3),s0y=(2x)%(2x—3) is >
f(2x), which is a stretch with scale factor *
5 inthe x-direction. y

=x2+3x-4

i y=—x?(x—3) is —f(x), which is a

reflection in the x-axis. 6 a y=x3x—2)>
0 = x%(x — 2)?
yp ¥=2x(Q2x=3) Sox=0o0rx=2
y=x4x=3) The curve touches the x-axis at (0, 0) and
2,0).

X— 0,y — ©
X— =00,y —

=Y

y=-xx-3)
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b

=Y

(R E

(0]

3y = —x(x — 2)?

y=—1x%(x — 2)?

f(x) =x*(x — 2)%, s0y = —1x¥(x — 2)? is
(4x)—1f(x), which is a stretch with scale
factor % in the y-direction and a reflection
in the x-axis.

A )
4 y=x%(x-2)*

X

3y = —x?(x - 2)?

y = f(2x) is a stretch with scale factor in

the x-direction, so all x-coordinates are
halved.

P(2, —3) is transformed to the point (1, —3).

y = 4f(x) is a stretch with scale factor 4 in
the y-direction, so all y-coordinates are
multiplied by four.

P(2, —3) is transformed to the point

(2, -12).

f($x) is a stretch with scale factor 2 in the

x-direction, so all x-coordinates are
doubled.

Q(-2, 8) is transformed to the point
(-4, 8).

y=(x—2)(x—3)

0=(x—2)(x—3)?

Sox=2o0rx=3

The curve crosses the x-axis at (2, 0) and
touches it at (3, 0).

Whenx =0,y = (-2) x (-3)>=-18

9 a Xx—>mwy—>wo

X— =00,y —> —©

y=(x-2)x-3)?

b (x) = (x — 2)(x — 3)?

y = (ax — 2)(ax — 3)? is the graph of
y = f(ax), which is a stretch with scale

factor 1 in the x-direction, so all
a

x-coordinates are multiplied by 1
a

For the coordinate (2, 0) to be transformed
to (1, 0), multiply the x-coordinate by 1,
giving a = 2.

For the coordinate (3, 0) to be transformed
to (1, 0), multiply the x-coordinate by %,
givinga=3,a=2o0ra=3

Challenge

1

y = $f(2x) is a stretch with scale factor %
in the y-direction, so multiply the
y-coordinate by + and a stretch with scale
factor £ in the x-direction, so multiply the
x-coordinate by 3.

R(4, —6) is transformed to (2, —2).

S(—4, 7) is transformed to S'(—8, 1.75).

The x-coordinate has doubled, which is a
stretch of scale factor 2 in the x-direction.
The y-coordinate has been divided by 4,
which is a stretch of scale factor + in the y-
direction.

The transformation isy = 4f($x).
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Graphs and transformations 4G

-1
1 a f(x+1)isatranslation by ( 0 ) or

one unit to the left.

YA (3 ’ 4)

-1, 2) A'(0, 2), B'(4,0), C'(2, 4), D'(3, 0)
0,0[0 5,0\ x

e 3f(x) is a stretch with scale factor 3 in the

y-direction.
A'(-1, 2),B'(0,0), C'(3, 4), D'(5, 0)

0
b f(x) — 4 is a translation by ( 4), or

four units down.

A'(0, 6), B'(1, 0), C'(4, 12), D'(6, 0)

f f(£x) is astretch with scale factor 2 in the

x-direction.
A’(0,-2),B'(1,-4),C'(4,0), D'(6, —4) y
(8, 4)
—4
¢ f(x + 4)is atranslation by , or
0 (0, 2)

four units to the left.

0|(2,0) (12, 0\ x

YA
(0, 4) A'(0, 2), B'(2, 0), C'(8, 4), D'(12, 0)
(-4, 2) (2, 0) g 1f(x) is a stretch with scale factor < in the
(-3,0) O x y-direction.
Yy
A'(—4,2),B'(-3,0),C'(0,4),D'(2,0) 4. 2)
d f(2x) is a stretch with scale factor 4 in the 0, 1) (6,0)

x-direction. ol(1, 0) x

A’(0, 1), B'(1, 0), C'(4, 2), D'(6, 0)
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1 h

f(—x) is a reflection in the y-axis

A'(0, 2),B'(-1,0), C'(—4, 4), D'(-6, 0)

0
f(x) + 2 is a translation by (Zj or

two units up.
yh : k
y=4 i
N ,
0 \ 1 x

The curve crosses the x-axis at (0, 2) and
the y-axis at (a, 0), where0 <a<1.
The horizontal asymptote isy = 4.
The vertical asymptote is x = 1.
. _ -1
f(x + 1) is a translation by ( 0 ) or

one unit to the left.

The curve crosses the x-axis at (-1, 0).
The horizontal asymptote isy = 2.
The vertical asymptote is x = 0.

2 ¢ 2f(x) is a stretch with scale factor 2 in the

y-direction.

YA : \
y=4 i

0 il ;:

The curve crosses the axes at (0, 0).
The horizontal asymptote isy = 4.
The vertical asymptote is x = 1.

0
f(x) — 2 is a translation by ( ZJ' or

two units down.

l ;k
_\O ;1 ;
o\
N\

The curve crosses the y-axis at (0, —2).
The horizontal asymptote isy = 0.
The vertical asymptote is x = 1.

f(2x) is a stretch with scale factor % in the
x-direction.

=Y

The curve crosses the axes at (0, 0).
The horizontal asymptote isy = 2.
The vertical asymptote is x = 1.
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Y : _ )
2 f f(1x)isastretch with scale factor 2 in the 3 a f(x—2) s atranslation by (Oj or

x-direction.
two units to the right.
U A i
' \ YA
y — 2 E /
E 0l N\ @2.-3 /0~
O\ 2 x (-2, -6)

A'(-2,-6), B'(0, 0), C'(2, —3), D'(6, 0)
The curve crosses the axes at (0, 0).
The horizontal asymptote isy = 2.

: : 0
The vertical asymptote is x = 2. b f(x) + 6 s a translation by (ej o

g 1f(x) is a stretch with scale factor 4 in the six units up.
y-direction. »
yr (-2, 6) "
g=1 .. L 3
0 1 x [-4 0 :

A'(—4,0), B'(-2, 6), C'(0, 3), D'(4, 6)

The curve crosses the axes at (0, 0).

. . 1
The horizontal asymptote is y = 1. ¢ f(2x) is a stretch with scale factor + in the

The vertical asymptote is x = 1. x-direction.
h —f(x) is a reflection in the x-axis. Ya
A _1 / A .
ol 0 o =x
-3
ol X (-2, -6)
y=-2 : A'(-2, -6), B'(~1, 0), C'(0, -3), D'(2, 0)

The curve crosses the axes at (0, 0).
The horizontal asymptote isy = —2.
The vertical asymptote is x = 1.
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g 3f(x) is a stretch with scale factor 3 in the
y-direction.

YA
-/,
6 / \_1Q\/4 )
_ a

—4
3 d f(x+4)is atranslation by ( o j or

four units to the left.

0 x 4.-2)
(-4, -3)
(-8, -6) A'(-4,-2),B'(-2,0), C'(0,-1), D'(4, 0)
iy : :
A'(-8,-6), B'(~6, 0), C'(—4, ~3), D'(0, 0) h f(4x) is a stretch with scale factor 4 in the

x-direction.

0
e f(x) + 3is atranslation by (3} or

YA /
\_/16 j’c

three units up.

YA
O ';’} ’ ! !
A'(-16, —6), B'(-8, 0), C'(0, -3),
(_4, —3) D'(16, O)
Ar(_4, _3), B'(—Z, 3)’ C'(O, 0), D'(4, 3) I _f(X) is a reflection in the x-axis.
f 3f(x) is a stretch with scale factor 3 in the (4. 6) Y4
y-direction.

YA =
/ I N
: x
A'(-4,6),B'(=2,0), C'(0, 3), D'(4, 0)
J f(—x) is a reflection in the y-axis.
\ YA
= 0 2 X
A'(-4,-18), B'(-2, 0), C'(0, —9), D'(4, 0) -3
(4, -6)

A'(4,-6),B'(2,0), C'(0, —3), D'(—4, 0)
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4 a i1 2f(x) is astretch with scale factor 2 in _ _ ) 0
the y-direction. iv f(x) — 1 is a translation by 1) or

one unit down.

i\ Y4
\ 0 YA
P2

S~

_gi 0 x
\ .

S

_______ T
The curve crosses the y-axis at (0, 2).
The horizontal asymptote isy = 0.
The vertical asymptote is x = —2.

i f(ZX) is a stretch with scale factor % in The curve crosses the axes at (O, O)
the x-direction. The horizontal asymptote isy = —1.

The vertical asymptote is x = —2.

A
v f(—x) is a reflection in the y-axis.
1 \ Y4
x
/L

\

-1

\ 4

The curve crosses the y-axis at (0, 1).
The horizontal asymptote isy = 0.
The vertical asymptote is x = —1.

The curve crosses the y-axis at (0, 1).

) ) 2 The horizontal asymptote isy = 0.
lii 7(x = 2) Is a translation by (OJ or The vertical asymptote is x = 2.
two units to the right. Vi —f(x) is a reflection in the x-axis.

YA . YA

2 O —=
0 % :/

The curve crosses the y-axis at (0, —1).

There are no intersections with the axes. The horizontal asymptote isy = 0.
The horizontal asymptote is y = 0. The vertical asymptote is x = —2.
The vertical asymptote is x = 0.
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6 b zy=1(x
y = 2f(x), which is a stretch with scale
X = —2 asymptote suggests denominator is factor 2 in the y-direction.
zero when x = —2, so denominator is x + 2.
Also, f(0) = 1 means the numerator must VA
be 2.
2

f(X) = m

4 b The shape of the curve is likey = E k>0.
X

y = 2f(x)

5 a P(2, 1) is mapped to Q(4, 1).
The x-coordinate has doubled, which is a
stretch with scale factor 2 in the x-direction.

y:f(%x) A(-1,0)0 D'(2,0)

=y

=1
a=z

A'(-1,0),B'(0,4),C'(1,4),D’'(2,0)

4
b i f(x—4)isatranslation by , or
0 c y—-3=1(x)

four units to the right. y = f(x) + 3, which is a translation
[ . 0 .
So P is mapped to (6, 1) by (3) or three units up.

i 3f(x) is a stretch with scale factor 3 in
the y-direction.
So P is mapped to (2, 3). y=f(x)+3

iii $f(x) — 4 is a stretch with scale factor %
in the y-direction and then a translation

0 :
by [_4}, or four units down. 2oL 3) Y 3

=Y

So P is mapped to (2,-3%) 0

6 a y+2=1(x)

y = f(x) — 2, which is a translation A'(-1, 3), B'(0, 5), C'(L, 5), D'(2, 3)

0
by ( 2], or two units down.

d 3y=1(x)
VA y = +1(x), which is a stretch with scale
y=1(x)-2 factor 1in the y-direction.

Vi

B, (?/'\C( 1,0)

\/O \J x

A(-1,-2) D'(2,-2)

X

A'(-1,-2), B'(0,0), C'(1,0), D'(2, -2) 41,010 D@0 X

A'(-1,0),B'(0,2),C'(L2), D'(2, 0)
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6 e 2y-1=1(x)
y = +f(x) + 1, which is a stretch with scale
factor 1 in the y-direction, then a

0
translation by [1] or % unit up.

2

y=3f(x)+3

D'(2.9)
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Graphs and transformations, Mixed Exercise 4

1 a y=x}x—2)

0=x*x—2)
Sox=0orx=2
The curve crosses the x-axis at (2, 0) and
touches it at (0, 0).
X — 00,y — ©
X — —OO’ y —> — 0
y=2x-x*

=x(2 —x)
As a =—1 is negative, the graph has a N
shape and a maximum point.
0=x(2-x)
Sox=0orx=2
The curve crosses the x-axis at (0, 0) and
(2, 0).

y=x%x-2)

=Y

2% — x?

x}x —2)=x(2—x)
(x—2)-x(2—-x)=0
Xx—2)+x(x—2)=0

xX(x—2)x+1)=0
Sox=0,x=2orx=-1
Using y = x(2 — x):
whenx=0,y=0%x2=0
whenx=2,y=2x0=0
whenx=0,y=(—-1)x3=-3
The points of intersection are (0, 0), (2, 0)
and (-1, —3).

6 1

y=>Xislikey= ¥.
y=1+xis a straight line.
YA
y=1+2x
6
\ K
0 >
A / *
y=x2+2x-5

2

b

6 =1+x

X

6=x+x
0=x>+x-6

0=(x+3)(x—2)
Sox=2orx=-3

Using y =1 +x:
whenx=2,y=1+2=3
whenx=-3,y=1-3=-2
So A 1is (—3,—2) and B is (2, 3).

Substituting the points 4 and B into
y= x2 +px+q:
A:2=9-3p+gq (1)
B: 3=4+2p+gq (2)
(1 - ()

-5=5-5p

p=2
Substituting in (1):
—2=9-6+¢q
q=-5

y=x*+2x-5

As a =1 is positive, the graph has a \/
shape and a minimum point.
y=@x+1>%*-6

So the minimum is at (—1, —6).

3 a f(2x) is a stretch with scale factor § in the

b

x-direction.

B0, 0)]0 X
3

A;(z ’4)’ B'(O, O)

The asymptote is y = 2.

+f(x) is a stretch with scale factor 1 in the
y-direction.
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3b e A'(6,4),B8'(3,0)
The asymptote is y = 2.

0
f f(x)+1 is a translation by (1], or one

ﬂ B(0,0) X unit up.
A3, 5)
43,2, B(0,0) d
The asymptote is y = 1. y=3 |/ T~
f(x) —2 is a translation b 0 B0, 1)
c —2 is a translation , Or >
g Y -2 /o X

two units down.
A'(3,5),B'(0, 1)

y The asymptote is y = 3.
A3, 2)
4 2=5+2x—x*
> 2-2x—3=0
0 % *
B(0, -2) (x=3)x+1)=0
y = 0 is asymptote Sox=-lorx=3

5 a y=x*(x—1x-3)
0=x*(x—1)(x—3)
Sox=0,x=1orx=3
The curve touches the x-axis at (0, 0) and

A'(3,2), B'(0,-2)
The asymptote is y = 0.

-3 .
d f(x + 3) is a translation by ( j , Or crosses it at (1, 0) and (3, 0).
0 X — 0,y — o
three units to the left. X — —00,y — ©
VA
y=x}x=1)(x=3)
B(-3, 0)/ 0| x ol ] 3 N

A4'(0,4), B'(-3,0)
The asymptote is y = 2.

b y =2 —xis a straight line.
It crosses the x-axis at (2, 0) and the y-axis
at (0, 2).

3
e f(x — 3) is a translation by (Oj , or
three units to the right.

YA

A6, 4)

0 /3(3, 0) X
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5b 7 a Lety=a(x—p)x—q)
Since (1, 0) and (3, 0) are on the curve then
p=1andg=3.
Soy=a(x—1)(x—3)
Using (2, —1):
—1=a(1)(-1)
a=1
Soy=@x—-1Dx—-3)=x>—4x+3

b i f(x+2)=(x+1)(x—1),ora translation

¢ As there are two points of intersection, -2 .
x2(x — 1)(x — 3) = 2 — x has two real by 0 ) or two units to the left.
solutions.
0 YA
d y=f(x)+ 2 is a translation by (2} or y=f(x+2)

two units up.
So y = f(xx) + 2 crosses the y-axis at (0, 2).

6 a f(—x) is a reflection in the y-axis. (-1, O)Q / Lo x

YA b = f(—x) (0,-1)

ii f(2x) =(2x — 1)(2x — 3), or a stretch with
scale factor % in the x-direction.

=VY

i) o P VA
y=1(2x)

b —f(x) is a reflection in the x-axis. G, 0)_| 3, 0)

N
YA

(1,-1

=VY

8 a fx)=(x—Dx—-2)(x+1)
Whenx=0,y=(-1)x(-2)x1=2
So the curve crosses the y-axis at (0, 2).

/y = —f(x)

)
=Y

b y=af(x) is a stretch with scale factor a in
the y-direction.
The y-coordinate has multiplied by —2,
therefore y = —21(x).
a=-2
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8 ¢

fr) = (x = Dx = 2)(x + 1)
0O=x—Dx—2)x+1)
Sox=1,x=2orx=-1

The curve crosses the x-axis at (1, 0), (2, 0)
and (-1, 0).

y=1(x + b) is a translation b units to the
left.

For the point (0, 0) to lie on the translated
curve, either the point (1, 0), (2, 0) or

(=1, 0) has translated to the point (1, 0).
For the coordinate (1, 0) to be translated to
(0,0),b=1.

For the coordinate (2, 0) to be translated to
(0,0),b=2.

For the coordinate (—1, 0) to be translated to
(0,0),b=-1.

b=-1,b=1lorb=2

iy =1(3x) is a stretch with scale factor 1
in the x-direction. Find 1 of the

x-coordinate.
P is transformed to (%,3).
ii $y=1(x)
y = 2f(x), which is a stretch with scale

factor 2 in the y-direction.
P is transformed to (4, 6).

5
iii y =f(x —5) is a translation by [OJ , or

five units to the right.
P is transformed to (9, 3).

iv vy =1(x)
y = —f(x), which is a reflection of the
curve in the x-axis.
(4,-3)

v 2(y+2)=1f(x)
¥ = +1(x) — 2, which is a stretch with
scale factor 4 in the y-direction and

0
then a translation by ( 2) , Or two

units down.
P is transformed to (4, —%)

9 b P(4,3)is transformed to (2, 3).

10a

Either the x-coordinate has halved, which
is a stretch with scale factor  in the

x-direction, or it has had 2 subtracted from

it, which is a translation by ( 0 ], or two

units to the left.

So the transformation is y = f(2x) or
y="1f(x+2).

i P(4, 3) is translated to the point (8, 6).
The x-coordinate of P has 4 added to it
and the y-coordinate has 3 added to it.
y=fx—4)+3

ii P(4, 3) is stretched to the point (8, 6).
The x-coordinate of P has doubled and
the y-coordinate has doubled.

y=2f(%x)

y:—% isay=£2 graph with £ <0.
X X

x? is always positive and k < 0, so the
y-values are all negative.

y=x*(3x + b)
0=x*(3x +b)

Sox=00rx=—2
3

The curve crosses the x-axis at (—g, Oj

and touches it at (0, 0).
X —> 00,y —> 00
X — —00,) — —00

YA
Yy =x%3x + b)
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10 b From the sketch, there is only one point of 12a y=x(x—2)
intersection of the curves. This means there 0=x(x —2)
is only one value of x where Sox=0orx=2

-2 =X(3x+b)
X
—a =x*(Bx + b)
¥*GBx+b)+a=0
So this equation has one real solution.

11a x> —6x*+9x

=x(x*>— 6x+9)
=x(x — 3)?

b y=x(x—3)
0 = x(x — 3)?
Sox=0orx=3
The curve crosses the x-axis at (0, 0) and
touches it at (3, 0).
X — 00,y — 00
X — —00,y — —©

YA

0 3 X
y = x(x - 3)?

¢ y=(x—kP—6(x—kP+9x—K)isa
translation of the curve y = x> — 6x* + 9x by

k
(Oj , O k units to the right.

For the point (—4, 0) to lie on the translated
curve, either the point (0, 0) or (3, 0) has
translated to the point (—4, 0).

For the coordinate (0, 0) to be translated to
(-4, 0), k=-4.

For the coordinate (3, 0) to be translated to
(—4,0), k=—7.

k=—4ork=-7

The curve crosses the x-axis at (0, 0) and
touches it at (2, 0).

X — 00,y — ©

X — —00,) — —©

Yoy =1(x)

(0, 0)

of (0,2) x

-3
b y={(x + 3) is a translation by vector ( 0 j

of y = f(x), or three units to the left.
So the curve crosses the x-axis at (=3, 0)
and touches it at (—1, 0).
When x = 3, f(x) = 3(3 — 2)?
=3
So f(x + 3) crosses the y-axis at (0, 3).

VA
y="1(x+3) ’(D, 3)
(_3’ 0) -
(-1.0)|0 ¥

0
13a y=f(x) — 2 is a translation by ( ZJ , OT

two units down.

YA

y="fx)-2
....... .O..&.;.
j i
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13 a The horizontal asymptote is y = —2. Challenge
The vertical asymptote is x = 0.
R(6,—4)

b From the sketch, the curve crosses the ) ) —c
x-axis. y = f(x + ¢) — d is a translation by 0
y=1f(x)-2 or ¢ units to the left and a translation by

0
= l _ , or d units down.
X —d
0= 1 ) So R is transformed to (6 — ¢, =4 — d).
X
x=1

So the curve cuts the x-axis at (%, 0) )

-3
¢ y=f(x+ 3) is a translation by ( 0 ] , Or

three units to the left.

d The horizontal asymptote is y = 0.
The vertical asymptote is x = —3.
y=1f(x+3)

1
x+3
Whenx=0,y=1

So the curve cuts the y-axis at (O,%).
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Review Exercise 1

1

1 a 8§
1 1
Use a” =’\"/;, s0 a? :Q/Z
=2
b 8> =i2 (Use a” =Lm)
83 4
First find 8 a% = :"/(a”) or (%)n
§ =(V§)2
83=27=4
2
83 :iz
83
—1
4
4
2 a 1253
an = m«/(a") or (’\”/;)n
4
:(3 125)
=5*
=625

4
b 24x* +18x3
(Usea”" +a"=a"™")

2 2
_ 24_x4 - 4i4 cancelling by 6
18x3  3x3
2
3
= 4x because 2 —i = %
3 3

5 a

SolutionBank

/80
Use \/@:\/Z\/Z

=16 x+/5
=4/5(a=4)

(-5 ~(a-5)a-5)
= 4(4-5)-5(4-5)
=16-4J/5-4/5+5

—21-85
(b=21and ¢ =-8)

(1)1
=4(4-3)+3(4-3)
=16-43+43-3

=13

26 45 _ 26(4-3)
4443 4-\3 (4+43)(4-3)
26(4-3)

13
=2(4-3)
=8-23

(a=8 andb=—2)

_1-VE+2+ 57k + 24k
3
_3+6vk

3
= 1+2Jk

mean
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5 b range = 2+ 5vk —(1-+/k) 9 a X~ 10x+16=(x—8)(x —2)
= 1+ovk b Letx=8
L 82 —10(8)+16=(8—8)(8—2)=0
6 a y‘1=(%x4) So8 =8or8 =2
1 y=lory=1
=—
25X 2
s 10a x> -8x=(x—4) -16
Tyt Complete the square forx” —8x —29
—25x X —8x-29=(x—4) ~16-29
, =(x—4)"-45
b 5y'=5(%x") (a=-4 and b =-45)
= 5(Ly?
:xz(s ) b x’-8x-29=0
(x—4) —45=0
7 Area = Lh(a + b) Use the result from part a:
~4(242)(3++2+5+342) (x—4)° =45
Take the square root of both sides:
=V2(8+42) x—4=+45
=8\/§+8 x=4i\/E
V45 =0 x5 =35
The area of the trapezium is . \/—
since (ab)=\/2\/3
8+8v/2 cm?.
Roots are 4+3+/5
g Prd _(-22)+2-42) (e=4andd =23)
¢ (-242)-2-2)
P=q (3-242)-(2-
3 11 fla)=a(a—2)and gla)=a+5
:5 W2 a@a—2)=a+5
1_\/5 a?-2a—-a-5=0
(5-3v2) (1+2) > —3a-5=0
= x Using the quadratic formula:
1-+2)  (1+2) =
3+4/(=3)" —4()(-5
_5+5\/§—3\/§—6 a= ( )2(1) D)
1442 -2 -2 3439
_—1+2V2 = _2
-1 =4.19 or~1.19
=1-22(m=1,n=-2) Asa>0,a=4.19 (3s.f)
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SolutionBank

12 a The height of the athlete's shoulder

13a

above the ground is 1.7 m

1.7+10t-5£=0
Using the quadratic formula when
a=-5b=10andc=1.7

_ —10£4/(10)* —4(=5)(1.7)
B 2(-5)

_ —10++/134

210

=-0.16 or 2.16
Ast>0,t=2.16s(3s.f)

1.7+ 10t — 52 = 1.7 — 5( — 2¢)
=1.7-5(—1>-1)
=1.7-5(—12+5
= 6.7 5(t— 1)

A=67,B=5and C=1

Maximum when (z— 1) =0, t=1s and
maximum height = 6.7 m

f(x):x2—6x+l8
x2—6x:(x—3)2 -9
Complete the square for x* —6x+18
X' —6x+18=(x-3)"-9+18
=(x-3)"+9
a=3andb=9

y=x"—6x+18

y= (x - 3)2 +9

(x=3)">0

Squaring a number cannot give a
negative result.

The minimum value of (x — 3)? is 0,
when x = 3.

So the minimum value of yis 0 + 9 =0,
when x = 3.

O is the point (3, 9).

The curve crosses the y-axis where
x=0.

13b Forx=0,y=18

14 a

P is the point (0, 18).

The graph of y =x* —6x+18 is a\/
shape.

For y =ax’ +bx+c, if a> 0, the shape

1s \/
VA

P (0, 18)

0(3.9)

=v

o

Use the information about P and Q to
sketch the curve x > 0, so the part
where x <0 is not needed.

y= (x - 3)2 +9
Put y =41 into the equation of C.
41=(x-3)"+9
Subtract 9 from both sides.
32=(x-3)
(x-3)" =32
Take the square root of both sides.
x—3=132
x=31+/32
V32 =416 x2 =442
using \/@ =a-/b

x=3+ 4\/5
x-coordinate of R is3 + 4\/5

The other value is 3 — 4\/5 which is
less than 0, so is not needed.

Using the discriminant

b* — 4ac = 0 for equal roots
(2v2)? —4()(k) =0
8—4k=0

k=2
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14b

15a

16 a

y= X +242x+2
= (x++/2)
When y =0, (x++/2)> =0

=2

Whenx=0,y=2

YA
(0, 2)/

—>

(V2,0 0l =«

g(x) = x0 = 7x0 - 8x3
=x3(x*—7x*—8)
To factorise x® — 7x* — 8, let y = x°

V=Ty=8=@+ 1y -8)
So g(x) =x*(x* + (x> — 8)
a=1,b=-8

gx) =X+ D(x*-8)=0
¥=0,x>=-lorx’=8
x=—1,x=0o0rx=2

x> +10x+36

X +10x=(x+5)" =25

Complete the square for x* +10x + 36

X +10x+36=(x—5)" —25+36
=(x+5) +11

a=5andb=11

x> +10x+36=0

(x+5)"+11=0

‘Hence’ implied in part a must be used
2

(x+5) =-11

A real number squared cannot be
negative. There are no real roots.

X+ 10x+ k=0
a=1,6=10,c=k

16 ¢

17 a

For equal roots, b> = 4ac

10° =4x1xk
4k =100
k=25

The graph of x>+ 10x + 25 isa \/
shape.
For y = ax? + bx + c, if a > 0, the shape
is \/.
x=0:y=0+0+25=25
Meets y-axis at (0, 25).
y=0:x"+10x+25=0

(x+5)(x+5)=0

x=-5

Meets x-axis at (—5, 0).

Ya
25
—>
-5 0l «x

The graph meets the x-axis at just one
point, so it ‘touches’ the x-axis.

X’ +2x+3

X +2x=(x+1)° -1

Complete the square for x*> + 2x + 3
X 4+2x+3=(x+1)>=1+3

=(x+1)"+2
a=landb=2

The graph of y =x" +2x+3is a \/
shape.

For y = ax? + bx + ¢, if a > 0, the shape
is \U.

x=0:y=0+0+3

Put x = 0 to find the intersection with
the y-axis:

Meets y-axis at (0, 3).
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17b Puty = 0 to find the intersection with

the x-axis:
y=0:x2+2x+3=0
(x+1y2+2=0

(x+1y=-2
A real number squared cannot be
negative, therefore, no real roots, so not

intersection with the x-axis.

YA

J

0 X

x2+2x+3
a=1,b=2,¢c=3
b*—dac=2" —4x1x3

=-8
Since the discriminant is negative, the
equation has no real roots, so the graph
does not cross the x-axis.

x*+hkx+3=0
a=1,b=k c=3
For no real roots, b < 4ac
<12
K-12<0

(k+\/§)(k—x/§) <0
This is a quadratic inequality with
critical values —/12 and +/12 .

Critical values:

k:_\/ﬁjk:'\/a
- 12<k<\/ﬁ

SolutionBank

17d The surds can be simplified

18 a

19a

using\/@:\/z\/z
V12 =\4x\3=243
(—2\/§<k<2\/§)

2x2—x(x—4):8
2x° —x" +4x=8
X' +4x-8=0

¥’ +4x-8=0

x2+4x=(x+2)2—4
(x+2) -4-8=0
(x+2) =12
x+2=+J12
x==2+12

V12 =\4x3=243

x==2+23
a=-2and b=2
Using y =x—-4:

y=(-2£243)-4
= —6+23

Solution: x=-2+ 2\/3
y=—6+23

3(2x+1)>5—2x
6x+3>5-2x

6x+2x+3>5
8x>2

1
x>

2x* —7x+3=0

2x—1)(x-3)=0
(2x—1)=0
x—3) =0

x=forx=3
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19b

-

I |

2x* = 7x+3>0 where
x<torx>3

1 1
;<x<70rx>3

20 2(x+1)=x>—5x+2
2x—2=x>—5x+2
X>=3x+4=0
Using the discriminant
b*—4dac= (3> -41)4) =-7
As b? — 4ac < 0, there are no real roots.
Hence there is no value of x for which

p(x) = q(x).

2la y=5-2x
2x2—3x—(5—2x)=16
2x* —3x-5+2x=16
2x"—x-21=0
2x—7)(x+3)=0

Solutionx =33, y=-2
andx=-3, y=11

SolutionBank

21b The equation in part a could be written
as y=5-2xandy=2x"-3x-16.
Therefore, the solution to
2x* =3x—16=5-2x are the same as
for part a.
These are the critical values for
2x* =3x-16>5-2x:
x=31 andx=-3.
2x* =3x-16>5-2x
(2x* -3x-16-5+2x>0)

2x*—x-21>0

[

x<-3orx>3+

22a x’+hke+(k+3)=0
a=1L, b=k, c=k+3
b* > 4ac
k*>4(k+3)
k* > 4k +12
k*—4k-12>0

b k*—4k-12=0
(k+2)(k—6)=0
k=-2,k=6

v

k*—4k—12>0 wherek<—2ork >6
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23

24 a

6
x+5

<2

Multiply both sides by (x + 5)*
6(x +5) <2(x + 5)?

6x + 30 < 2x% + 20x + 50
2x* + 14x +20>0

Solve the quadratic to find the critical
values.

2x*+14x+20=0
2(x*+7x+10)=0
2x+5)(x+2)=0

x=—S5orx=-2

VA

—5\/—2 [9)

The solution is x < —5 or x > —2.

=v

9-x*=0
B+x)3—x)=0
x=—3orx=3
Whenx=0,y=9

To work out the points of intersection,
solve the equations simultaneously.
9—x?=14—6x

¥ —6x+5=0

x—=5x—-1)=0

x=lorx=5

Whenx=1,y=38
Whenx=5,y=-16

Let14—-6x=0
14 7
X=—=—
6 3

The line crosses the x-axis at (%, 0].

24 a
A
y=gx)
Xﬂ
3 .
7 X
(5,&\
b

N
s

y =gk
/9 X)

L3 %

Ry

(5,-16)

25a x’ —4x :x(x2 —4)
:x(x+2)(x—2)

b Curve crosses the x-axis where y = 0
x(x+2)(x—2):0
x=0,x=-2,x=2
Whenx=0, y=0
When x — o0, y — ©
When x — —o0, y — —©

U A /
_7 0 2

Crosses the y-axis at (0, 0).
Crosses the x-axis at (=2, 0), (2, 0).

=Y

c y=x —4x

y= (x—l)3 —4(x-1)
This is a translation of +1 in the
x-direction.
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25¢ 27b
YA
6
-1/0| 1 3 x
ol 1 4\ x
Crosses the x-axis at (—1, 0), (1, 0) and
3,0).
(3,0) Meets the y-axis at (0, 6).
26a Meets the x-axis at (1, 0), (4, 0).
A
S )

LA

ol 2 8\;

[\,
0/ 4\x

Crosses the x-axis at (2, 0), (4, 0).
Image of P is (3, 2).

Meets the y-axis at (0, 3).
Meets the x-axis at (2, 0), (8, 0).
26 b

28 a
YA

y = 3 is an asymptote.
Crosses the x-axis at (1, 0), (2, 0). x = 0115 an asymptote.
] 1
Image of Pis (13, -2). b The graph does not cross the y-axis
(see sketch in part a).
27a

Crosses the x-axis where y = 0:
YA

l+3=0

> l=_3
0 3y = X
x=—1,(-1,0)

Meets the y-axis at (0, 0).
Meets the x-axis at (0, 0), (3, 0).
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29a

30a

31a

(*=5x+2)(x*—5x+4)=0
Forx’—5x+2=0

Using the quadratic formula:

55 400

2(1)
5417
2
x=4.56 or x = 0.438

Forx*—5x+4=0
x—Dx—4)=0
x=lorx=4
x=0.438,1,4 or4.56

Whenx=0,y=38
Y y = tx)

0.438

oI 4J156 »
y =—f(x) is a reflection in the x-axis of
vy = f(x), so P is transformed to (6, 8).

y = f(x — 3) is a translation 3 units to
the right of y = f(x), so P is transformed
to (9, —8).

2y =f(x) is y = 1+ f(x) which is a
vertical stretch scale factor 4 of
vy = f(x), so P is transformed to (6, —4).

y=—£ is the curve y=£,k<0
X X

y = (x — b)? is a translation, b units to
the right of the curve y = x?

When x =0,y =b*
Wheny=0,x=>

31a

b

32a

b

The graphs intersect at 1 point, so have
1 point of intersection.

0
y= Lz— 4 is a translation ( 4} of

X
1
y 2
YA
JO \ x
y=-4
When y = ~—4 passes through

(x+k)
the origin, x =0 and y = 0.

1

So 5 =4=0
1
P
.
2
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Challenge

1 ax*>-10x+9=0

x—Dx—-9)=0
x=lorx=9

3¥ 723 - 10)=-1

32— 10x3¥ 2+ 1=0
Multiply by 32

3% —10x3*+9=0

Lety=3*

y?—=10y+9=0

Using your answers from part a
y=1lor9

*=1lor3 =9

x=0or2

Let x and y be the length and width of
the rectangle.

Area=xy =06

Perimeter = 2x + 2y = 82

2y = 82 —2x

y= 42 - x

Solving simultaneously

x(42-x) =6

X —42x+6=0

Using the quadratic formula
L J(@2)? - 4(1)(6)
2(1)
_ 42248

2
_ 424242
2

x=x/§ orx= 3\/5

Whean\/E,y=3\/§
Whenx=3\/§,y=\/§

The dimensions of the rectangle are
V2 cmand 3v2 em.

SolutionBank

Solving simultaneously

3 +x2—x=2x(x— D)(x+1)
3+ x2—x=2x(x*—1)

3 +x% —x=2x°—2x
¥+x’+x=0
x(x*+x+1)=0

The discriminant of x> +x + 1
b*—4dac=1*—4(1)(1)=-3

—3 < 0 so there are no real solutions for
+x+1

The only solution is when x = 0 at
(0, 0).

fx) = (2 +x —20)(x* + x — 2)
=(x+5)x—-Hx+2)(x—1)

when f(x) =0

x=-5,-2,1o0r4

gx—k=x—k+5(x—-k—4)
x—k+2)x—k—-1)

When k=3,

gx—=3)=x+2)x—7)(x— Dx—4)

(x+2),(x— 1)and (x —4) match
When k=-3, g(x + 3)
=(x+8)(x—DHx+5x+2)

(x—1), (x+5)and (x + 2) match
So k=-3 or 3.

16m> = 54m
om’ 54
Jm 16
3 27
m?=—
8

o (27)

-(5)
9
m=—
4
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5 Whenm =0, 16m> =0 and 54~/m
So, real solutions to 16m” = 54\/;

are ngand m=0
4
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Straight line graphs 5A

1 a (x1,Y1)=(4,2), (X2 y2) = (6, 3)
yz_ylzﬁ
X; =% 6-
1
2

b (Xl, yl) = (_1’ 3)! (X2, y2) = (5’ 4)
Yoo ¥ _ 4-3
X; =% B 5_(_1)

ol

C (Xl, yl) = (_4’ 5)! (X2, y2) = (1’ 2)
Yo = Y1 _ 2-5
=% B 1_(_4)
3

5

d (X]-! yl) = (Za _3)1 (le y2) = (61 5)
Yo= ¥ _ 5_(_3)
X, — X, 6-2

N Moo

e (X, y1)=(-3,4), (X2, y2) = (7, —6)
Y= % — —6-4
X, =X 7 _(_3)
_-10
10
=-1

(X, y1) =(-12, 3), (x2, y2) = (-2, 8)
Vo= ¥ _ 8-3
X, —% —2—(-12)

g (x1,y1) = (=2, -4), (x2, y2) = (10, 2)
Yo— W — 2_(_4)
X, —% 10-(-2)
_ 6
12

h (% %)=(5.2).(%¥,)=(3.4)
Yo=Y, _4-2

J (X1, y1) =(-2.4, 9.6), (X2, y2) = (0, 0)
Y,-y, 0-96

X, — %, B 0—-(-2.4)
_-95
C 24
=4

k (x1,y1)=(1.3,-2.2),
(X2, y2) = (8.8, —4.7)
Yo= ¥ _ _4'7_(_2'2)
X, =X 8.8-1.3
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2 k yz_y1:_2-5
X, =% 7

5
1
3
| (x1,y1) = (0, 5a), (X2, y2) = (10a, 0)
Yo=Y _ 0-5a
X,—% 10a-0
_ —ba
" 10a
-5
10
1

2

m (x1, y1) = (3b, —2b), (X2, y2) = (7h, 2b)
Yo = Yu _ Zb_(_Zb)
X, — % 7b-3b
_4b
b
=1

N (x1, y1) = (p, P), (X2, ¥2) = (@, 9°)
Y=Y, _4°—p’
X, =X qg-p

(a-p)(a+p)
q-p

=q+p

2 (Xl, yl) = (3a _5)! (X2, y2) = (6’ a)
Yo=Y =4

SolutionBank

3-b=-9
b=12

(Xl, yl) = (C’ 4)! (X2, y2) = (7’ 6)

6-4_3
7-c 4
2 3
7-c 4
3

-3(7-9)

N

(X1, y1) = (=1, 2d), (x2, y2) = (1, 4)
4-2d _ 1

1-(-1) 4
4-2d _ 1
2 2
o_d --1
4

2l 4-o

4

d=2%

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 2



Pure Mathematics Year 1/AS

6 (X1, Y1) =(-3,-2), (X2, y2) = (2¢, 5)
5—(—2)
2e—-(-3)

7 —
26+3
7=2(2e+3)
7=4e+6
de=1

1
€=7

7 (Xl, yl) = (7’ 2)! (X2! y2) = (f’ 3f)

3f -2
7
3f —2=4(f-7)
3f —2=4f -28
—2=1-28
28-2=1f1
f =26

8 (X]-! yl) = (37 _4)1 (le y2) = (_g; 29)
29 -(-4) _

=-3
_g_3
Zg+4:_3
_g_3
29 +4=-3(-g-3)
20+4=3g+9
4=9+9
g=-5

10

SolutionBank

The gradient of AB is:

4-3 1

4-2 2

The gradient of AC is:
7-3

10-2

N~ o >

The gradients are equal and there is a
point in common between the two line
segments so the points can be joined by
a straight line.

If the points A(—2a, 5a), B(0, 4a) and
C(6a, a) are collinear, then they all lie
on the same straight line.

The gradient of AB is:

4a-5a -a
0-(-2a) 2a
1
S 2
The gradient of AC is:
a-5  -4a
6a—(—2a) 8a
1
S 2

The gradients are both —3 and there is

a point in common between the two
line segments so the points are
collinear.
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Straight line graphs 5B

1 a The gradient = -2
b The gradient = -1
¢ Thegradient=3

d The gradient = §
e The gradient = -2
f The gradient =

g 2x—-4y+5=
2X+5=4y
4y =2x+5
y=ix+3q
y=2X+2
The gradient =
h 10x-5y+1=0
10x+1=5y
5y =10x+1
y=8x+1%
y=2X+%
The gradient = 2

I —Xx+2y-4=0
2y-4=x

2y =Xx+4

y=%+Xx+2
The gradient =%

J] —3x+6y+7=0

6y =3x-7
y=gx—%
y=3X+5

The gradient =3
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SolutionBank

k 4x+2y-9=0

2y —9=-4x
2y =-4x+9
2 2
9
=-2X+—
y 2

The gradient = -2

I 9x+6y+2=0
6y+2=-9x
6y =-9x-2
y=-§x-%
y=-3X-3

a c=4

f y=2-7x
y=—7x+2
c=2

g 3x—4y+8=0
3x+8 =4y
4y =3x+8
y=3X+%
y=3x+2
c=2



Pure Mathematics Year 1/AS

2

3

h 4x-5y-10=0
4x-10=5y
Sy =4x-10
y=$x-%
y=5X-2
c=-2

I —2x+y-9=0

y—-9=2x
y=2Xx+9

c=9

J 7x+4y+12=0
4y +12 =-7x
4y =-7x-12
y=—4x-%
y=-%x-3
c=-3

k 7x-2y+3=0
7X+3=2y

| -5x+4y+2=0
4y +2="5X%
4y=5x-2
y=5x-%
y=ix-3%

— 1
C=-3

a y=4x+3
0=4x+3-y
4x+3-y=0
4x-y+3=0

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.
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b

SolutionBank

y=x-6
Multiply each term by 5:
5y=4x-30
0=4x-30-5y
4x-30-5y=0
4x-5y-30=0

y=3X+2
Multiply each term by 3:
3y =5x+6
0=5x+6-3y
5X+6-3y=0
5x—-3y+6=0

y=3X
Multiply each term by 3:
3y=7x

0=7x-3y
7x-3y=0
y=2x-7
Multiply each term by 7:

7y=14x-4
0=14x-4-7y

14x-4-7y=0
14x-7y-4=0
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3 h y=-3x+%

Multiply each term by 9:
Oy =-27x+2
27x+9y =2

27x+9y-2=0

y=-6x-%
Multiply each term by 3:
3y =-18x-2
18x+3y=-2
18x+3y+2=0

y=-3X+3
Multiply each term by 6 (6 is divisible
by both 3 and 2:
6y =-2x+3
2X+6y=3
2x+6y—-3=0

y=2x+2
Multiply each term by 6 (6 is divisible
by both 3 and 6:

6y =4Xx+5

0=4x+5-6y
4x+5-6y=0
4x-6y+5=0

y=3x+%
Multiply each term by 10 (10 is
divisible by both 5 and 2):
10y =6x+5
0=6x+5-10y
6x+5-10y=0
6x-10y+5=0

y =6x-18
Substitute y = 0:
6x-18=0
6x =18
X=3
The line meets the x-axis at P(3, 0).

SolutionBank

3x+2y=0
2y = —3X
= —%X
The line meets the x-axisaty = 0.
Substitutingy =0 intoy = —3x:

= 3
= _?X

x=0
The line meets the x-axis at R(0, 0).

5x—4y+20=0
Substitute x = 0:
5(0)-4y+20=0
-4y +20=0
20 = 4y
4y =20
y=5
The line meets the y-axis at A(0, 5).

Substitute y = 0:
5x-4(0)+20=0

5x+20=0
5x =-20
X=-4

The line meets the x-axis at B(—4, 0).

The line passes through (0, 5)
and (6, 7).

The gradient = ——

So y=1x+c

Use the point (0, 5).

Substitute x =0 and y =5 into

y=3x+c tofindc.

5=3(0)+c

c=5

So y=%+Xx+5
3y=x+15

Xx—3y+15=0
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8 a The line passes through (5, 0) 12a liiy=3x—7
and (0, 2). The point of intersection is P(-3, b).
.. 2-0 Substituting x=-3 and y = b into ly:
The gradient = s b=3(-3)-7
) b=-16
5 : _
_ b lrax+4y—-17=0
b y=-gx+c The point P(=3, —16) is on the line.
From the coordinates (0, 2) the Substituting x = —3 and y = ~16 into I:
y-intercept is 2. a(-3)+4(-16)—17=0
Soy=—¢x+2 —3a-81=0
By =-2x + 10 a=-27
2x+5y—-10=0
Challenge
9 ax+by+c=0
by =—ax —c¢ The line passes through (0, a) and (b, 0).
= —EX—% The gradient = 0-a
b-0

The gradient = —& -
The y-intercept = —£ = _%
The y-intercept is at x = 0.

10 ax—2y+c=0 This is the point (0, a).

2y =ax+c a
y=2x+$ :—Bx+a
The gradient= % =3,s0a=6 by = —ax + ab
The y-intercept = £ =5,s0c =10 ax+by—ab=0

a=6,c=10

11 Line | has equationy = —2x + 6.
For the second line:

5x—8y—15=0
8y =5x—-15
y=gX—%

The lines intersect where:
y=-2x+6andy= 3x—%cross
So-2x+6=3sx-%

Multiply through by 8.
—16x +48 =5x — 15
21x =63
X=3
Substituting x =3 into y = —2x + 6:
y=-2(3)+6
y=0

The lines intersect at P(3, 0).
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Straight line graphs 5C

1 a m=2,(xy,Vy1)=(2,5)
y—y1=m(x—xi)
y—5=2(x—-2)
y—-5=2x—4

y=2x+1

b m=3, (X, Yy1)=(-2,1)
y—y1=m(x—xi)
y—1=3(x—(=2))
y—1=3(x+2)
y—1=3x+6
y=3x+7

¢ m=-1,(xy, y1) = (3, -6)
y = Yy1=m(X - x)
y—(-6)=-1(x - 3)
y+6=—x+3
y=—x—3

d m=-4, (X1, y1) =(-2,-3)
Y=y =m(x - Xi)

y = (=3) =—4(x—(=2))
y+3=—4(x+2)
y+3=—-4x—-8

y=—-4x-11

m(X — X1)
i(>< (-4))
7 (x+4)
X+ 2
X +12

% (x1, y2) = (-4, 10)

O|—\

m=
y—
y—
y—
y—

1
[N Eo Y [N Y [N

10
y

f m=—% (xy,y)=(-6,-1)

Y~y =mx—x)
~(h) =4~ (-6)
y+1l=-%(x+6)
y+1l=—%x-4

y=—2%x-5

SolutionBank

g m=2, (Xl, yl):(a’ 23.)
y = y1=m(x — X1)
y—2a=2(x—a)
y—2a=2x-2a

y = 2X

h (X1, y1) = (—2b, 3b)
m(X — X1)
—3(x—(=2b))
—1(x +2b)
—2X—b
—ix—-b+3b
—3Xx+2b

i
2

Y1
3b

m
y—
y—
y—
y—

3

3b
b
y
y

2 a (%, %)=(24), (% ¥,)=(38)

The gradient m = Yo=YV
X=X
_8-4
3-2
=4
The equation isy — y1 = m(X — X1)
y—4=4(x-2)
y—4=4x—-8
y=4x—-4

b (X1 Y1)=(0 2) (Xz’ YZ):(?” 5)

The gradient m = Yo=Y
X=X

5_
m=—=
3-0

N

3
3
=1
The equation isy —y1 = m(X — X1)
y—2=1(x-0)
y—2=X
y=x+2
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2 ¢ (% ¥)=(-2,0) (%, ¥,)=(2.8)

The gradient m = YoV

The equation isy — y1 = m(X — X1)
y—0=2(x—(-2)

y=2(x+2)

y=2x+4

d (%, %)=(5-3). (% ¥,)=(7.5)

The gradient m = Yo=Y
X; =X
5-(-3)

8
2
=4
The equation isy — y1 = m(X — X1)
y—(=3)=4(x—5)
y+3=4x—-20
y=4x—23

e (% ¥)=(3-1) (% ¥,)=(7.3)
The gradient m = Y= h

X, =X

3-(1)

7-3

m=

4
4
=1
The equation isy —y1 = m(X — X1)
y—(1)=1(x-3)
y+1l=x-3
y=x—4

SolutionBank

f(% y)=(-4-1). (% v,)=(6.4)

The gradient m = Yo=Y

The equation isy —y1 = m(X — X1)
y—(1D=3Kx-(-4)
y+1l=3Kx+4)
y+1l=3x+2
y=4x+1

9 (X1 y1)=(—1 _5) (Xz’ y2)=(_3’ 3)

The gradient m = Y= h
X, =X

The equation isy —y1 = m(X — X1)

—(=5)=-4(x—(-1)

y+5=—4(x+1)
y+5=-4x—4
y=-4x-9

h (Xw Y1):(_4’_1)’
(%20 ¥,)=(-3.-9)

The gradient m = Yo=Y
X, =X
_-9-(-1)
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2 h The equation isy —y1 = m(X — X1)
y— (1) =-8(x—(-4))

y+1=-8(x+4)
y+1=—8x—32
y=—8x—-33

i (%)= %) (% ¥2)=(5 %)

Y=Y
X=X

The gradient m =

[S1FN
|
aillno

3
Il
|
wl~

Il

U1|® mll\.) N\'—‘lU'l\l\) w(N
X
w

The equation isy — y1 = m(X — X1)
y—£=2(x- 1)

j (X1 Y1) (_7’7) (XZ' yz) (% %)

The gradient m = Y= h
X, =X

|

|
IS
~—

~N N RPN s

The equation isy — y1 = m(X — X1)
y=+=2(x=(-3))
y p—

~= |
1
w

< <<
I n
N NN o ~
X X X
+ + +
[N [N
+
~|~

N

SolutionBank

Line passes through (7, 2) and (9, —8).
(x1, y1) = (7, 2), (x2, y2) = (9, —8)

The gradient m = Y= h
X, =%
-8-2
m=——
9-7
_-10
2
-5
The equation isy — y1 = m(X — X1)
y—2=-5(x-17)
y—2=-5x+35
y+5x-37=0
For the equation of AB:
The gradient m = Yo=Y
X=X
0-5
m=——
-2-3
-
-5
=1

The equation isy —y1 = m(X — X1)
y—5=1(x—-3)

y—5=x-3
y=x+20ry—x—-2=0
For the equation of AC:
The gradient m = Y2~ %1
X=X
~-1-5
4-3
_
1
=—6
The equation isy —y1 = m(X — X1)
y—5=-6(x—3)
y—5=-6x+18

y=—6x+230r6x+y—23=0
For the equation of BC:

(% %) =(-2.0), (%1 ¥;) = (4 -1)
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SolutionBank

4  Thegradientm =2~ %
X, =%
— -1-0
4-(-2)
1
G

The equation isy — y1 = m(X — X1)
y-0=-3(x-(2)

y=—5(+2)

y=—¢X— 3 =>6y=-x-2
or ¢x+y+:1=0=x+6y+2=0

5 Line through (a, 4) and (3a, 3).
m= Yo=Y
X, =X
_3-4
3a—a
1
2a
X+6y+c=0
By =—Xx—-¢C
y=—gX-%C
1 1

m=-—-=—-——,s0a=3.
6 2a

As a=3, (a, 4) is the point (3, 4).
Substituting x =3 and y = 4 into
y=—-+ix—<c tofindc:

= -1@-4c
24=-3-¢C
c=-27
a=3,c=-27

6 Line through (7a, 5) and (3a, 3).
m=JY2 "%
X, =%
~3-5
~3a-7a
2
~ —4a
1
" 2a

6 Soy-y=mx-x)
y—5= i(x—7a)
2a

2ay — 10a=x—"7a
Xx—2ay+3a=0

But the equation of line | is:
X+hby—12=0

Therefore, 3a=-12,a=—4.
Using the coefficients of x:
—2a=Db

a=-4,b=8

Challenge
ams= Yo=Y
X, =%

b Using y—y, =m(X—x):
Y=y =2 (x-x)

2

y_y1=y2_y1
X=X X=X
Y=Y _ X—X
Yo=Y XX
c Passes through (=8, 4) and (-1, 7).
Y=Y — X=X
Yo=Y XX
y-4__Xx=(-98)
-4 (-D-(-9)
y—-4 x+8
37
4= 3(x+8)
7
y:§x+ﬁ+4
7 7
7 7
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Straight line graphs 5D

1
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y=4x—-38
Substitute y = 0:
4x—8=0
4x=8
X=2
So A has coordinates (2, 0).
For a line through A with gradient 3:

y = y1=m(X - x)
y-0=3(x—2)
y=3x—6
The equation of the line isy = 3x — 6.
y=—2x+8
Substitute x = 0:
y=-2(0)+8
y=8

So B has coordinates (0, 8).

We can substitute m=2 and y-intercept
8 into y=mx + c.
Or we can calculate using the
formula.
For a line through B with gradient 2:
y = y1=m(X—xi)
y—8=2(x—-0)
y—8=2x
y=2x+8
The equation of the lineisy = 2x + 8.

To find where the line y=3x+6

crosses the x-axis, substitute y = O:
1x+6=0

+X=-6
X=-12
So C has coordinates (—12, 0).
Y=Y, =m(x=x)
y=0=3(x-(-12))
y=%(x+12)
y=2x+8
Multiply each term by 3:
y=2x+24
0=2x+24-3y

SolutionBank

2x-3y+24=0
The equation of the line is
2x—3y +24=0.

To find where the line
y =4 X+ 2 crosses the y-axis,
substitute x = 0:
y=2(0)+2
y=2
So B has coordinates (0, 2).
C has coordinates (-5, 3).
To find the gradient of BC:
Yo=Y
X, =%
Y= ¥ — 3-2
X,—%X —5-0

1

5

1

5
The gradient of the line joining

Band Cis—1.

The gradient m =

To find the equation of the line
passing through (2, —5) and (-7, 4):

The gradient m = Y21
X, =%
Yo=Y :4_(_5)
X, =%  —(=2
_9
-9
—1

The equation isy — y1 = m(x — X1)
y=(=5)=-1(x-2)
y+5=-x+2
y=-—x—3
Substitute y = 0:
0=—x-3
Xx=-3
So the line meets the x-axis at
P(-3, 0).



Pure Mathematics Year 1/AS SolutionBank

6 To find the equation of the line 8 Substitute y = x in the equation
passing through (=3, —5) and (4, 9): y=2x—25:
. - =2X—
The gradient m = Yo~ Y1 )(; _ XX_ 55
X; =% B
9 5 X=5
Y=Y _ ~(-5) Substitute x = 5 in the equation y = x:
X,—% 4-(-3) y=5
14 The coordinates of A are (5, 5).
27 To find the equation of the line
_5 through A, with gradient 2:
The equation isy — y1 = m(X — X1) Y=Y, =m(x-x)
y—(=5) = 2(x— (-3)) y-5=2(x-5)
y+5=2(x+3) )
y+5=2x+6 y=5=5x-2
y=2x+1 y=2x+3
For point G, substitute x = 0: The equation of the line is y =2x+3.
y=2(0)+1=1
The coordinates of G are (0, 1). 9  Substitute y = x — 1 in the equation
y =4x —10:
7 Tofind the equation of the line X—1=4x—-10
passing through (3, 2%) and (—1 3, 4): -1=3x-10
. Y, =Y. 9 =3x
The gradient m = 22— x=3
X j—
2 Xi Now substitute x = 3 into the equation
yz_y1=4_2§ y=x—1:
X,~% -1}3-3 y=3-1
11 y=2
a1 The coordinates of T are (3, 2).
2 To find the equation of the line
_1 through T with gradient —%:
3 _vy = _
The equation isy —y1 = m(X — X1) y=h mz(x %)
y-24=-1(x—3) y-2=-%(x-3)
Multiply through by 6. y—-2=—-2x+2
By — 15 =-2(x — 3) Zx+y-2=2
By —15=-2x+6 2 A
by = —2x + 21 sx+y-4=0
Substitute x = 0: 2x+3y—12=0
6y =—2(0) + 21 The equation of the line is
2x+3y—-12=0.

The coordinates of J are (0, £)
or (0, 31).
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10  The equation of the line p is: 11  The gradient of PQ is:
y—(—IZ)Z%(X—@ yz_yl_o_(_4)
y+12=2x-4 X,-%  3-0
y=2x—-16 =4
The equation of the line q is: The equation of PQ is:
y:gi:)l((i(g@ y—y,=m(x-x)
y=o= Substitute (3, 0):
y=-x+10 .
y—0=3(x-3)
For the coordinates of A substitute y=3x—4
x = 0 into the equationy = 2x — 16. The equation of the line through
y=2(0)— 16 PandQisy= $x—4.
y=-16 . :
The required coordinates are 12 Tofind where the liney = 3x — 5
A(0, —16). crosses the x-axis, substitute y = 0:
For the coordinates of B substitute X=5=0
y = 0 into the equation y = —x + 10. 3x=5
0=-Xx+10 X=3
x=10 M has coordinates (£, 0).
The required coordinates are B(10, 0). _ 2442
The gradient of AB is: é b t'3t . 3 0
ubstitute x=0:
yz_yl_o_(_]'G) __2 : 2
= y=-30)+ 3
X, — X, 10-0
y=3
16 N :
T N has coordinates (0, %).
8 The gradient of MN is:
:g Yo=Y _ 0-%
The gradient of the line joining X, =% 5-0
AandBis £. _ -3
5
3
11  To find where the liney =-2x + 6 __2
- - _ . 5
CBOESS; Xtrle6x-aX|s, substitute y = O: The equation of MN is:
2X =6 y—y1=m(x—x1)
x=3 _ Substitute (£, 0):
The 3[‘)omt P has coordinates (3, 0). y—O:—g(x—%)
y=3x-4 2 2
To find where the line crosses the y=—g5X+3
y-axis, substitute x = 0: Multiply each term by 15:
y=2(0) -4 15y =—6x + 10
— 4 6x + 15y = 10
y 6x + 15y — 10 = 0

The point Q has coordinates (0, —4).

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 3



Pure Mathematics Year 1/AS

13

14

To find where the liney = 2x — 10
crosses the x-axis, substitute y = 0:
2x—10=0
2x =10

X=5
The coordinates of A are (5, 0).
Substitute x =0 intoy = —2x + 4:
y=-20)+4=4
The coordinates of B are (0, 4).
To find the equation of AB:

The gradient m = Y21

The equation isy — y1 = m(x — x1)
y-0=—5(x=5)

Multiply through by 5.
S5y=—4(x—5)
y=—gx+4

To find where the liney =4x +5
crosses the y-axis, substitute x = 0:
y=4(0)+5=5

The coordinates of C are (0, 5).
Substitute y = 0 in the equation

y =-3x—15:
0=-3x-15
3x=-15
X=-5

The coordinates of D are (-5, 0).
To find the equation of CD:

The gradient m = Y2~ %1
X, =%
yz_y1: 0-5
X,—X% —5-0
-5
-5
=1

14

15

16

SolutionBank

The equation isy — y1 = m(X — X1)
y—5=1(x-0)
y=x+5
x—y+5=0

y=3x-13
y=x-5
S03x-13=x-5

= 3X=X+38

=2x=8

=>Xx=4

Whenx=4,y=4-5=-1
The coordinates of S are (4, —1).
To find the equation of ST:

The gradient m = J2—%1
X=X
Yo=Y _ 2_(_1)
X, =X  —4-4
_3
-8
__3
8

The equation isy — y1 = m(x — x1)
y-(D=-3x-4
Multiply through by 8.
8y +8=-3(x—14)
8y +8=-3x+12
8y=-3x+4
y=-3x+1%

y=x+7
y=-2x+1
Sox+7=-2x+1
=2>3+7=1

= 3x=-6

>X=-2

Whenx=-2,y=(-2)+7=5
The coordinates of L are (2, 5).
To find the equation of LM:

Y=Y
X, =X

The gradient m =
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The equation isy —y1 = m(X — X1)
M=(-31)
y—1=4(x—-3)
y—1=4(x+3)
y—1=4x+12

y=4x +13
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SolutionBank

Straight line graphs 5E

1l ay=5x—-2,m=5 2 The gradients are equal, so the lines are

I5x—=3y+9=0
Parallel lines have the same gradient.
Rearrange the second equation to give:
3y=15x+9

y=5+3,m=5
The lines have the same gradients so
are parallel.

7x+14y—1=0
y=1ix+9,m=1
Parallel lines have the same gradient.
Rearrange the first equation to give:
14y =-7x+1

Y= bt m=—
The lines have different gradients so
are not parallel.

4x—3y—8=0
3x—4y—-8=0
Parallel lines have the same gradient.
Rearrange the first equation to give:
Jy=4x—28
y=x-tm=4
Rearrange the second equation to give:
4y =3x—8

y=3x-2,m=3
The lines have different gradients so
are not parallel.

The gradient of r is:

yz_y1:8_4
X, =X  6-1
_4
5
The gradient of s is:
Y, =Y :9_(_3)
X, =X~ 20-5
1
15
_4
5

parallel.

If A(-6, 2), B(4, 8), C(6, 1) and

D(—9, —8) are coordinates of a
trapezium, line AB is parallel to CD or
BC is parallel to DA.

Parallel lines have the same gradient.

The gradient of AB _YamH

The gradient of CD = = h
X=X
81

9.6

Gradient of AB = gradient of CD.
AB is parallel to CD, therefore ABCD is
a trapezium.

The line is parallel to y = 5x + 8§,
som=>35.

The line intercepts the y-axis at (0, 3),
so Cc=3.

Using Yy = mX + c, the equation of the
line is y = 5X + 3.

The line is parallel toy =—2x + 1,

—_2
Ssom= 5.

The line intercepts the y-axis at
(0,—4),soc=—4.
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5 Using y = mx + C, the equation of 8 The gradient of a line parallel to
the line is y=4x+11s4.
y=—2x—4. y—y, =m(x—x)
Multiply each term by 5: y—7= 4(X _(_2))

5y=-2x-20
2%+ 5y =20 y—=7=4(x+2)
2X+5y+20=0 y-7=4x+8
y=4x+15
6 3Xx+6y+11=0 0=4x+15-y
6y+11=-3x 4X—y+15=0
6y =-3x-11 The equation of the line is

y=-2x-1 4x—y+15=0.
y=-3X-4¢

The line is parallel to y =—4x—4,

som=.

The line intercepts the y-axis at (0, 7),

soc=17.

Using y = mx + C, the equation of
the lineisy= -3 x+7.

7 2x-3y—-1=0
2x—-1=3y
3y=2x-1
y=4x-1
The line is parallel to y =2x—1, so
m=z.
The line intercepts the y-axis at (0, 0),
soc=0.
Using y = mx + C:
y=2x+0

y=%X
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Straight line graphs 5F

1

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

a

The gradients of the lines are 4 and
1

-1,
The product of the gradients is
4x—3=-1.

The lines are perpendicular.

The gradients of the lines are £ and £,

I.e. they have the same gradient.
The lines are parallel.

The gradients of the lines are 1 and 5.
The product of the gradients is
+x5=1.

The lines are neither perpendicular nor
parallel.

The gradients of the lines are—3 and <.
The product of the gradients is
—3x3:=-1

The lines are perpendicular.

The gradients of the lines are ¥ and
5

-5,
The product of the gradients is

3w—5__
gX 3= 1.

The lines are perpendicular.

The gradients of the lines are 2 and 2,

i.e. they have the same gradient.
The lines are parallel.

The gradient of y = 5x — 3 is 5.
S5X—y+4=0
S5X+4=y
y=5x+4
The gradient of 5x —y +4 =01is 5.

The lines have the same gradient.
The lines are parallel.

SolutionBank

h 5x-y-1=0
S5x-1=y
y=5x-1
The gradient of 5x —y—1=0is 5.
The gradient of y = —£xis —£ x.
The product of the gradients is
S5x—%x=-1.
So the lines are perpendicular.

i Thegradientofy= —2x+8 is —3.
2x-3y-9=0
2X—-9=3y
3y=2x-9
y=2x-3
The gradient of 2x—3y—-9=01s %.
The product of the gradients is
2y 31
3 2 '
So the lines are perpendicular.

j 4x-5y+1=0

4X+1=>5y
oy =4x+1
y=ix+t
The gradient of 4x —5y+1=0is 3.
8x-10y-2=0
8x—-2=10y
10y =8x-2
y=iX-1%
y=8x-3%
The gradient of 8x — 10y —2=0is 1.

The lines have the same gradient,
they are parallel.

k 3x+2y-12=0

3Xx+2y=12
2y =-3x+12
y=—3Xx+6
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1 k Thegradientof 3x +2y —12=0

is—3.
2x+3y-6=0
2X+3y=6
3y =-2X+6
y=—%Xx+2
The gradient of 2x + 3y —6=01is —%.
The product of the gradients
is —3x-2=1.
So the lines are neither parallel nor
perpendicular.

5x—y+2=0
5x+2=y
y=5Xx+2
The gradient of 5x —y +2=01s 5.
2x+10y-4 =0
2Xx+10y =4
10y =-2x+4
y=—%X+5
y=-3x+i
The gradient of 2x + 10y —4 =0
iIs—1.
The product of the gradients
is 5x—1=-1.
So the lines are perpendicular.

The gradient of y = 6x — 9 is 6.
So the gradient of the perpendicular
lineis — 5.
The line goes through the point (0, 1).
y =Y =m(x-x)

y—-1=—2(x-0)

y=—1tx+1

Rearrange 3x + 8y — 11 =0
8y=-3x+11

y=—-2x+4, and the gradient is — 2.
So the gradient of the perpendicular
lineis 2.

SolutionBank

The line goes through the point
(0, -8).

Y=Y, =m(x-x)
y=(-8)=4(x~0)
y=2%x-8

The gradient of y = 3x + 5 is 3.

The gradient of a line perpendicular
toy=3x+5is—3.

The line goes through the point

(6, —2).

Y=Y =m(x—x1)
y=(-2)=-3(x-6)
y+2=—3x+2
y=-3X

The equation of the line isy = —$x.

The gradient of a line perpendicular
toy=3x+6is—1.

The line goes through the point
(=2,5).

Y=y, =m(x-x)
y-5=-4(x-(-2))
y—-5=-1(x+2)
y=5=-3x-%
y=-3X+%

The gradient of the line
4x—6y+7=0is
The gradient of a line perpendicular
todx—6y+7=0Iis _lz_é_
Z 2

The line goes through the point (3, 4).
Yy=-y.= m(x— Xl)

y—4=-$(x-3)

y—-4=-3x+3

— 3 17
y=—2X+%
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7 The gradient of a line perpendicular 9 Yo=YV 1

to y=2x+5is —%:—E. X =% 3
3 2 (X]-! yl) = (11 8)1 (le y2) = (_11 2)
The line goes through the point The gradient of n is:
(5,-5). Yo=Y _ 2-8
Y=Y, =m(x-x) X, =% —-1-1
y—(-5)=-3(x-5) _=6
y+5=-2(x-5) -2

Multiply each term by 2:

2y +10 = —3(x—5) The product of the gradients

is —ix3=-1
2y +10=-3x+15 So the lines are perpendicular.
3x+2y+10=15
3x+2y-5=0 10 _
The equation of the line is A-1.5 "1
3X+2y—5=0.
8 The gradient of a line perpendicular D31 B(7.1)
to y=—4x+51is —L:Z. R X
—4 4
The line goes through the point
(_2 _3). C(5.-3)
y=y=m(x-x) The gradient of AB is:
y-(-3)-3{x~(-2)) -y, _ 51
y+3=1(x+2) X =%  —1-7
Multiply each term by 4: _4
4y+12=T7(x+2) -8
4y +12=Tx+14 _ 1
4y =7x+2 2
0=7x+2-4y The gradient of DC is:
7x—4y+2=0 Yo=Y _ —3-1
The equation of the line is 7x — 4y + 2 X,—% 5-(-3)
=0. -4
9 (a,y)=(-3,0), (xy2) = (3,2) °
The gradient of | is: :_E
Yo=Y _ —2-0 2 .
X, —% 3-(-3) The gradient of AB is the same as the
2 gradient of DC, so the lines are
_ 2 parallel.

6
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SolutionBank

10

11a

l,:

The gradient of AD is:
Yo=Y, __ 5-1
X, =X

The gradient of BC is:
Yo=Y — -3-1
X, =X~ 5-7
4
2
=2

The gradient of AD is the same as the

gradient of BC, so the lines are parallel.

The line AD is perpendicular to the line
AB, since 2x—4=-1.
So ABCD is a rectangle.

The line Iy, 5x + 11y — 7 = 0, crosses
the x-axis wheny = 0, so:
5x+11(0)—7=0

- 7
X=73

The point Ais (£, 0)

Rearranging 5x + 11y — 7 = 0 to find
the gradient gives:
11y =—-5x+7
y=—3%X+%
The gradient is —=.
So the gradient of the perpendicular
lineis £
y =Y, =m(X=x)
y-0=5(x-3)
y=%x-%

55x —25y—=77=0

12

The gradient of line AB is:

Yo=Y — 0-4

X,—% —3-0
4
-3
4
3

The gradient of the perpendicular BC is

3

4
The gradient of the line BC is:

yz_y1: c-0
X, =% 0-(-3)
~C
3
c_ 3
3 4
C:_g

4
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Straight line graphs 5G

1a (x,%)=01,(x,Y,)=(69)
\/(XZ —X1)2 +(Y2 - Y1)2
= J(6-0)2 +(9-1)°
=+/6°+8°
=/36+64

=+/100
=10

b (%, ¥,)=(4-6).(x,, ¥,)=(9.6)
\/(Xz _Xi)z +(¥2 - yl)z
=\O-4)" + (6~ (-6)°
- 57412
=/25+144

=+/169
=13

¢ (Xl’ y1): (3’ 1)1 (Xz’ y2)=(—1, 4)
\/(Xz_x1)2+(yz_y1)2
= J-1-37 + (4-17

d (X, ¥)=35), (%, Y,)=(47)
YO =% ) +(y, - 1)
=J(4-3)’ +(7-5)’
=+1+4

=5

SolutionBank

e (%, %)=0-4)(%,Y,)=55)

YO =% ) 4 (v, )
— J6-0) +(5-(-4)
=/25+81

=4/106

(% %) =(2-7), (% ¥,)= (5
\/(Xz _Xi)z +(¥2 - yl)z
=\(6-(-2)* + (- (7))
=J(5+2)2 +({1+7)

—J77+8

=/49+64

=+/113

A(-3,5), B(-2, —2) and C(3, 7).
Lines are congruent if they are the
same length.

Using the distance formula, and taking
the unknown length as d:

d =0, —%)? + (Y, - V1)?

For the line AB:
(Xl’ yl) = (_31 5)’ (Xz’ yz) = (—2, _2)

AB = \[((-2) - (-3))" +((-2)-5)
= /50
For the line BC:
(% Y1) =(=2,-2), (%, ¥,) = (3, ~7)
BC = /3~ (-2))* +((-7)~ (-2))?

=/5° +(-5)°
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SolutionBank

2

BC =+/50

AB = BC, ... they are congruent.
P(11, -8), Q(4, —3) and R(7, 5).

Using the distance formula, and taking
the unknown length as d:

d =0, —%)2 + (Y, - 11)?

For the line PQ:
(% %)= (AL =8), (%;, ¥,) = (4, =3)
PQ=/(4-11)° +((-3) - (-8))’
_J74
For the line QR:
(X, Y1) =(4,-3), (%, ¥,)=(7,5)
QR = \(7-4)" +(5—(-3))"
- 73

PQ # QR, therefore the two lines are
not congruent.

The distance between the points
(-1, 13) and (X, 9) is/65..

Using the distance formula, and taking

the length as d:

d* =0 = %)" +(y,— ¥)°
65 = (x—(-1))* +(9-13)?
65 = (X +1) +(-4)°
65=x>+2x+1+16

X2 +2x—48=0
(x+8)(x—6)=0
X=—-8o0rx==6

a

The distance between the points
(2,y) and (5, 7) is 310 .

Using the distance formula, and taking
the length as d:

d® = (% =%)* +(y, — ;)
9O:(5—2)Z+(7—y)2
90=3*+49-14y+y°

y2— 14y —32=0
(y—16)(y+2)=0
y=160ry=-2

li:y =2x + 4, gradient = 2
:6x—3y—9=0

Rearrange line I to give:
y=6x—-9
y = 2X — 3, gradient = 2

Lines I1 and |2 both have gradient 2
so they are parallel.

Line I3 is perpendicular to line I1 so has
gradient — 1.

It also passes through the point
(3, 10).

y=y =m(x-x)
y-10=-3(x-3)
2y —20=—x+3

X + 2y —23 =0 is the equation of I,

l:y=2x-3
l3: 2y =—x + 23

Dividing through by 2:
y=—-3ix+2

At the point of intersection the two
expressions for y are equal, so:
2Xx—3=—-1x+2&
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6 ¢ Then multiplying through by 2:

4x—6=—x+23
5x =29
Xx=2

5
Substituting x = 2 intoy = 2x — 3:
y=2(%)-3

=43
5

The point of intersection of the lines |1
and Iz is (2,4).

I and I> are parallel so the shortest
distance between them is the
perpendicular distance.

I3 is perpendicular to 11 and therefore is
perpendicular to I».

l2 and I3 intersect at (, ).

Now work out the point of intersection
for lines Iy and Is.

li:y=2x+4
l3:y=—1x+2
2x+4=—-1x+2
4x+8=—x+23
5x=15,x=3
Whenx=3,y=10

The point of intersection of the lines |1
and Iz is (3, 10).

Now find the distance, d, between
(3,10) and (2,4).

d =06 = %) +(y, — ¥,)’
= (-3’ +(£-10)°

e+ -

SolutionBank

75

6 d d=—
5

8 a

The perpendicular distance between
I and Iz is Z+/5.

Point P is on the liney = —3x + 4.
Its distance, d, from (0, 0) is /34 .
d? = (Xz _X1)2 +(y2 - yl)2

34 =(x-0)*+(y-0)?
34=x*+y’

Solve34=x2+y?andy=-3x+4
simultaneously.
34 = X2+ (—3x + 4)?
34 =x%+9x>—24x + 16
10x*> —24x— 18 =0
5x2—12x—9=0
B5x+3)(x—3)=0
x=—2orx=3

Whenx = £,y=-3(-%) +4

5
— 29
y=%

Whenx=3,y=-33)+4
y=-5

So P is the point (—2,2) or (3, -5).

In a scalene triangle, all three sides
have different lengths: AB #BC # AC.

A(2, £7), B(5, —6) and C(8, —6).

AB =./(5—2) +((-6) - 7)°
=3 +(-13)?
- 178

BC = \/(8-5)* + ((-6)— (-6))’
=3 +0°

=3
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8a AC =./(8-2)>+((~6)—7)?

= /6% +(~13)’

=+/205
AB # BC # AC therefore ABC is a
scalene triangle.

b Draw a sketch and labels the points
A, BandC.

¥ A

37
Area of AABC = 1bh
= %x3x13
=195

9 a luy=7x-3
l2: 4x+3y—41=0

Substituting I1 into |2 gives:
4x+3(7x—3)—41=0
4x +21x—-9-41=0
25x =50
X=2

Substituting x =2 intoy = 7x — 3 gives

y=11.
Ais the point (2, 11).

b When I crosses the x-axis, y = 0.
S04x+3(0)—41=0
4x =41

= 4
X_4

B is the point (4%, 0).

9 ¢

10a

SolutionBank

The base of AAOB is 4
The height of AAOB is 11

Area AAOB = § x 4 x 11

2

= 451
8

l1: 4x — 5y — 10 = 0 intersects the

x-axis at A, soy = 0.

4x—50)—-10=0
4x =10

- 5
X=73

A'is the point ($,0).

I2: 4x — 2y + 20 = 0O intersects the
x-axis at B, soy = 0.

4x—2(0)+20=0
4x =-20
X=-5

B is the point (=5, 0).
l1: 4x = 5y + 10, I2: 4x =2y — 20

Where the lines intersect:
5y+10=2y—20
3y =-30
y=-10

Substituting y = —10 into
4x =5y + 10:
4x =—40

Xx=-10

I and I intersect at the point
(-10, —10).

The base of AABC is 7 5.

The height of the triangle is 10.
Area AABC = x 735 x 10

s
2
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11a R(5,-2)and S(9, 0) lie on a straight

line.

The gradient, m, of the line is:
m = Yo=Y
X, =X
_0-(-2
9-5

The equation of the line is:
Y=Y =m(x=x)
y=(-2) =4 (x-5)
y+2=1ix-3
y=3X—%

I> is perpendicular to I1 so has gradient
—2.

The equation of the line is:

Y=Y =m(X=x)

y—(-2)=-2(x~5)

y+2=-2x+10
y=-2x+8

The y-intercept for line I, is 8.
T is the point (0, 8).

d RS =1(x—%)*+(y,~ y,)’
= (95" + (0~ (-2)y
— 42122

=20

=4x5

=25

11d

12a

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

SolutionBank

TR=1/(5-0)*+((-2)-8)’

= /52 + (~10)?

The base of ARST is RS, 2/5.
The height of ARST is RT, 55.

Area ARST = 1x 24/5 x 5\/5
=25

l1 has gradient m = —+and passes
through the point (—4, 14).

Y=Yy =m(X=x)
y—14=—5(x=(-4))
4y -56=—-x-4

X+4y-52=0

When |1 crosses the y-axis, x = 0.
0+4y-52=0

y=13
A is the point (0, 13).

I> has gradient, m = 3 and passes
through the point (0, 0).
y = 3X

To find point B, substitute I, into I:
X+4(3x)-52=0
13x-52=0
X=4

Substitute x = 4 into y = 3x.
y=12
B is the point (4, 12).

The base of AOAB is OA =13.

The height of AOAB is the distance of
B from the y-axis = 4

Area AOAB = $x 13 x4 =26



Pure Mathematics Year 1/AS

SolutionBank

Straight line graphs 5H

1 ai

Gradient = Y2~ %1
X, =X
~ 600-200
12-4
400
8
=50
k=50
Direct proportion equations go through
the originsoc =0.

d=kt+c k=50,c=0

d =50t
Gradient:u
X, =%

. 9-3
~30-10
_6
20
3
10

k=%

C=kt+c k=2,c=0

C=3t

Gradient:u

X, =%

_18-6
~30-10
12
20
3
5

k=2

p=kt+c k=32,c=0

p= it

a

A
504+ L3

451
40+
354
30+
25+ *
204
15+
10+

= .
.

0 1020 30 40 50 60 7080 ¥

The points do not lie on a straight line,
so a linear model is not appropriate.

yA
2004
1754 f .
1504
1254
1004 .
To%
50+
254

0 R S S S S S PR B
0 5 10152025303540%

The points lie on a straight line so a
linear model is appropriate.

IA
601
50 phe?
40
301
201
101

0 +——r—Tr—r—rr——T>
0051152253354455W

The points do not lie on a straight line,
so a linear model is not appropriate.
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70
60
50
40
30
20
10

)
o
5
=
73]
=

e e e o s afee Seape e o S

0 102030405060 708090100110
kilowatt hours

The points lie on a straight line so a
linear model is appropriate.

Gradient = 22— %1
X, =%
~ 58.2-45
110-0
132
110
=0.12
E=ah+b
a is the gradient = 0.12
b is the y-intercept = 45
E=0.12h + 45

a =£0.12, this is the cost of 1 kilowatt
hour of electricity.

b = £45, this is the fixed charge for the
electricity supply (per month or per
quarter).

When h = 65;
E =0.12(65) + 45
=£52.80

A
5004

400-
300- .
200- ?
1001 i

0

Distance, d (m)

PN ] b »
012345678910
Time, { (seconds)
The points do not lie on a straight line,
so a linear model is not appropriate.

5 a (xi, Y1) = (6, 7100)

6 a

(X2, y2) = (13, 9550)

Gradient = 2%
X, =%
_ 9550-7100
13-6
2450
7
=350
C=ad+b
C=350d +b
Substituting d =6 and C = 7100 into C
=350d + b gives:
7100 = 350(6) + b
b = 5000
C =350d + 5000

a = £350, this is the daily fee charged
by the web designer.

b = £5000, this is the flat rate fee
charged by the web designer.

Substitute C = 13 400 into
C =350d + 5000 to give:
13 400 = 350d + 5000
d=24
The designer spent 24 days working on
the website.

(x1, y1) = (9, 48.2), (X2, 2) = (20, 68)

Gradient = Y2~ 1
X, =%
~ 68-48.2
20-9
198
11
=1.8
F=18C+b
Substituting C =9 and F = 48.2 into
F =1.8C + b gives:
48.2=1.8(9) +b
b=32
F=1.8C+32
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6 b

a = 1.8 which is the increase in the
Fahrenheit temperature for every 1
degree increase in the Celsius
temperature.

b = 32 which is the Fahrenheit
temperature when the Celsius
temperature is zero.

Substitute F = 101.3 into
F =1.8C + 32 to give:
101.3=1.8C + 32
C=385
The temperature 101.3 °F is 38.5 °C.

F=18C+32
When F=C:
F=18F+32
—0.8F =32
F=-40
—40 °F is the same as —40 °C.

Gradient = 750
Intercept on the vertical axis = 17 500
n =750t + 17 500

The assumption is that the number of
homes receiving internet connection

will increase by the same amount each

year.

The data can be approximated to a
linear model as all of the points lie
close to the line of best fit shown.

t= yz_Y1

X, =X
177-165
- 27-24
4

Gradien

h=4f+D
Substituting f = 24 and h = 165 into
h = 4f + b gives:
165=4(24) +b

b =69
h = 4f + 69

C

a

SolutionBank

Substituting f = 26.5 into

h = 4f + 69 gives:

h =4(26.5) + 69
=175cm

4 equilibrium
- hoint
351 l
supply

Price, P

demand

Quality, @

=l

SolveP=-3Q+35andP=2Q+1
simultaneously:
-2Q+35=2Q+1
4=1
Q=24
Substituting Q = 24 into P gives:
P=2Q+1P

=2(24)+1
=17
P=17,Q0=24

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.



Pure Mathematics Year 1/AS

Straight line graphs, Mixed Exercise 5

1 a

Gradient m=-3, (x,, ,)=(2,1)

The equation of the line is:

Y=n =m(x—x1)
y-l=-3(x-2)
y-l=—3x+2

— ) 11
y=—ugXts

Substitute (k, 11) into y =—3Jx+4
1l=—Jk+4
>k
6 5 k
Multiply each side by 12:

110 =5k
k=-22

11-

u__
6
55

The gradient of AB is:
Yo~ W _ 1
x,—x 3

Multiply each side by (8 — k):
2k-2=1(8-k)
Multiply each term by 3:
6k—6=8—k
Tk—6=28
Tk=14
k=2

k=2.

So 4 and B have coordinates (2, 1) and

(8, 3).

2

b

a

SolutionBank

The equation of the line is:
Y=r _X=X%
W= X=X

p—
=
\S]

<

= W
—
= 00
NS )

2 6
Multiply each side by 2:

=5(x-2)

‘<
= »—a
Il Il
= =
+ |
W= W

<
|
—
I
W= W~ W=

The equation of L is:

Y=y =m ('x—xl)
y=2=3(x-2)
y-2=5x-3%
y=Egxty
The equation of L is:
y_ylz(x_xl)
y—8=—1(x—4)
y—-8=-x+4
y=—x+12

Solve y=1x+4 andy=—x+12
simultaneously.
—x+12=1x+1
12=3x+1
102=4%
2
§
=9
Substitute x =9 into y = —x + 12:
y=—9+12
=3
The lines intersect at C(9, 3).
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4 a The equation of / is: 5 Multiply each side by —22:
Y- _x-% y=3=Z(x-1)
W= X=X y=3= (x 1)
y-0_=x-1 Multlply each term by 10:
6-0 5-1 10y-30=11(x~1)
y_x-1 _
== 10y-30=11x-11
Multiply each side by 6: 10y =11x+19
(x-1) 0=11x—10y+19
y=6 4 The equation of L is
; 11x— 10y + 19 =0,
yZE(X—l)
6 a (x1,y1)=(2,2),(x2y2)=(6,0)
3.3 The equation of /i is:
y==x
2 2 Y- XX
b Solve 2x+3y=15and y=2x-2 SR
'OVT X y]i_ and y =5xX—5 y_2 )
simultaneously. N~
Substitute: O_i i_;
2x+3(2x-3)=15 Yoo
9 2 4
2x+3x-3=15 Multiply each side by —2:
7x—%=15 y—-2=-%(x-2)(Note:—2=—1)
Bx=2 y—2=—1x+1
13x =39 y=—1x+3
x=3
Substitute x =3 into y=3x—3: b The equation of /> is:
y=2(3)-2 y=y=m(x-x)
=3-3 y=0=4(x~(-9))
=5 y=4(x+9)
=3 y=1x+73

The coordinates of C are (3, 3).

7 A(13V3), B(2+43.3+443)

5 GnLyy=(,3),(x2,)2)=(-19,-19)

The equation of L is: The gradient of the line through
Y=y _ X—Xx 4 and B is:
W=V X=X Vo= N :3+4‘/§_3‘/§
y-3  x-1 X, =X 2++3-1
-19-3 -19-1 3+43
y-3_x-1 - 113
22 20
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SolutionBank

7
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a

Rationalising the denominator:

B+V3)x(1-+3) _3-3\3+3-3
A+3)x(1-+/3) 1-3
28
)

_J3

The equation of the line is:

y= \/§x+c
Substitutingx =1 and y = 34/3 into
y= \/§x+c:

33=B+c
c=2\/§

The equation of line / is:
y=x+23

Line / meets the x-axis when y = 0.
When y =0, x =-2.
C is the point (-2, 0).

A(—4, 6), B(2, 8)
The gradient of AB is:
V2™ N 8-6

Xy =X

The gradient of a line perpendicular
to AB is:
L

1

3
The equation of p is:

y_yl :m(‘x—xl)
y-8=-3(x-2)
y—8=-3x+6
y=-3x+14

Substitute x = 0 in the equation for AB:

y=-3(0)+14=14
The coordinates of C are (0, 14).

9 a The line passes through 4(0, 4) and is

perpendicularto /: 2x —y — 1 =0.
2x—y—-1=0

2x—-1=y

y=2x-1

The gradient of 2x —y —1 =01s 2.
The gradient of a line perpendicular to
2x—y—-1=0is —4.
The equation of the line m is:

Y=y =m(x-x)

)

y—4=—7x
y=-3x+4

Or, since 4 is a y-intercept, the
equation can be written once the
gradient is known i.e y = —(%) x+4.

To find P, solve y=—1x+4 and

2x —y —1 = 0 simultaneously.
Substitute

—(——x+4) 1=0
2x+3x-4-1=0
3x=5=0
5x=10
=2
Substitute x = 2 1nto y=—1x+4:
y———(2)+4
=-1+4
=3

The lines intersect at P(2, 3), as
required.

A line parallel to the line m has
gradient —3.
The equation of the line # is:

y=yn=m(x-x)
y=0==%(x-3)
y=—3x+3
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SolutionBank

9 ¢ Tofind Osolve2x—y—1=0and

10
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¥ =—%x+3 simultaneously.

Substitute:
2x—(—4x+3)-1=0
2x+4x-3-1=0
2x-3=0
fx=1
x=1

Substitute x =1 into y=—1x+3:
y==-3(1)+3

=443

=1
The lines intersect at O(1, 1).

A(0, —2) and B(6, 7)
The gradient of the line through 4 and
B is:

Vo= N — 7_(_2)
X, =X, 6-0
9
"6
_3
2

The equation of the line through 4 and
Bis:

y=sxte

Substituting x = 0 and y = —2 into
y=3x+c

—2=3(0)+csoc=-2

As in Q9, the point 4 is the y-intercept
so the equation can be written once the
gradient has been calculated.

hiy=3x-2
h:x+y=8
To find point D, solve simultaneously
by substituting /1 into />.
x+3x—2=28
2x=10
x=4

10

when x =4,

. D is the point (4, 4).

yl

7>\\
8

The base of the triangle AC is 10 units.
The height of the triangle is 4 units.
Area AACD is L x 10 x 4 = 20 units’

11a A(2,16)and B(12,—4)

The equation of /; through 4 and B is:

Y= _*=X%
W= X=X
y—16 x-2
—4-16 12-2
y—16 x-2
220 10

Multiply each side by —20:
y-16=-2(x-2) (Note:—%: —2}

y—16=-2x+4
y=-2x+20
2x+y =20

The equation of /> through C(—1, 1)
with gradient 1 is:

y—y =m(x—x)

y=1=4(x+1)
y-1l=1x+%
y=1x+4%
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12a A(-1,-2), B(7, 2) and C(k, 4)
The gradient of AB is:
V=¥ _2- (_2)
x-x  71-(-1)

of BC'is:

Multiply each side by (k — 7):
2=-2(k-17)
2=-2k+14
2k =12
k=6
¢ The equation of the line passing
through B and C is:

Y=N0 _ X=X
Vo= XX
-2 x-7

6—
X —

<

~N

_2
-2

2 -1

< B

Multiply each side by 2:
y—2:—2(x—7)
y—2=-2x+14

y=-2x+16
2x+y=16
2x+y—-16=0

SolutionBank

d Remember angle B is a right angle.

V4 C(6,4) 1
2

B(7,2)
/ B
O X

vz [

8
(_1’_2)

Use the diagram or the distance
formula to find the lengths 4B and

BC.
AB =8 +4’
=+/80
BC =41’ +2
=5
Area of AABC =%x\/@x\/§
=1x+/400
=1x20
= 10 units?

13a The equation of the line through
(—1,5) and (4, —2) is:
Y= _ X—X%
=V X=X
y=5 _x=(=1)
2-5 4—(-1)
y=35 x+l1
75

Multiply each side by —35:
5(y=5)=-T7(x+1)
S5y-25=-T7x-17
(Note: =2 =5and = =-7)
Tx+5y—-25=-7
Tx+5y—-18=0
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13 b For the coordinates of 4, substitute

y=0:
7x+5(0)—18=0
Tx—18=0
Tx=18
x=14

7

The coordinates of 4 are (£, 0).

For the coordinates of B, substitute

x=0:
7(0)+5y—18=0
5y-18=0
S5y=18
y=4
5
The coordinates of B are (0, ).
The area of AOAB is:

118 18 _ 162
2X7X5_35

=
»>

14 a Rearrange /i: 4y + x = 0 into the form

y=mx+tc:
4y=-x
y=—3x

[y has gradient —4 and it meets the

coordinate axes at (0, 0).

[>» has gradient 2 and it meets the y-axis
at (0, =3).

/> meets the x-axis when y = 0.

Substitute y = 0 into the equation:

0=2x-3
2x=3
x=3

l» meets the x-axis at (2,0).

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.
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14 a
A
I ' ;
1 3
0,00 x

(0,-3)
/|

b Solved4y+x=0andy=2x—3

simultaneously.
Substitute:

4(2x—3)+x =0
8x—12+x=0
9x—-12=0
9x=12
x==%
x=%

Now substitute x =% into y = 2x — 3:
y=2(3)-3
-3

w|oo

1

3
The coordinates of 4 are (4, -1).

¢ The gradient of /1 is —+.

The gradient of a line perpendicular to

1 1s —Ll=4.

4
The equation of this line is:

Y=n" =m(x_x1)

Multiply each term by 3:
3y=12x-17
0=12x-3y-17

The equation of the line is
12x =3y —17=0.



Pure Mathematics Year 1/AS

15a A(4, 6) and B(12, 2)

The gradient of the line /; through 4
and B is:

Yo =W _ 2-6
x,—-x 12-4
4
8
1
)
The equation of /; is:
y=—-1x+tc

Substituting x =4 and y = 6 into
y=—-3x+tc:
=—2@)+c
c=38
y=—-+x+c
x+2y—16=0

The gradient of the line /> is —%, the y-
intercept is 0.
y=-1x

Solvex+2y—16=0andy= —3x
simultaneously.
x+2(-3x)—16=0

x—3x—-16=0

—1x=16
x=—48

When x = —48:
y=-3(-48)
y=32
C is the point (—48, 32).

d The gradient of OA4 is:

Yo =W _ 6-0
x,—-x, 4-0
_3
2

SolutionBank

d The gradient of OC is:
»-» _ 32-0 2

x,—x (-48)-0 3

3w_2_—_
sx—5=-1.

Therefore the lines OA4 and OC are
perpendicular.

e O4d=./(4-0) +(6-0)’
=52
= J4x13
=213

0C = J((-48)- 0) + (32— 0)?

=3328
=/256x13
=164/13

f Area of AOAB = 1x16/13x2/13
= 208 units?

16a (4a, a) and (—3a, 2a)

The distance d between the points is:
d=\(x,=x) +(n,=»)
= J(-3a)—4a)* +(2a—a)’
=50a*
—\25x24°
=5a\2
b For points (4, 1) and (-3, 2), a = 1.

Substitute ¢ = 1 into Sa\/z .
Distance = 5\/5

¢ For points (12, 3) and (-9, 6), a = 3.
Substitute @ = 3 into 5a+/2 .
Distance = 15\/5
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16d For points (—20, —5) and (15, —10),

a=-5.
Substitute a = —5 into Sa\/z .
Distance = 25\/5

17a (x,y)is a point on y = 3x, so its
coordinates are (x, 3x).

The distance between A(—1, 5) and (x,

3x) is:

d =0, —x) +(, -3 )
= J(x=(=D)* +(3x—5)
=V +2x+1+9x> —30x +25
=V10x* —28x+26

b 10x>—28x+26 =~/74
10x*> —28x+26 =74
10x> —28x—-48=0
5x*—14x-24=0
(5x+6)(x—4)=0
x=—%orx=4
Whenx=-%,y=3(-¢)=-4&
When x = 4, y = 3(4) = 12
The points are B(—<,-2) and
C(4, 12).

¢ The gradient of the line y = 3x is 3,

so the perpendicular line has

gradient —+.

Its equation is:
y=-3x+tc
Whenx=-1and y =5:
5=-i(-D+c

c=4

y=—gxty

d Solvingy=—{x+4andy=3x
simultaneously:
3x=—1x+4%

SolutionBank

17d 9x=—x+14
10x=14
7

X=g

Whenx=I1:y=3($)=%
The point is (£,4)

€
A C(4,12)
y=3x

A(-1,3) yE-gx+ g

7 a1

525

0 X

B(£ L

BC = \/(xz _351)2 +(, _y1)2
= J@= (=9 +(12- (=)’
= @)+ (@Y

6760
25

Distance from 4(—1, 5) to (£,2) is:
JE-(D) +E -5y

160
25

Area of triangle is:
1 ’ 6760 520
X 25 25

= 20.8 units?

18 a Gradient of the line of best fit is:
¥, =¥ _30000-23000
X,—x,  3900-3200
_ 7000
700

=10
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18b C=aP+b
a=10
Using the point (3200, 23 000):
23 000 =10(3200) + b
b =-9000
C=10P —9000

¢ a is the gradient, which is the increase
in carbon dioxide emissions in millions
of tonnes for every 1 million tonnes of
oil pollution.

d The model is not valid for small values
of P as a negative amount of carbon
dioxide emissions is not possible.

Challenge
1 —2,-2), B(13, 8) and C(—4, 14 1
(-2,-2), B(13,8) and C(~4, 14) o
The equation of 4B is:
Y- _x-x B(13,8)
W= X=X
y=(2)_x-(=2) o D@2
= | x
8—(-2) 13-(=2) A(=2,-2)
y+2 x+2
10 15 Point D is where the line and the
3y+6=2x+4 perpendicular intersect.
3y=2x—-2 Solve the equations y = $x — +and
y=3x-3 y= —3x+ 8 simultaneously.
The gradient of AB = <. 2x—2=_-1x+8
The gradient of a line perpendicular to Multiply each term by 6.
AB= -3, 4x —4=-9x +48
13x =52
x=4

The equation of the perpendicular to
AB through C(—4, 14) is:

y—l4=— % (x — (—4)) Now substitute x = 4 into

:_i .
y-14=-3x-6 y= pxts:
:_i
y=—-3x+8 Y (@) +8
y=2

D is the point (4, 2).
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Challenge

1 AB=\/(x2—xl)2+(y2—yl)2
=J13-(-2) + 8- (-2)
=152 +10°
=325

CD =J(4—(-4))* +(2—14)
=208

Area of AABC = 1x+/325x~/208
= 130 units?

A(3, 8), B(9,9) and C(5, 2)
The gradient of 4B is:

Vo= W _ ﬂ

X, =X

[1 is perpendicular to 4B, so its gradient is
—6. It passes through C, so its equation is:
y=—6bx+c

2=-6(5)+c

c=32

The equation of /1 is y = —6x + 32.

The gradient of BC is:
Vo= W _ ﬂ
x,—-x, 5-9

7

4

l> is perpendicular to BC, so its gradient
is —4 . It passes through 4, so its equation
is:

= _45 4+
y ix+c

=-2(3)+c

= 68
¢ 7

The equation of hisy = —3x+ &,

SolutionBank

2 The gradient of AC is:

Vo= N :2_8

x,—-x, 5-3

w ola

[3 is perpendicular to BC, so its gradient is
1. It passes through B, so its equation is:

y=3x+c
=19 +c
c=6

The equation of l3is y = +x + 6.

Solve /1 and /> simultaneously.
—6ox+32=—-2x+ &

—42x + 224 = —4x + 68
38x =156

=18
T

y=—6(L)+32= 1

19

Their point of intersection is (%, L2 ).

Now solve /> and /5 simultaneously.
—ix 4 S=Lit6

—12x+204 ="7x + 126
19x =78
— 78

X~ 19

y=3()+6=142

Their point of intersection is (2, 140

19°19 /
Therefore, /1, [> and /3 all intersect at
(18,140
19219 /*

A(0, 0), B(a, b) and C(c, 0)

The gradient of 4B is:
»mn _0-0
x,—x, a—0

b

a

[1 1s perpendicular to 4B so its gradient is
a

P
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3 It passes through C so its equation is: Now solve /> and /5 simultaneously.
y= —%x + k where k is the y-intercept. = @
The intersection of /> and /3 is the point
AtC x=candy=0. ( a(c—a)j
a, .
0=—2 1% b
b Therefore, /1, /> and /3 all intersect at
=% (a —a(c—a)) .
b b
The equation of line /; is:
- L Z
TR
The gradient of BC is:
Vo= N _ 0-b
X,—Xx, c—a
b
c—a
[> is perpendicular to BC so its gradient is
c—a
b
It passes through A4, so its equation is:
y= €4 v+ K where K is the y-intercept.

AtA,x=0,y=0.

c—a
0= 0)+K
-0

K=0

The equation of line > is y = -

[3 is the vertical line through (a, b), so its
equation is x = a.

Solve /1 and /3 simultaneously.
2

yol e
b b
_a(c—a)
==
The intersection of /1 and /3 is the point
a(c—a)
(aa T)
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Circles 6A

La (x%)=(42).(%Y,)=(68)

SO(X1+X2 , y1+y2j=(4+6,2+8J=(E£j=(5,5)
2 2 2 2 )7 \272

(en

(%, 1) =(0,6),(%,, ¥,) = (12,2)
So(Xﬁxz | y1+y2j=(0+12’6+2j:(%’%j=(6’4)

2 2 2 2

¢ (% ¥1)=(22),(XY,)=(-46)
So(xl;xz | y1;y2j2(2+(2—4),2;6]=(—_22§j=(_1,4)

d (%) =(-6,4).(%;¥2) =(6,~4)
So(lerxz | y1+yzjz(—6+6,4+(—4)J=(%2J=(0,0)

2 2 2 2
e (%) =(7-4), (%, ¥2) =(-36)
o[y ) {00 48] (15
(% %2) =(-5,-5),(%1 ¥;) = (-118)
o[ ) (20 5 () (o3
9 (% %) =(62,4b),(x,,¥;) = (2a,~4b)
So(xi+x2,y1+yzj:[6a+2a’4b+(—4b)j=(8_a 9j=(4a’°)

2 2 2 2 22

h (Xl’ yl) = (_4u'0)’(le YZ) = (3u’_2V)

So(x1+x2 | yl+y2j:(—4u+3u 0+(_2V)J:(i'_vj

2 2 2 2
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1i (x,y)=(a+b2a-h),(x,y,)=(3a-b,~b)
So(leer yl+y2]=(a+b+3a—b 2a—b+(—b)j:(ﬁ 2a—2bj

=(2a,a-h)

2 2 2 2 2 2

i 00y =(42.1), (%0 y,) =(242,7)
So(xﬁxz’y1+y2j:[4x/§+2x/§’1+7J:(6\/§ §]=(3ﬁ’4)

2 2 2 2 2 2

k (xl,y1)=(x/§—«/§,3\/§+4\/§),(x2,y2)=(3\/§+\/3_,—x/§+2\/§)
So(lerx2 yl+y2j: J2-J3+32+43 3\/§+4\/§+(\/§+2\/§>J

2 2 2 2

42 2x/§+6\/§]

2 2

= (2v2,v2+343)

2 A(—2, 5) and B(a, b), midpoint M(4, 3)
Midpoint = X% Kty
2

H

2
(4’3):(—2+a’ﬂJ
2 2
4= 2212 and3:¥
a=10andb=1

3 (Xu)=(-46).(x,y,)=(7.8)
2555832 01

The centre is (%7)

4 (Xi,y1)=(4?a,_73bj,(xpyz)=(2a @J

54

4a 2a -3b Sb) (6a 2b
SO(X1+X2,Y1+Y2J= 5 5 4 4| |5 4 {3_679)
2 2 2 2 22 54
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4 The centre is (B_agj
54

5 a A(-3,-4) and B(6, 10)

centre of circle = midpoint = (XiJrX? : Y1+y2): (_3+6,_4+10j: (EBJ
2 2 2 2 2

b y=2x
_3 .. 3,_ : 3 : :
When x = > y= 2(5) = 3, therefore the centre of the circle (5,3) lies on the line
y = 2X.

6 J(E,ﬂj and K(—l,zj
4 3 2

S(-1) 4409
centreofcircle:midpoint:()(1;)(2,yl+yzj:[4 ( 2) 3t ]:(1 §j

2
y=8x+hb

7 (% ¥)=(0-2).(x,y,)=(6,-5)
{5y (2 2 (0 )0

Substitute x =3 andy = —% intox—-2y—-10=0:

(3)-2(-9-10:3#—10:0

So the centre is on the line x — 2y — 10 = 0.

8 (wy)=(ab).(xy,)=(2-3)
The centre is (6, 1) so

a+2 _

——=6
2
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8 a+2=12
a=10

b+(-3)

=1
2
b-3
2
bh-3=2
b=5
The coordinates of G are (10, 5).

=1

9 (Xl’yl)=(piq)!(xz;y2)=(3a,—7a)
The centre is (-2a, 5a) so

[ p+3a g +(—7a)j —(~2a,5a)

2 2
p+3a__

q=17a
The coordinates of C are (-7a, 17a).

10 (%, %) =(3p).(X:¥,)=(a.4)s0
3
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11 (%, ¥)=(-4,2a),(X,,y,)=(3b,—4) s
(—4+3b’2a—4j:(u2a)
2 2
—4+3b=b
2
-4+3b=2b
-4=-b
b=4
2a—4
2
2a—-4=4a
-4=2a
a=-2
so a=-2,b=4

=2a

Challenge

a B(7, 11) and C(p, q). Midpoint of BC is M(8, 5)
Midpoint = (Xi % yl i yzj

(8.5) = ( + p’11+q)

2 2
_ 74;p and 5 = 11+q
p=9andg=-1
b A(3,5)andB(7, 11)
Midpoint AB = = (% 5+211j (5,8)
Equation of line joining (5, 8) and M(8, 5):
y-8_Xx-35
5-8 8-5
y—8=—(x-5)
y=-Xx+13
¢ Gradientof lineAc= Y2=% = ED=5__
X, — X, 9-3
The gradient of the line y = —x + 13 is —1. The two gradients are equal so the two lines

are parallel.

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 5



Pure Mathematics Year 1/AS SolutionBank

Circles 6B
1 a A(-5,8)andB(7,2)
Midpoint = (_5+7 Ej
2 2
=(1,5)

The gradient of the line segment AB = =% - 28 _ 1
X, =X 7—(-5) 2

So the gradient of the line perpendicular to AB is 2.

The equation of the perpendicular line is

Y=Y =m(x-x)

m=2and (x,y;) = (L 5)

Soy—-5=2(x—-1)

y=2x+3
b C(-4,7)and D(2, 25)
Midpoint = (‘“2 , 7+25) = (-1, 16)
2 2
The gradient of the line segment CD = Yo=Y _ 25-7 _
X, =X 2— (_4)

So the gradient of the line perpendicular to CD is —%.

The equation of the perpendicular line is
y =Y =m(x-x)

m= —% and (%, Y,) = (-1, 16)

Soy - 16= —%(x— 1))

y:_lx+£
3 3

¢ E(3,-3)and F(13, -7)

o - (2222 (92D

j: 8, -5)

The gradient of the line segment EF = Y2~ %1 = -3 _ 2
X, =% 13-3 5

So the gradient of the line perpendicular to EF is g

The equation of the perpendicular line is
y =Yy =m(x-x)
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1 c¢cm= g and (x.,y,) =(8,-5)
S0y~ (-5)= 2 (-
5
+5=2x-20
y > X

5
= —x-25
y 2

d P(-4, 7) and Q(~4, ~1)
M|dp0|nt _ (—44'2(_4) ’ 7+§—1)): (_4, 3)

P and Q both have x-coordinates of —4, so this is the line x = —4. So the perpendicular to
PQ is a horizontal line with gradient 0.
The equation of the perpendicular line is
y =Yy =m(x-x)
m=0and (x,Y,) =(-4,3)
Soy—3=0(x—(-4))
y=3

e S(4,11) and T(-5, -1)
Midpoint = (4+§_5) ,11+(—1)j= [—35}

2 2
The gradient of the line segment ST = Y2~ Y1 = -4
X,—X -5-4 3

So the gradient of the line perpendicular to ST is —%.

The equation of the perpendicular line is

Y=Yy, =m(X-x)
3 1
m=——and (x,y,) =|—-—=,5
2 and () = 3.5
3 1
Soy—-5=-2| x—| -=
g 4(X ( 2D
3 3
—5=__—_x— =
y 4 8
y:_§X+3_7
4 8
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1 f X(13,11) and Y(5, 11)
Midpoint = (13;5 ,11’2“11} 9, 11)
The y-coordinates of points X and Y are both 11, so this is the liney = 11.

So the equation of the perpendicular line is x = a.
The line passes through the point (9, 11) soa = 9.

X=9
2
y The gradient of FG is
Yo= W 9-5 4
= = — =1
(G o T2 () 4
F(-2,5) The gradient of a line perpendicular to FG is
-1
» —=-1
0‘ \c (1)
T
C is the mid-point of FG, so the coordinates of C are
(xljtx2 | yl+y2]z(—2+2,5+9j:(9’ﬂj:(0,7)
2 2 2 2 2 2
The equation of | is
y=-Y,= m(x— X1)
y—7=-1(x-0)
y—7=-X
y=—X+7
Or we could have recognised immediately that (0, 7) is the y-intercept.
3
VA 1 The gradient of JK is
Yo= ¥ _ _5_(_3) _ —5+3 __g__i
X, = X 4-0 4 4 2
@ x The gradient of a line perpendicular to JK is
J(0,-3) P (2,-4) e Perp
—= 2
K 4,-5) (‘7)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 3



Pure Mathematics Year 1/AS SolutionBank

3 P is the mid-point of JK, so the coordinates of P are

(xizxz | ylzsz:[042-41—3+2(—5)J=[%’_%j:(2,_4)

The equation of | is
Y=y, =m(x-x)
y—(-4)=2(x-2)
y+4=2x-4
0=2x-y-4-4
2x-y-8=0

4 a A(-4,-9)and B(6, —3)

Midpoint = (—4+6,—9+2(—3)

]= (L, -6)

The gradient of the line segment AB = Yo=% - =3-(9)_3
X,—% 6-(-4) 5

So the gradient of the line perpendicular to AB is —%.

The equation of the perpendicular line is
y =Y =m(x-x)

m= -2 and (x,y,) = (1, -6)

Soy— (-6) = —%(x— 1)

_ 5 5
y+6= —2x+ >
3 3

y= 5, 13
3 3

b C(L1, 5) and D(~1, 9)

Midpoint = (ML;QJ = (5,7)

-y, _ 95 _ 1

The gradient of the line segment CD = Yo =
X,—% —-1-11 3

So the gradient of the line perpendicular to CD is 3.
The equation of the perpendicular line is
Y=Y =m(x-x)
m=3and (x,y,) =(5,7)
Soy—-7=3(x-5)
y=3x-8
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4 ¢ Solve the two perpendicular bisectors simultaneously
5 13

——X——=3x-8
3 3
—5x-13=9x-24
14x =11
11 11 79
X==—,50y=3|—|—-8=—
14 14 14

5 X(7,-2) and Y(4, q)

The gradient of the line segment XY = Y2~ %1 = a-(=2) _ q+2

X, — X, 4-7 -3
From the equation of the perpendicular bisector of PQ, y = 4x + b, the gradient is 4
Therefore, the gradient of XY = —1, o) _1_a+2
4 4 -3

g=_3

4

—2+(-2
Midpoint of XY =(7+4, ( 4)j: E_E
2 2 2 8

Substituting x = 1—21 andy = —% intoy = 4x + b gives

_E :4(Ej+b
8 2
b:_@
8
Sob:—@, -3
8 4
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Challenge

a P(6,9)and Q(3, —3)

Midpoint of PQ = (% 9+§_3)J: (§3j

The gradient of the line segment PQ = %: 4

So the gradient of the line perpendicular to PQ is —%.

The equation of the perpendicular line is
y =Yy =m(x-x)

m=-L and (x,y) = (g,sj

2
1 9
Soy-3= = x-2
y 4( j

2
y:_lx+§
4 8

R(-9, 3) and Q(3, —3)

Midpoint of RQ = ((‘3;” , 3+§‘9)j: (-3, 0)
The gradient of the line segment RQ = 3_9(_2) = —%

So the gradient of the line perpendicular to RQ is 2.
The equation of the perpendicular line is
y=Yr=m(x-=x)
m=2and (x,y,) = (-3,0)
Soy—0=2(x—(-3))

y=2x+6
P(6, 9) and R(-9, 3)
Midpoint of PR = (ME) = (_2’6]

2 2 2
. : 3-9 _2

The gradient of the line segment PR = ——= =

So the gradient of the line perpendicular to PR is —g.

The equation of the perpendicular line is

Y-y, =m(x-x)
5 3
m= -2 and ) = (-3 9]
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Solving each pair of pair of perpendicular bisectors simultaneously

PQ:y= —%x+%andRQ:y:2x+6

—£x+§:2x+6
4 8
—2X+33=16x+48
18x =-15
X = _g,y:Z(—§j+6: E
6 6 3

Lines PQ and RQ intersect at the point(—%,gj

RQ:y=2x+6andPR:y = —gx+%

2x+6:—§x+g

8X+24=-10x+9

18x =-15
X = _E,y:Z(_Ej +6:E
6 6 3

Therefore, all three perpendicular bisectors meet at the point (—%%}
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Circles 6C
1a (x.y)=(32),r=4
So(x—3)" +(y-2) =4
(x=3) +(y-2)" =16

¢ (X13y1):(5,—6),r=2\/3_,
SO(x_5)2+(y_(_6))2: 2\/5)2

(x—5)2+(y+6)2 =22(\/§)2
(x=5) +(y+6) =4x3
(x—5)z+(y+6)2 =12

d (x.y,)=(2a,7a).r =5a
So (x—2a) +(y-7a)" =(5a)’
(x-2a)’ +(y-7a)’ =252
e (%.%)=(-2v2,-3v2),r=1
o248 o[- -
(x+242) +(y+3v2) =1

2 a (x+5)2+(y—4)2=92
(=) +(y-4)" =9’
The centre of the circle is (-5, 4) and the radius is 9.
b (x=7) +(y-1) =16

(x=7) +(y-1)" =4
The centre of the circle is (7, 1) and the radius is 4.
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2 C (x+4)2 +y> =25
(e=(4)) +(y=0F =5
The centre of the circle is (—4, 0) and the radius is 5.
d (x+4a) +(y+a)’ =144a’
(x—(~4a)) +(y—(-a)) =(12a)’
The centre of the circle is (—4a, —a) and the radius is 12a.
e (x—3\/§)2 +(y+J§)2 =27
2 2 2
(=) () ()
Now~/27 =\9x3 =9x\3 =33

The centre of the circle is (3\/5 , —\/g ) and the radius is 3\/5

3 a Substitute x=4,y =8 into (Xx—2)>+(y—5)>=13
(X=2P2+({y-5°=(@-2 +(8-57=22+32=4+9=13V
So the circle passes through (4, 8).

b Substitute X =0,y =-2 into (X + 7)* + (y — 2)* = 65
X+ + (-2 =0+7 +(2-2=7*+(4)’=49+16=65V
So the circle passes through (0, —2).

¢ Substitute X =7,y =24 into x> + y* = 252
X2y =T+ (24> =49 + 576 = 625 =25 V'
So the circle passes through (7, —24).
d Substitute X = 6a, y = -3a into (X — 2a)* + (y + 5a)* = 20a>

(X —2a)* + (y + 5a)> = (6a—2a)*> + (-3a + 5a)> = (4a)* + (2a)* = 16a> + 4a> = 20a> v’
So the circle passes through (6a, —3a).

e Substitute X =+/5,y=—/5 into (x—3\/§)2+(y—\/§)2 :(2\/5)2
B 3B (5] (245 o 2]
= 4x5+4x5=20+20=40=(v40)

Now /40 = /4x10 = /4 x/10 =210 v

So the circle passes through (\/g , —\/g )
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4 The radius of the circle is

Yo%) + (2= v) =\(4-8) +((-2)-1)

The centre of the circle is (8, 1) and the radius is 5.
So(X— 82+ (y—1)P*=52
or (X—8)>+(y—1)>=25

5 P (5,6)and Q (-2, 2)
The centre of the circle is

(X1+Xz y1+y2j: 5+(-2) 6+2 Z(E §)=(E 4j
) ) 2°2 2’

The radius of the circle is

\/(X2 %) +(¥, -y, ) =\/(5_%j2 +(6-4)
(

7Y 2
=0l = +(2

1]+
:£+4

4

49 16
= |— 4+ —

4 4
_[e

4

6 Substitute x =1, y =-3 into(x—3)2 +(y+4)2 =r?
(1-3)" +(-3+4)" =r?
(<2) +(1) =1’

5=r?
So r=5
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7 a Substitute (2,2) into(x—2)" +(y—4)" =r’
(2-2) +(2-4

b The distance between (2, 2) and (2 + xﬁ ,5) is
2
\/(Xz _X1)2 +(y2 - yl)2 :\/(2+J§_2) +(5_2)2
- By

=/3+9

=12
The distance between (2, 2) and (2 _ B, 5) is
0o =% ) + (v, -’ =\/(2—\/§—2)2 +(5-2)
5]+

=+3+9

=12
The distance between (2+/3,5) and (2-+3,5) is
om0 = ((2-35)- (2 48)) +(5-5)
=\/(2—\/§—2—\/§)2+02
-6
= J4x3

=4/12

PQ, QR and PR all equal +/12 .
So APQR is equilateral.
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8 a Rearrange X* +Yy>—4Xx—11=0 into the form (X—a)2 +yr=r?
X —4x—11+y* =0
Completing the square gives

(x—2)" —4-11+y> =0
(x—2)2+y2 =15

b Centre of the circle = (2, 0), radius = «/E

9 a xX>+y?—10x+4y—20=0
X2 —10x+y>+4y—20=0
Completing the square gives
(X—52-25+(y+2>—4-20=0
(X—5P2+(y+2)>=49

b Centre of the circle = (5, —2), radius =7

10a X*+y*—-2x+8y—8=0
X2 —2x+y?+8y—-8=0
Completing the square gives
X—1P2-1+(y+4>-16-8=0
x—12+(y+4)>=25
Centre of the circle = (1, —4), radius = 5

b x*+y*+12x—4y=9
X2+ 12x+y>—4y=9
Completing the square gives
(X+6)2—-36+(y—2—-4=9
(X+6)>+(y—2)>=49
Centre of the circle = (-6, 2), radius = 7

c X2+y?—6y=22x—40
X = 22x +y* — 6y = —40
Completing the square gives
X—11)2 =121 +(y—3)>—9=—40
X—11)>+(y—3)>=90
Centre of the circle = (11, 3), radius = \/% = 3@

d x>+y?+5x—y+4=2y+8
X*+5x+y* =3y =4
Completing the square gives

( 5)2 25 ( 3)2 9
X+=| ——+|y-=| —==4
2) 4 2) 4
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2 2
10d (x+§j +(y—§j B
2 2 2

e 2 +2y>—6Xx+5y=2x—3y—3
2x2 — 8x +2y? + 8y =3
Completing the square gives
2((x—2)2—4)+2((y+2)*—4)=-3

2(x—2)>—8+2(y+2)>—-8=-3
2(x—2)*+2(y+2)*=13

(x—2)2+(y+2)2=§

Centre of the circle = (2, —2), radius = \/7 =X

1la X*+y?+12x+2y=k
x>+ 12x +y* +2y =k
(X+62-36+(y+1)>—1=Kk
(X+6)*+(y+1)*=k+37
Centre of the circle = (=6, —1)

b A circle must have a positive radius, so k + 37 >0
So k> -37

12 x> +y>+6x— 14y =483
X2+ 6X +y* — 14y = 483
Completing the square gives
(X+3)2-9+(y—7)—49=483
(X+ 32+ (y—7)* =541
Centre of the circle = (=3, 7), radius = @
P(7, —14), midpoint of the line = (-3, 7)

Midpoint = (%MJ

2
(-3.7) = (7+x2,—14+y2J
2 2
3= 7+ X, and 7 = -14+vy,
X =—13,X, =28
Q(-13,28)
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13 (x—k?+y*=41,(3,4)
Substitute X = 3 and y = 4 into the equation (X — k)* +y? =41
(3—ky?+42=41
k*— 6k +9+16 =41

k»—6k—16=0
(k+2)k—8)=0
k=—2ork=38
Challenge

1 (x—Kk?+(y—2)*=50,(4,-5)
Substitute X =4 and y = —5 into the equation (X — k)? + (y — 2)> = 50
(4 —Kk)*+(-5-2)*=50
k?—8k+16+49=50

kK2—8k+15=0
(k—3)Kk—-5)=0
k=3ork=5

(X—=3+(y—2)*=500r (Xx—5)>+(y—2)*=50

2 X+y*+2fx+2gy+c=0
Rearranging the equation:
X2+ 2fx+y*+2gy +c=0
Completing the square gives
X+ —f2+(y+gP’—-g°+c=0
X+ +(y+gr=f>+g’—c

The centre of the circle is (—f, —g) and the radius is /> +g*> —cC .
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Circles 6D

1 Substitutey=0into (x-1)"+(y—3)" =45
(x-1)"+(-3)" =45
(x-1)"+9=45
(x-1)" =36
x—1=+/36

X—1=46

Sox-1=6=x=7
andx-1=-6=>x=-5

The circle meets the x-axis at (7, 0) and (-5, 0).
2 Substitute x = 0 into (x—2)" +(y+3)" =29
(-2)" +(y+3)" =29
4+(y+3)° =29
(y+3)' =25
y+3= +/25

y+3=15

Soy+3=5=y=2
andy+3=-5=>y=-8
The circle meets the y-axis at (0, 2) and (0, -8).

3 Substitutey =x +4into (x-3)"+(y—5) =34
(x-3)" +((x+4)-5) =34
(x=3)"+(x+4-5)" =34
(x—3)2 +(x—1)2 =34
X2 —6X+9+Xx°—2x+1=34
2x* —8x+10=34
2x2—8x—24=0
x?—4x-12=0
(x—6)(x+2)=0
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3 Sox=6andx=-2
Substitute x =6 intoy =x + 4
y=6+4
y=10
Substitute x=-2 intoy=x+4
y=-2+4
y=2
The coordinates of A and B are (6, 10) and (-2, 2).

4 Rearrangingx+y+5=0
y+5=-x
y=-x-5
and x> +6x+y>+10y—31=0
(x+3)2+(y+5)2 =65
Substitute y = —x -5 into (x+3)° +(y +5)° =65
(x+3)° +((—x—5)+5)2 =65
(x+3)" +(-x—5+5)" =65
(x+3)2 +(—x)2 =65
X* +6X+9+x* =65
2x° +6X+9 =165
2x* +6x-56=0
X* +3x—28=0
(x+7)(x-4)=0
Sox=-7andx=4

Substitute x =-7 intoy = —x -5

y=-(-7)-5

y=7-5

y=2

Substitute x =4 intoy =x-5

y=~(4)-5

y=-4-5

y=-9

So the line meets the circle at (-7, 2) and (4, -9).

5 X —4x+y* =21
Completing the square gives (x— 2)2 +y* =25
Substitute y = x — 10 into (x — 2)? + y? = 25
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5 (x—2)"+(x~10)" =25
X? —4x+4+ x> —20x+100 = 25
2x* —24x+104 =25
2x2—24x+79=0
Now b? —4ac = (—24)° —4(2)(79) =576 - 632 = —56
As b? —4ac <0 then 2x* —24x+79 =0 has no real roots.
So the line does not meet the circle.

6 a Rearrangingx+y=11
y=11-x
Substitute y=11-xintox? + (y-3)*=32
21((12-x) 3)2 =32

2

X +(11 X—3
“+(8 X)2

X* +64-16X+x* =32

2x° 16X +64 =32

2x*—16x+32=0

X’ —8x+16=0

(x—4)(x-4)=0

The line meets the circle at x = 4 (only).
So the line is a tangent.

b Substitutex =4 intoy =11 -x
y=11-(4)
y=11-4
y=7
The point of intersection is (4, 7).
7 a Substitute y = 2x -2 into (x—2)2 +(y—2)2 =20
(x—2)° +((2x-2)-2) =20
(x=2)" +(2x-4)" =20
X? —4X+4+4x* —16x+16 = 20
5x? —20x+20=20
5x*—20x=0
5x(x—4)=0
Sox=0andx=4
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7 a Substitutex=0intoy =2x -2
y=2(0)-2
y=0-2
y=-2
Substitute x =4 intoy = 2x — 2
y=2(4)-2
y=8-2
y=6
So the coordinates of A and B are (0, —-2) and (4, 6).

b The length of AB is

Yoo =% +(v, - ) = (4-0) +(6-(-2))

The radius of the circle (x—2)2 +(y—2)2 =20 is +/20.

So the length of the chord AB is twice the length of the radius.
AB is a diameter of the circle.

Alternative method: substitute x =2,y =2 intoy = 2x - 2

2=2(2)-2=4-2=2

So the line y = 2x — 2 joining A and B passes through the centre (2, 2) of the circle.
So AB is a diameter of the circle.

8 a Substitutex=3,y=10intox+y=a
() +(10)=a
So a=13

b Substitute x =3,y = 10 into (x — p)? + (y — 6)> = 20
(3-p) +(10-6)" =20
(3-p) +42=20
(3-p)° +16=20
(3-p)' =4
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So03-p=2=p=1
and3-p=-2=p=5

9 a Substitutey =x—5into (x —4)? + (y + 7)* = 50

(Xx—4)2+(x—5+7)>=50

X —8x+16+x2+4x+4=50

2x>—4x—30=0

x2—2x—15=0

x+3)(x—5)=0

Xx=-30rx=5

whenx=-3,y=-3-5=-8

whenx=5,y=5-5=0

A(=3, —8) and B(5, 0) or vice versa

b Midpoint = (‘3+5,‘8+°)=(1,_4)
2 2
The gradient of the line segment AB = Yoo N
X, =X
_0-(-8)
5_(-3)
=1

So the gradient of the line perpendicular to AB is —1.

Using y—y, =m(x—-x), m=-1and (x,y;) =(1,—4)

So the equation of the perpendicular lineisy — (=4) =—(x — 1)
y=-x-3

¢ Centre of the circle = (4, —7)
Substitute x=4 intoy =—x—3
y=—4-3=-7
Therefore, the perpendicular bisector of AB passes through the centre of the circle (4, —7)

d Base OB =5 units, height of the triangle = 8 units
Area OAB = % x 5 x 8 = 20 units?

10a Substitute y = kx into x> — 10x + y> — 12y + 57 =0
X2 —10x + (kx)? — 12kx + 57 =0
(1+Kk)x2— (10 + 12k)x +57=0
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10a For two distinct points of intersection, b?> — 4ac > 0
(—(10 + 12k))> — 4(1 + k*)(57) >0
144k? + 240k + 100 — 228k%> — 228 > 0
—84Kk? + 240k — 128 > 0
21k?> - 60k +32<0

60+ /(~60)% —4(21)(32)
2(21)

_ 60++/912

-

b Using the formula, k =

k

k=0.710r k =2.15,
0.71<k<2.15

11 X+ 2x+y?>=k
Completing the square gives
(x+1)2-1+y?=k
y2=k+1—(x+1)>
Using the equation of the liney =4x -1
y? = (4x—1)°
Solving the equations simultaneously gives

k +1—(x+1)2 = (4x—1)2
kK+1-x>—-2x-1=16x*-8x+1
17x*—6x—k+1=0

The line and the circle do not intersect so there are no solutions.
Using the discriminant: b? — 4ac < 0

36-4(17)(-k+1) <0
36-68+68k <0
68k < 32
k<i
17
12 Substitutey =2x +5into x* +kx+y* =4
x2+kx+(2x+5)2 =4
X2 +kx+4x* +20x+25=4
5x* +(20+k)x+21=0
For one point of intersection, b? — 4ac =0
(20+k)’ —4(5)(21)=0
k®+40k +400-420=0
k®+40k-20=0

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 6



Pure Mathematics Year 1/AS SolutionBank

40+ ,/40% — 4(1)(~20)
2(1)
_ —40++/1680

2
=-20+£+420
=-20+£2v105

k= -20+2+v105 or k= -20-2+v105

12 Using the formula, k =
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Circles 6E

1 a (x+1)2+(y+6)%=r%(2,23)
Substitute x = 2 and y = 3 into the equation (x + 1) + (y + 6)% = r?

(2 +1)2 +(3+6)2 =r?

9+81=r?
r=+/90
=310
b The line has equation x + 3y — 11 =0
Jy=—x+11
3 3

The gradient of the line is —%

The gradient of the radius from the centre of the circle (—1, —6) to (2, 3) is:
Yo= ¥ _ 3_(_6) _9

X—% 2-(-1) 3

As —% x 3 =—1, the line and the radius to the point (2, 3) are perpendicular.

2 a The radius of the circle is

JOux) + (=) =(4-1) 4 (6 (-2)) =V =064 =73

The equation of the circle is
(x-4) +(y-6)° =(v73)
or (x—4)"+(y—6)" =73
b The gradient of the line joining (1, —2) and (4, 6) is

A :6—(—2)=6+2=§
X, =X, 4-1 3 3

The gradient of the tangent is -1 —g

(3)

3

The equation of the tangent to the circle at (1, -2) is
y-y,=m ( X— Xl)

y-(-2)=-5(x-)
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2 b y+2:—§(x—l)

8y +16 =-3(x-1)

8y+16=-3x+3
3x+8y+16=3
3x+8y+13=0

3 a A(-1,-9)and B(7, -5)

Midpoint = (—1+7’—9+2(—5)

J: 3,-7)

The gradient of the line segment AB = Y2~ Y1 = S-(9)_
X, =% 71— (_1)

So the gradient of a line perpendicular to AB is —2.

The equation of the perpendicular line is

y=y =m(x-x)

m=-2and (x,Yy,)=(3 —7)

Soy—(-7)=-2(x—3)
y=-2x-1

1
2

b Centre of the circle is (1, —3)
Substitute x = 1 into the equationy = —2x — 1
y=-2(1)-1=-3
Therefore, the perpendicular bisector of AB, y = —2x — 1, passes through the centre of the
circle (1, —3)

4 a P(3,1)and Q(5, —3)
Midpoint = (i;#j: (4,-1)

The gradient of the line segment PQ = Y=o 3-1_,
X,—%  5-3

So the gradient of the line perpendicular to PQ is %

The equation of the perpendicular line is
y =Yy =m(x-x)

m= % and (x,,y;) = (4,-1)
Soy—(—l):%(x—4)

y==x-3

N |-
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4 b Complete the square for x> — 4x + y? + 4y = 2
(X—22—4+(y+2)°-4=2
(x—2)2+(y+2)?=10
Centre of the circle is (2, —2)

Substitute x = 2 into the equation y = %x -3
1
==(2)-3=-2
5@

Therefore, the perpendicular bisector of PQ, y = %x — 3, passes through the centre of the

circle (2, —2)

5 a Substitute x =—7 and y = —6 into x? + 18x + y? — 2y + 29
X2+ 18x +y? — 2y + 29 = (—7)% + 18(-7) + (—6)> — 2(-6) + 29
=49-126+36 + 12+ 29
=0
The point P satisfies the equation, so P lies on C.

b Completing the square gives
(x+9)*+(y—1)*=53
The centre of the circle, A, is (-9, 1).

The gradientof cp = Y2 =% - _=6-1 _ _77

X,~% —1-(-9)

Gradient of the tangent is %

Y=Y =mx-x)
Y- (6= 2~ ()

y=—x-4

~N N

¢ The tangent intersects the y-axis at x =0
2
=—(0)-4=-4
y= ()
R(O, _4)

d Height of triangle = radius of circle = /53
Base of triangle = distance PR

JOG=%)2 + (Y, = ¥1)? = (-7 -0)? + (-6 (-4))* = /B3

Area APR = %x\/@ x+/53 = 26.5 units?
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6 a The centre of the circle (x+4)2 +(y—1)2 =242 is (-4,1).
The gradient of the line joining (-4, 1) and (7, -10) is
Yo=Y -10-1 _ -11 __E—_
X,-X 7-(-4) 7+4 11

The gradient of the tangent is 1

(-1)
The equation of the tangent is
y=-Y.= m(x— Xi)
y—(-10)=1(x-7)
y+10=x-7
y=x-17

Substitute x=0intoy =x - 17
y=0-17

y=-17

So the coordinates of S are (0, -17)

Substitutey =0 intoy = x - 17
0=x-17

x=17

So the coordinates of T are (17, 0).

| y=x-17

LY

The area of AOST is %x17><17 =1445
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7 (x+5)2+(y+3)>=80
Gradient of tangent =2,so0y =2x + ¢

Diameter of the circle that touches |1 and I, has gradient —% and passes through the

centre of the circle (—5, —3)

1
= —=x+d
y 2
1
—3=-=(5+d
5> (™)
g=-2
2

y= —%x - 1—21 is the equation of the diameter that touches I1 and .
Solve the equation of the diameter and circle simultaneously:

(x+5)2+(—%x— 2)2:80

X2+ 10x+25+ T2+ 2x+ 22 _g0 =0
4 2 4
4x% + 40x + 100 + X2 + 10x + 25— 320=0
5x2 + 50X — 195 =0
X +10x—39=0
x+13)(x—3)=0
X=—130rx=3

Whenx=-13,y = —%(—13)— 1 1
1 11
Whenx=3,y=-=03)— —=-7
y 2() 5

(—13, 1) and (3, —7) are the coordinates where the diameter touches lines 11 and .
Substitute these coordinates into the equationy = 2x + ¢

Whenx=-13,y=1,1=2(-13)+c,c =27,y =2x + 27
Whenx=3,y=-7,-7=23)+c,c=-13,y=2x—13
li:y=2x+27
:y=2x—13

8 a (x—3°%+(y—-p)P=5and2x+y—-5=0
Soy=-2x+5

Solve the equations simultaneously:
(x—3)%+(—2x+5-p)>=5
X2—6X+9+4x2—20x + 4px + 25— 10p + p>—5=0
5x2 — 26X + 4px + 29 —10p + p?> =0
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8 a Using the discriminant for one solution:
b2 —4ac =0
(—26 + 4p)? —4(5)(29 — 10p + p?) =0
16p? — 208p + 676 —20p? + 200p — 580 = 0
—4p?> -8p+96=0
p?+2p—24=0
(P—-4)(p+6)=0
p=4orp=—=6

b Whenp=4,(x—3°+(y—4)?=5
Whenp=—6,(x—3)3+ (y+6)>=5
(3,4) and (3, —6)

9 a The centre of the circle, Q, is (11, —5)
To find the radius of the circle:

PQ = \/(Xz - X1)2 + (yz - y1)2
— J(5-11)? + (3-(-5))?

= /(-6)* +8°

=10
(x —11)% + (y + 5)> =100

b The gradient of PQ = Y2~ %1 = 3-(9_ 4
X, — X, 5-11 -3

Gradient of the tangent is %
y=-Y,= m(x — Xl)
3
—3=—(Xx—5
y 2 %79

y= 3y 3
4 4

11+5 -5+3
2 2

¢ Midpoint of PQ = ( j: (8,-1)

Gradient of Iz is % as the line is parallel to .
y =Y, =m(X=x)
3
-(-1)=—(x—8
y-(h=,x=8

y=—x—7

Mlw
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9 ¢ Solvey= %x — 7 and (x — 11)% + (y + 5)? = 100 simultaneously

2
(x—11)% + (%x—zj =100

x2—22x+121+%x2—3x+4—100:0

25x2 — 400x + 400 =0
X2 —16x+16=0

16i2\/192 = 8443

Using the formula, x =
When x = 8+44/3,y = %(8+4\/§)—7: ~1+343

Whenx = 8-44/3,y = %(8—4\/5) ~7=-1-3J3
A(8—4+/3, —1-3/3) and B(8+4+/3, —1+34/3)

d AB= (% —%)? + (¥, — V,)?
=B+ 43— (8-43) + (-1+3V3 - (-1-3V3))’
~(843)" +(643)?
=4/192+108

=/300
-104/3

2+10 3+1
2 2

10a M:[ j:(6,2)

1-3 _ 1

Gradient RS = Y2~ %1 = =
X, =% 10-2 4

Gradient of I is 4

Y=-¥%.= m(X_ X1)

y—2=4(x—06)
y = 4x — 22 is the equation of |

b Usingy=4x—22whenx=a,y=-2:
—2=4a-22,a=5

¢ radius = distance CR = \/(xz =) +(y,-y,)’ = \/(2_5)2 +(3-(-2))% = /34

Centre of circle is (5, —2)
Equation of circle is (x — 5)? + (y + 2)* = 34
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10d Solvey = 4x — 22 and (x — 5)% + (y + 2)? = 34 simultaneously
(x —5)% + (4x — 20)% = 34
x? — 10x + 25 + 16x? — 160x + 400 — 34 = 0
17x>—170x +391 =0
x2—10x+23=0

101;\/5 = 5+4/2

Using the formula, x =

Whenx = 5++2,y=4(5+2) - 22= —2+4/2
Whenx = 5-+/2,y=4(5-+2)-22= —2-42
A(5++2,-2+42) and B(5-+/2 ,-2-4+/2)

1la X>—4x+y>—6y=7
(x—22—-4+(y—-32-9=7
(x=2)*+(y—3)°=20
Substitute x = 3y — 17 into (x — 2)? + (y — 3)> =20
By —19)*+(y—3)°=20
9y?— 114y +361+y>—6y+9-20=0
10y% — 120y + 350 = 0
y2—12y+35=0
(y-7-5=0
y=70r5
wheny=7,x=3(7)-17=4
wheny =5,x=3(5)—-17=-2
P(~2, 5) and Q(4, 7)

b Centre of circle T = (2, 3) and P(-2, 5)

Gradientof pT= Y2 =% = 573 _ 1
X, =% —2-2 2
Gradient of the tangent is 2
y_ylzm(x_x1)
y—5=2(x+2)
y=2x+9
Gradient of QT = Y2~ %1 = =3_,
X, =% 4-2
Gradient of the tangent is —%
y—y1=m(x—x1)
1
—7=—=(x—-4
y ;=4
1
=——Xx+9
y 2
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11c Gradient PQ = > _1
4-(-2) 3
Midpoint of PQ = (‘22*4 %} (1,6)
Gradient of the perpendicular bisector is —3
Y=Y =m(x-x)
y—6=-3(x-1)
y=-3x+9

d y:2x+9,y:—%x+9andy:—3x+9
Solvey=2x+9andy= —%x + 9 simultaneously

2x+9=—1x+9
2

4x+18=-x+18

x=0,y=9

0,9

Solvey =2x + 9 and y = —3x + 9 simultaneously
2X+9=-3x+9

x=0,y=9

(0,9)

Therefore all three lines intersect at (0, 9)
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Challenge

1 y-intercept=—-2soy=mx — 2
Substitute y =mx — 2 into (x — 7)>+ (y + 1)>=5
x—72%+(mx—1)%2=5
X2—14x +49 + m*>* - 2mx+1—-5=0
(1+m?)x2—(14 +2m)x +45=0
Using the discriminant when there are only one root
b?—4ac=0
(—(14 + 2m))? —4(1 + m?)(45) = 0
4m? + 56m + 196 — 180 — 180m? =0
176m? —56m — 16 =0
22m?—-7Tm—-2=0
(11m+2)2m-1)=0

2 1
=——orm==
11 2

As m is positive, m =

N |-~

Therefore the equation of the line isy = %x -2

2 a (x—2)%+(y—1)2=10

Radius = \/1_0

CR= \/(6-2)? +(-1-1)* = 4> + (-2)* = /20
Using Pythagoras' theorem, PR = \/(«/ﬁ)2 - (v10)? =+/20-10 = V10

QR = {/(v/20)* - (v10)* = 20-10 = 10

CP=PR=QR=CQ= V10, so all four sides of the quadrilateral are the same length.

Using circle theorems, angle CPR = angle CQR =90° (A radius meets a tangent at 90°.)
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2 b Since QR = CQ the angles QCR and QRC are equal and are each 45 degrees. The same is
true for angles CRP and RCP. Therefore all the angles at Q, P, C and R are 90°.
Therefore, CPQR is a square.

CPQR is a square so it's diagonals bisect at right angles and are equal.

Midpoint of square = midpoint of CR = (%1;21) =(4,0)

P

Q

P(5, 2) and Q(3, —2)

Gradient of PR = -2 -3
R(6,—1), m=-3
y =Yy =m(x-x)
y+1=-3(x—6)
y=-3x+17
QR is perpendicular to PR, so gradient of QR = %
1
R(6,-1),m= =
(6,-1) 3
y =Yy =m(x-x)
1
+1=-(x-6
y 3( )
1
==-x-3
y 3

The equations arey =—3x+ 17 and y = %x -3
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Circles 6F

1 a U(-2,8),V(7,7) and W(-3, —1)
UVZ= (X, = %)* + (Y, — 1)’
= (7+2)° +(7-8)
=82
VW2 = (=3-7)* +(-1-7)?
=164
UW2 = (=3+2)* +(-1-8)°
=82
Use Pythagoras' theorem to show UV? + UW? = VW?
82 + 82 = 164 = VW?
Therefore, UVW is a right-angled triangle.

b UVW is aright-angled triangle, therefore VW is the diameter of the circle.
Centre of circle = Midpoint of VW

Midpoint = (7 +(9) T+ (_1)j = (2, 3)

2 2
v164 16

¢ Radius of the circle is E of VW = — T\ = J41
(x=2)°+(y-3)*=41

2 a A(2,6),B(5 7)and C(8, —2)
Use Pythagoras' theorem to show AB? + BC? = AC?

AB? = (X, —%)* + (Y, — ¥;)*= (5-2)* +(7-6)*=

BC?= (8-5)°+(-2-7)"=90

AC? = (8-2)* +(-2-6)*=100

Therefore, ABC is a right-angled triangle and AC is the diameter of the circle.

b Centre of circle = Midpoint of AC

Midpoint = [% ks (_2)j= (5, 2)

2
4100

Radius of the circle is %of AC = — 7 =5
(x=5°+(y-2)°=25

¢ Base of triangle = AB = +/10 units
Height of triangle = BC = V90 units

Area of triangle ABC = %x\/ﬁx\/% = 15 units?
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3 ai A3, 19)andB(9, 11)

Midpoint = (—3+9’19+11
2 2

j: (3, 15)

The gradient of the line segment AB = Y21 — 1-19 _ 2
X,-% 9-(=3) 3

So the gradient of the line perpendicular to AB is g .

The equation of the perpendicular line is
y =Yy =m(x—x)

m= 2 and (x, %) = (3,19

Soy—15= g(x—S)

3 21

= —X+ —

2 2

i A(=3, 19) and C(-15, 1)
Midpoint = (‘3‘15,19”): (-9, 10)
2 2

The gradient of the line segment AC = =¥ _ 1719 _ 3
X,—%  -15+3 2

So the gradient of the line perpendicular to AC is —%.

The equation of the perpendicular line is
y =Yy =m(x—x,)

m= -2 and (x,y,) = (-8, 10)
Soy—10= —%(x+9)

2
=-——x+4
y 3

b Solvey= gx + % andy = —%x + 4 simultaneously

3 21 2

—X+ — =—-—=x+4
2 2
I9X+63=-4x+24
13x =—39

Xx=-3,y= —%(—3)+4:6

So, the coordinates of the centre of the circle are (-3, 6)
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3 ¢ Radius = distance from (=3, 6) to (9, 11)
Jou=x) 4 (y, - 1) =9 +3) + (11-6) =127 +5° =13
(x +3)%>+ (y—6)>=169

4 a i P(-11,8)and Q(-6, —7)

Midpoint = (_11_6,—8_7J: (—EEJ
2 2 2 2

The gradient of the line segment PQ = Y2~ = -8 _
X,—% —6+11

So the gradient of the line perpendicular to PQ is %

The equation of the perpendicular line is
y—m=mu—&)
17 1

n= 1 and (x,y,) = [—7 Ej

1 1( 17)
Soy— — = =| X+—
2 3 2
y—lx E
3 3

il Q(-6,—7)and R(4, —7)
QR istheliney =-7.
— —6+4 —7-7
Midpoint = — | =(-1,—7
point = (4,1 )= (4, 7)
The equation of the perpendicular line is x =—1.

b Solvey= %x + % and x = —1 simultaneously to find the centre of the circle:

L=y

y=3
The centre of the circle is (-1, 3)
Radius = distance from (-1, 3) to (4, —7)

\/(XZ_X1)2+(y2_y1)2 :\/(4+1)2 +(—7—3)2 =\/]75
(x+1)2+(y—3)?=125
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5 R(-2, 1) and S(4, 3)

Midpoint = (_2;4 %} =(1,2)

The gradient of the line segment RS = Y21 = 3-1_1
X,—X% 4+2 3
So the gradient of the line perpendicular to RS is —3.
The equation of the perpendicular line is
y =Y =m(x-x)
m=-3and (x,y,) = (L 2)
Soy—-2=-3(x—-1)
y=-3x+5

S(4, 3) and T(10, -5)

thpMnt:(4tf0,§%§j:(Z—1)

yz_y1: —5-3__4

x,—x 10-4 3

The gradient of the line segment ST =

So the gradient of the line perpendicular to ST is %

The equation of the perpendicular line is
y =Y =m(x-x)

m= 2 and (x,y) = (7. 1)

Soy+1= %(X—?)

y=3, 2
4 4

Solvey=-3x+5andy = %x - % simultaneously

—3x+5= gx—E
4 4
—12x+20=3x—-25
15x =45

x=3,y=-3(3)+5=—4
So the centre of the circle is (3, —4)
Radius = distance from centre (3, —4) to (-2, 1)

JO %)+ (Yo~ i) =+(c2-3)% + (L+ 4)° = /50

The equation of the circle is (x — 3)? + (y + 4)> =50
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6 a A(3,15),B(-13, 3) and C(-7, —5)
Using Pythagoras' theorem AB? + BC? = AC?
AB? = (X, —%)*+(y,—V¥,)* = (=13 = 3)*+ (3 — 15)* = 256 + 144 = 400
BC®= (X, =)  +(¥; = ¥))" = (-7 + 13"+ (-5~ 3)" =36 + 64 = 100
AC?= (X, — %)’ +(Y,—V,)* = (=7 = 3)*+ (=5 — 15)*> =100 + 400 = 500
Therefore ABC is a right-angled triangle.

b Centre of circle = midpoint of AC = (?%} =(-2,5)
Radius = % of AC = % of /500 = % =55

Equation of circle: (x + 2)2 + (y — 5)2 = (5[ 5)2 or (x +2)2 + (y — 5)2 =125
¢ We know that A, B and C all lie on the circumference of the circle.
D(8, 0), substitute x = 8 and y = 0 into the equation of the circle:
(8+2)?+(0—5)>=100+25=125
Therefore, D(8, 0) lies on the circumference of the circle (x + 2)? + (y — 5)% = 125
7 a A(-1,9), B(6, 10), C(7, 3), D(0, 2)

The length of AB is

V=0 + (v =) =y(8-(-1)) +(10-9)" =V7*+1* = Vag+1- 50

The length of BC is

JO =% ) +(¥, =y, ={(7-6) +(3-10)" =12 +(~7)° =1+ 49 =50

The length of CD is

V0 =% )+ (=) =(0=7) +(2-3)" = (=7)" +(-1)" =49 +1=50

The length of DA is

JOG =% ) + (¥, =y, ) =(-1-0)° +(9-2)° = J(-1)° +7* =1+ 49 =50

The sides of the quadrilateral are equal.

The gradient of AB is
y,-y, 10-9 1

X, — %, _6—(—1)_7
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7 a The gradient of BC is
yz_y1_3_10___7_
X, =X 7-6 1

—7

The product of the gradients = Gx—?j =-1.

So the line AB is perpendicular to BC.
So the quadrilateral ABCD is a square.

b The area =+/50 x+/50 =50

¢ The mid-point of AC is

(xljtx2 yl+y2j_(—1+7 9+3j
2 2 )L 2 2

So the centre of the circle is (3, 6).

)

8 a D(-12,-3), E(-10, b), F(2, -5)
Using Pythagoras' theorem DE? + EF? = DF?
DE? = (X, — X1)2 +(y, - y1)2

= (-10+ 12)> + (b + 3)?
=4+b?+6b+9
=b?+6b+ 13
EF?= (%, —%)* +(Y, = Y,)°
= (2 + 10)? + (-5 — b)?
=144 + b%> + 10b + 25
=b?+ 10b + 169
DF?= (%, —%)" + (¥, = Y.)’
= (2 +12)? + (-5 + 3)?
=196 +4
=200

b%+6b + 13 + b? + 10b + 169 = 200
2b2+16b—18=0

b2+8b—-9=0
(b+9)b—1)=0
b=-—9orb=1
Asb>0b=1.
b Centre of circle = midpoint of DF = (_12; 2 , _32_5j = (-5, —4)
. 1 1 1072
Distance of radius = 5 of DF = > of +/200 = — = 52

Equation of circle: (x + 5)2 + (y + 4)2 = (5+/2)2=50
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9 a x2+2x+y?—24y—24=0
Completing the square gives:
(X+1)2-1+(y—12?-144-24=0
(x+ 1)+ (y—12)> =169
Centre of the circle is (-1, 12) and the radius of the circle is 13.

b If AB is the diameter of the circle then the midpoint of AB is the centre of the circle.
Midpoint of AB = (‘132”1,172*7) - (-1,12)
Therefore, AB is the diameter of the circle.

¢ The point C lies on the x-axis, soy = 0.
Substitute y = 0 into the equation of the circle.
(x+1)*+(0—-12)?=169

X2+ 2x + 1+ 144 = 169

X2 +2x—24=0
x+6)(x—4)=0
X=—6,x=4

As X is negative, X = —6
The coordinates of C are (-6, 0)
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Circles, Mixed Exercise 6

1 a QRisthe diameter of the circle so the centre, C, is the midpoint of QR

Midpoint :[11+(_5) ,12+0j =(3,6)
2 2
C(3, 6)
.1 . 1 21 2 2
b Radius = > of diameter = > of QR = > of \/(xz—xi) +(Y,— V)
= % of \/(-5-11)2 +(0—12)?
-1 of /400
2
1 .
= > of 20 = 10 units

¢ Circle with centre (3, 6) and radius 10:
(x—3)%+ (y—6)>=100

d P(13, 6) lies on the circle if P satisfies the equation, so substitute x = 13 and y = 6 into the
equation of the circle:
(13—3)?+ (6 — 6)>=100 + 0 = 100
Therefore, P lies on the circle.

2 The distance between (0, 0) and (5 —2) IS

\/(Xz_x1)2+(y2_y1) \/(5 0 \/52 25+4 \/E
The radius of the circle is /30.
As /29 <+/30 (0,0) lies inside the circle.

3 a xX+3x+y’+6y=3x—2y—7
X2 +y2+8y=—7
Completing the square gives:
(x—=0)>+(y+4)y°-16=-7
(x—0)°+(y+4)*=9
Centre of the circle is (0, —4) and the radius is 3.

b The circle intersects the y-axisat x =0
0-07+(y+4)3?=9
y2+8y+16=9
y2+8y+7=0
(y+1)(y+7)=0
y=-lory=-7
(0,-1) and (0, —7)
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3 ¢ Atthe x-axis,y =0

X2+ 0% +8(0) =7

X2 =7

There are no real solutions, so the circle does not intersect the x-axis.
4 a The centre of (x—8)+(y—8)" =117 is (8,8).

Substitute (8, 8) into (x +1)2 +(y- 3)2 =106

(8+1)° +(8-3)" =9% +5? =81+25=106 v

So (8, 8) lies on the circle (x+1)2 +(y—3)2 =106.

b As Q is the centre of the circle (x+1)2 +(y—3)2 =106 and P lies on this circle, the
length PQ must equal the radius.

So PQ = /106

Alternative method: Work out the distance between P(8, 8) and Q(—1, 3) using the
distance formula.

5 a Substitute (-1,0) into x*+y? =1
(-1)" +(0)’ =1+0=1
So (—1,0) is on the circle.

L \/zéJ into x> +y?=1

Substitute (— ,—
2

2 2
(3) JB) 13,
2 2 4 4
So (; \/—] is on the circle.

V3

Substitute (% —7J into x*+y®=1

]

So (%—%} is on the circle.
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So AB, BC and AC all equal ~/3.
AABC is equilateral.

6 a (x—k)>+(y—3k?=13,(3,0)
Substitute x = 3 and y = 0 into the equation of the circle.
(3—k)>+(0—-3k)?=13
9-6k+k?+9k?—13=0

10k’ —6k—4=0
5k?—-3k—-2=0
Bk+2)(k—-1)=0
k= _E ork=1
5
b Ask>0,k=1

Equation of the circle is (x — 1)2 + (y — 3)> = 13

7 X2+px+y?+4y=20,y=3x-9
Substitute y = 3x — 9 into the equation x> + px + y? + 4y = 20
X2+ px + (3x—9)? + 4(3x — 9) = 20
X2+ px+9x>—54x+81+12x—36—20=0
10x2 + (p—42)x +25=0
There are no solutions, so using the discriminant b? — 4ac < 0:
(p—42)*-4(10)(25)<0
(p—42)? <1000
p—42 < /1000
p < 42++/1000

p < 42+1010
42 ~10410 <p < 42 + 10410
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8 Substitute x=0intoy =2x -8
y=2(0)-8
y=-8

Substitutey =0intoy =2x -8
0=2x-8

2x =8

Xx=4

The line meets the coordinate axes at (0,-8) and(4,0).
The coordinates of the centre of the circle are at the midpoint:

(x1+x2'y1+yzj:(0+4’—8+0j:(£,—_8j:(2,_4)
2 2 2 2 2 2

The length of the diameter is

Vom0 + (s~ 3 = |(8=0) +(0~(-8)) = V<" =80 - 65 415
45

So the length of the radius is - 24/5.

The centre of the circle is (2,—4) and the radius is 2./5.
The equation of the circle is

(x—xl) <y yl>=
) =(246)

(x=2)'+

(x— 2) (y+4) =20

9 a Theradius is

\/(xz—x1)2 +(Y, =)’ =\/(8—4)2 +(10-0)" =+/42 +10° = /16 +100 = /116 = 2429

o] (,0) (a.0) x

e )

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 5



Pure Mathematics Year 1/AS SolutionBank

9 b The centre is on the perpendicular bisector of (4,0) and(a,0.) So

10  Substitute y = 0 into (x—5)2 +y> =36
(x-5)" =36
x-5=1/36
X—5=16
Sox-5=6=>x=11

and x-5=-6=>x=-1
The coordinates of P and Q are (—1,0) and(11,0).

11 Substitute x = 0into (x+4)" +(y—-7)" =121
4+ (y-7)" =121
16+(y-7)" =121
(y-7)" =105
y—7=J_r\/1E
So y=7++105

The values of m and n are 7 ++/105 and 7 —+/105.
12a (x+5)%+ (y+2)>=125, A(a, 0), B(0, b)

AtA(a, 0): (a+5)%>+ (0 +2)>=125
a’+10a+25+4-125=0
a’?+10a—96=0
(a+16)(a—6)=0
Asa>0,a=6

At B(0, b): (0+5)?+ (b +2)*>=125
25+b?+4b+4—-125=0
b?+4b—-96=0
(b+12)(b—8)=0
Asb>0,b=8
Soa=6,b=8
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12b A(6, 0), B(0, 8)
Yo=Y — 8
X, =%  0-
y-intercept = 8

gradient =

Equation of the line AB isy = —%x +8

¢ Area of triangle OAB = %x 6 x 8 = 24 units?

13a By symmetry p =0.
VA

Using Pythagoras’ theorem

qQ°+7° =25
q° +49=625
q° =576

q =576
q=+24
Asq>0,q=24.

b The circle meets the y-axisat q£r; i.e.
at 24+25=49
and 24-25=-1
So the coordinates are (0, 49) and (0, —1).
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14  The gradient of the line joining (-3,-7) and (5,1) is
Y, -V, _1—(—7) _1+7 8 1

X,—% 5-(-3) 5+3 8

So the gradient of the tangent is . -1.

(2)
The equation of the tangent is
y=Y,=m(x-x)
y=(7)=-1(x-(-3)
y+7=-1(x+3)
y+7=-x-3
y=—-x-10orx+y+10=0
15
VA
A@3,7)
B(-5,3)
ol t@.-1) *
C

Let the coordinates of C be (p, ).
(2, -1) is the mid-point of (3, 7) and (p, q)
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15  So the coordinates of C are (1, -9).

The length of AB is

JOG =% ) + (¥, v,) =(-5-3) +(3-7)" =/(-8)" +(-4)° =/64+16 = /80

The length of BC is

\/(xz %)+ (Y, -y) = \/(—5—1)2 +(3—(—9))2 = (-6)* +(12)° =+/36+144 = /180
The area of AABC is

%\/180\/8_ - %\/1440 = %\/144><100 = %\/144 %100 = %lexlO ~ 60

16  (x—6)>+(y—5)2=17
Centre of the circle is (6, 5).

Equation of the line touching the circle isy = mx + 12

Substitute the equation of the line into the equation of the circle:
(X —6)? + (mx + 7)> =17
X2 —12x+ 36 + Mm% + 14mx + 49— 17 =0
(1+m?)x?+ (14m—12)x + 68 =0

There is one solution so using the discriminant b? — 4ac = 0:
(14m —12)>2—4(1 + m?)(68) = 0
196m? — 336m + 144 — 272m? — 272 =0
76m? + 336m + 128 = 0
19m? +84m+32=0
(19m+8)(m+4)=0

m:—i orm=—4
19

y= —%x+12andy:—4x+12

17a Gradientof AB = Y2~ %1 = 1-7 __
X,—%  5-3

Midpoint of AB = (SLZS%J =(4,4)

M(4, 4)

Line | is perpendicular to AB, so gradient of line | =

Wl

Y=Yy, =m(X—x)
1
—4=Z(x—-4
y 3(x )
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17a y=

b C(-2,c)
1 8
=_(-2)+ — =2
y 3 (-2) 3
C(-2,2)
Radius of the circle = distance CA
= 0 = %) + (¥, ~ ¥.)* = {(-2-3)* +(2-7)* = /50
Equation of the circle is (x + 2)2 + (y — 2)? = 50

¢ Base of triangle = distance AB = /(5—3)% + (1-7)> = /40
Height of triangle = distance CM = /(4+2)% + (4-2)* = /40

Area of triangle ABC = %x V40 x /40 = 20 units?

18a (x—3)>+ (y+3)?>=52

The equations of the lines Iy and l2 arey = gx +cC

Diameter of the circle that touches I; and I, has gradient —% and passes through the

centre of the circle (3, —3)

2
= ——x+d
y 3
2
-3=-—=3)+d
3()
d=-1

y= —% X — 1 is the equation of the diameter that touches l1 and I,.
Solve the equation of the diameter and circle simultaneously:
(x—3)%+ (—%x +2)?=52

x2—6x+9+gx2—%x+4—52=0

13, 26

—X— —X—39=0

9 3

13x2 —78x — 351 =0
X2 —6x—27=0

X=9)(x+3)=0
X=9o0rx=-3
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18a Whenx=9,y= —%(9)—1=—7

Whenx=-3,y = —%(—3)—1:1

(9, —7) and (=3, 1) are the coordinates where the diameter touches lines |1 and I>.
P(9,-7) and Q(-3, 1)

b The equations of the lines Iy and l> are y = gx +C

I1 touches the circle at (-3, 1):
_ 3 _ 11 _ 3 11
=—(3)+c,c=—=,50y= —Xx+ —
2 2 2 2

I> touches the circle at (9, —7):
—7 = §(9)+C,C: _ﬂ,soy: EX— ﬂ‘
2 2 2 2

19a x2+6x+y>—2y=7
Equation of the linesarey =mx + 6

Substitute y = mx + 6 into the equation of the circle:
X2+ 6X + (MX + 6)> — 2(Mx + 6) =7
X2+ 6X + Mm%+ 12mx + 36 —2mx —12—-7=0
(1+m?)x%+(6+10m)x +17 =0

There is one solution so using the discriminant b? — 4ac = 0:
(6 +10m)? —4(1 + m?)(17) =0
100m? + 120m + 36 — 68m? — 68 = 0
32m? + 120m - 32 =0
4m?+15m—-4=0
@m-1)(m+4)=0

m:i orm=—4

4

1
y:Zx+6andy=—4x+6

b The gradient of I = % and the gradient of |> = —4, so the two lines are perpendicular,

Therefore, APRQ is a square.
X+ 6Xx+y?—2y=7
Completing the square:
(x+32—-9+(y-1>2-1=7

(x+3)2+(y—1)32=17
Radius = V17
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19b Let point P have the coordinates (X, y)
Using Pythagoras' theorem:
l2: (0 —X)? + (6 —y)*> =17

2
Using the equation for Iz, y = %x +6, (0—x)? +(6—Gx+ GD =17

x2+ix2:17
16
17,
16
x? = 16
X=14

=17

From the diagram we know that x is negative, so x = -4,y = %(—4) +6=35

P(—4,5)

Now let point Q have the coordinates (X, ).
Using the equation for I1, y = —4x + 6, (0 — )2 + (6 — (—4x + 6))? = 17
x* +16x* =17
17x% = 17
=1
X=1%1

From the diagram x is positive,sox=1,y=-4(1) + 6 =2

Q(1,2)
¢ Area of the square = radius? = 17 units?
20a Equation of the circle: (x — 6)% + (y — 9)? = 50
Equation of l1:y = —x + 21

Substitute the equation of the line into the equation of the circle:
(X —6)? + (—x + 12)> =50
x2—12x+36 +x2—24x+144-50=0
2x2—36x +130=0
x?—18x+65=0
(x—13)(x—5)=0
Xx=130rx=5
Whenx=13,y=-13+21=8
When x=5,y=-5+21=16
P(5, 16) and Q(13, 8)
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20b The gradient of the line AP = Y2~ %1 = 9-16 _
X,—%X  6-5

So the gradient of the line perpendicular to AP, I, is %

The equation of the perpendicular line is
y =Yy =m(x-x)

m = % and (x,,y;) =P(5, 16)

Soy—16= %(X—S)
1 107
=X+

X _—
7 7
The gradient of the line AQ = Y2 = =
X,—%  6-13 7
So the gradient of the line perpendicular to AQ, I3, is 7.
The equation of the perpendicular line is

y =Yy =m(x-x)
m=7and (x,Y,)=Q(13, 8)
Soy—8=7(x—13)
y=7x—83

Iy = %x+ gand l3:y=7x-83

9-8 1

¢ The gradient of the line PQ = Y2~ Y1 = 8-16 __
X,—%  13-5

So the gradient of the line perpendicular to PQ, l4, is 1.
The equation of the perpendicular line is

y =Y =m(x-x)

m=1and (x,Y;) =A(5,9)

Soy—9=1(x—6)

ls:y=x+3

d Iz:y:%x+ g,lg:y:YX—SBand ls:y=x+3

Solve these equations simultaneously one pair at a time:

I, and Is: ix+ ﬂ =7x— 83
7 7

X + 107 =49x — 581
48x = 688

x:4—3,soy:7(4—3)—83:2
3 3 3
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20d I and Is intersect at (— ?)

lIsand ls: 7x —83=x+3
6x = 86
_ 43 43 52

__SO = — = —
3 y= 3 3

Therefore all three lines intersect at R (4?3 %)

e Area of kite APRQ = % x AR x PQ

PQ = (X, —%)? +(y, - ¥.)? = /13-5)* +(8-16)° = 128 = 82
2 2 _ (4 2 (s 2 _ 2 (2 _ 1250 _ 2542
= \/(Xz_xi) +(y2_y1) - \/(3_6) +(T_9) - \/(3] +[§] - T - T
25\/— Y 843 = 200

Area = —><
2

2la y=-3x+12

Substitute x =0 intoy =-3x + 12
y=-3(0)+12=12
SoAis (0, 12)

Substitutey =0 intoy =-3x + 12
0=-3x+12

3x=12
Xx=4
So B is (4, 0).

b The mid-point of AB is
(xptx2 | yl+y2j=(0+4,12+0]=(2’6)

2 2 2 2
c if
40, 12)
0 B(4,0)
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21c ZAOB =90°, so AB is a diameter of the circle.

The centre of the circle is the mid-point of AB, i.e. (2, 6).
The length of the diameter AB is

JOu =% ) +(, = ¥,) =(4-0) +(0-12)° = /4? +(~12)" =16+144 = /160
J/160

So the radius of the circle is —

The equation of the circle is

(x_2>2+<y_6>2=[@f

(x-2) +(y-6)' =5

(x—2)2 +(y—6)2 =40

22a A(-3,-2), B(-6,0) and C(1, q)

AB = \J(x,~x)P (¥, ~¥)? = (-6+3)° +(0+2)* = VI3

Diameter = BC = \/(1+6)2 +(q-0)* = \/49+q2

AC = \/(1+3)2+(q+2)2 = \/16+q2+4q+4 = \/q2+4q+20

Using Pythagoras' theorem AC? + AB? = BC:
(0 + 4q + 20) + 13 = 49 + ¢?
490-16=0
q=4

b The centre of the circle is the midpoint of B(—6, 0) and C(1, 4)

Midpoint BC = (_6+1,Mj = (—5,2j
2 2 2

The radius is half of BC = % of \J49+ ¢ =
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23a R(~4, 3), S(7, 4) and T(8, -7)

RT = /(8+4)" +(-7-3)* = 244

RS = \/(7T+4)? +(4-3)* = V122

ST=(8-7)2+(-7-4)? =122

Using Pythagoras' theorem, ST? + RS? = 122 + 122 = 244 = RT?, therefore, RT is the
diameter of the circle.

b The radius of the circle is

%xdiameter :%\/244 :%\/4x6 :%\/Zx\/e_:%xzﬂzﬁ

The centre of the circle is the mid-point of RT:
(X1+X2 y1+y2j: —4+8 3+(_7) :(ﬂ __4]:(2 _2)
2 2 2 2 2" 2 '

So the equation of the circle is
(x-2) +(y+2) =(v61) or(x~2)} +(y+2) =61

24 A(~4,0), B4, 8) and C(6, 0)

The gradient of the line AB = Y2~ Y1 = 80 _4
X, =%  4+4

So the gradient of the line perpendicular to AB, is —1.

Midpoint of AB = (‘4;4,0—;;) = (0, 4)

The equation of the perpendicular line through the midpoint of AB is

Y=Y =m(x-x)

m=-1and (x,y;) =(0, 4)

Soy—4=—(x-0)

y=—x+4

The gradient of the line BC = Y21 = 0-8 _ 4

X,—% 6-4

So the gradient of the line perpendicular to BC, is %

ﬂ,w] = (5, 4)

Midpoint of BC = ( >
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24  The equation of the perpendicular line through the midpoint of BC is
y =Yy =m(x-x)

m = % and (x,,y;) = (5, 4)

Soy—4= %(X—5)

1 11
= X+ =
4 4
Solving these two equations simultaneously will give the centre of the circle:

1 11
—X+4=—X+—
4 4
—4x+16=x+11
95X =5
x=1soy=-1+4=3
The centre of the circle is (1, 3).

The radius is the distance from the centre of the circle (1, 3) to a point on the
circumference C(6, 0):

Radius = \/(6-1)? +(0-3)? = /34
The equation of the circle is (x — 1)? + (y — 3)> = 34

25a i A(-7,7)and B(1, 9)

The gradient of the line AB = 2% = 9= 7 = 1
X, =X 1+7 4

So the gradient of the line perpendicular to AB, is —4.

Midpoint of AB = (‘72”,7—;9) - (-3, 8)
The equation of the perpendicular line is

y =Y =m(x—x)
m=-4and (x,Yy;) =(-3,8)

Soy—8=—-4(x+3)
y=—-4x-4

i C(3,1)and D(-7, 1)

ThelineCDisy=1

Midpoint of CD = (?%} - (2, 1)

The equation of the perpendicular line is x = -2
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25b The two perpendicular bisectors cross at the centre of the circle
Solve y = —4x — 4 and x = —2 simultaneously:
y=—4(-2)—-4=4
The centre of the circle = (-2, 4)
The radius is the distance from the centre of the circle (=2, 4) to a point on the
circumference C(3, 1):

Radius = \/(3+2)% +(1-4)* = /34
The equation of the circle is (x + 2)? + (y — 4)? = 34

Challenge

a Solve (x —5)? + (y —3)? =20 and (x — 10)? + (y — 8)? = 10 simultaneously:
X2 —10x + 25 + y? — 6y + 9 = 20 and x*> — 20x + 100 + y?> — 16y + 64 = 10
x2—10x +y?— 6y + 14 =0 and x2 — 20x + y> — 16y + 154 =0
X2 —10x + y2 — 6y + 14 = x> — 20x + y?> — 16y + 154

—10x — 6y + 14 = —20x — 16y + 154
10x + 10y = 140
Xx+y=14
X+y-14=0

b Solve (x —5)% + (y — 3)2 = 20 and x + y = 14 simultaneously:
(9-yy+(y—3)*=20
81—-18y+y>+y?—6y+9=20
2y?—24y+70=0
y2—12y+35=0
y-9y-7=0
y=5ory=7

Wheny=5x=14-5=9
Wheny=7,x=14-7=7

P(7, 7) and Q(9, 5)

c Area of kite APBQ = %x PQx AB

PQ= (9-7)°+(5-7)* = /8

A(5, 3) and B(10, 8)

AB = \/(10-5)? +(8—3)° = /50

Area :%x\/gx\/? =%x\/400 = 10 units?

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free. 18



Pure Mathematics Year 1/AS

SolutionBank

Algebraic methods 7A

4x* +5x% —7x
a -

7x° =5x° +9x° + x*
X
7x° 5x° 9x® X

X X X X
7x* =5x* +9x? + x

2

—x*+4x° +6
X
—x* 4x* 6
= =
X X X

= X} +4x+—

—4x* +6x* —2x
—2X

—4x? . 6x*  2x

—2X  —=2X =2X

2x-3x>+1

X2 +9x* —4x*+6
—2X
2 ox* 4x* 6
+ - +
—2X —=2X =2X =2X

—9x° —6x° +4x* -2
-3x
-9x°  6x° . 42
-3x -3x -=-3x -=3x
= 3x% +2x° —4—X3+£
3 3x

a (x+3)(x-2) _ 43

(x-2)

(x+4)(3x-1) _ y
(3x-1)

+4

(x+3)° _ (x+3)(x+3)
(x+3) (x+3)
X+3

X2 +10x+21 _ (x+7)(x+3)
(x+3) (x+3)
X+7

X +9x+20 _ (x+4)(x+5)

(x+4) (x+4)
= Xx+5

X2+ x-12 _ (x=3)(x+4)
(x=3) (x=3)
X+4
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5 X +x-20 _ (x+5)(x—4) 3 6x°+3x*—84x = 3x(2x* +x—28)
X +2x-15  (x+5)(x-3) = 3X(2X—T7)(x+4)
_x-4
=Y _3 6% —33x+42 = 3(2x2 —11x +14)
= 3(x-2)(2x-T7)
h X +3x+2 _ (x+2)(x+1)
X +5x+4  (x+4)(x+1) 6x> +3x* —84x _ 3x(2x—-7)(x+4)
CX+2 6x2—33x+42  3(x—2)(2x—-7)
T x+4 _ X(x+4)
- (x-2)
i X' +x-12 _ (x+4)(x-3) a=1b=4c=-2
x> -9x+18  (x-6)(x-3)
_ X+4
T x-6
. 22X +TX+6 _ (2x+3)(x+2)
b o502 | (x=B)(x+2)
_ 2x+3
~ x-5
K 2x* +9x-18 _ (2x—3)(x+6)
(x+6)(x+1) (X+6)(x+1)
_ 2Xx-3
T x+1
| 3x* —Tx+2 _ (3x-1(x-2)
(Bx=1)(x+2) (3x-1(x+2)
X—2
Cx+2
M 2x* +3x+1 _ (2x+1)(x+1)
XP—X—2 (x—2)(x+1)
_ 2x+1
C x-2
0 X +6x+8 _ (x+4)(x+2)
I +Tx+2  (Bx+1(x+2)
_ X+4
3x+1
o 2x* =5x—=3 _ (2x+1)(x-3)
2x°—9x+9  (2x-3)(x-3)
_ 2x+1
~ 2x-3
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Algebraic methods 7B

x*+5x+3
1 a X+Q>@+6ﬁ+8x+3

X% + x?
5x° +8X
5x° +5x
3x+3
3X+3
0

X3 +6x*+8x+3

X+1
= (X + 1)(x* +5x+3)

So

x> +6x+1

b x+4>ﬁ+&0ﬁ+25x+4
x> +4x°
6x° + 25X
6x° + 24X

X% +10x% + 25x + 4

X+4
= (X + 4)(x* +6x+1)

So

x> —3x+7
c x+2>ﬁ—x2+x+14

X2+ 2x°
—3x2+X
—3x* —6X
Tx+14
Ix+14
0
X} —x2 +x+14
X+2
=(X+2)(x* =3x+7)

So

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

SolutionBank

X* +4x+5
x—3>x3+x2—7x—15
X2 —3x°
4x* —Tx
4x* —12x
5x—-15
9x—15
0
X2+ x2-7x-15
X—3
= (x=3)(x*+4x+5)

So

x> —3x—-2
x—5>x3—8x2+13x+10
X2 —5x°
—3x% +13x
—3x° +15x
-2x+10
=2x+10
0
x® —8x% +13x+10
X—5
=(x=5)(x*-3x-2)

So

X* +2x+8
x—7>x3—&@—6x—56
X2 =7x?
2X% —6X
2x* —14x
8x—56
8x—56
0

x® —5x? —6x—56
X—7
=(X=7)(x*+2x+8)

So



Pure Mathematics Year 1/AS

6X° +3X+2

2 a x+4> 6x° +27x* +14x+8
6x° +24x°
3x? +14x
3x% +12x
2X+8
2X+8
0

So 6x%+27x° +14x+8
= (Xx+4)(6x* +3x+2)

4x* +x-5
b x+2> 4%% +9x% —3x—10
4x3 +8x2

x* —3x

X% +2x
—-5x-10
—5x-10
0
So 4x*+9x* -3x-10
= (X+2)(4x* +x-5)

2x*—2x-3
c x+3> 2x° +4x* —9x -9
2x +6x°

—2x> —9x

—2x> —6X
-3x-9
=3x=9
0

S0 2x3 +4x? —9x—-9
= (x+3)(2x* —2x-13)

SolutionBank

2x* —3x—4
d x—6> 2x° —15%2 +14X + 24
2x° —12x°
—3x% +14x
—3x° +18x
—4x+24
—4x+24
0

So 2x® —15x? +14x + 24
= (x—6)(2x* —3x—4)

—5x% +3x+5
e X+ 6) —5x3 —27X% +23%+30
—5x> —30x°
3x% +23x
3x° +18x
5x+30
5x+30
0

So —5x% —27x%+23x+30
= (X+6)(-5%* +3x+5)

—4x% +x-1

f x—2> —4x3 +9x% —3X+2

—4x° +8x°

x> —3x

X% =2x
—X+2
—X+2
0

So —4x° +9x* —3x+2
= (Xx=2)(-4x* +x-1)
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X3 +3x% —4x+1

3 a x+2> X" +5%° +2x% = Tx+2 o 5o —3X 9 —10x"+x+14
x* +2x° x2
3x% + 2x° = 3x3+3x° —4x-7
3x* +6x*
—4x* ~7x —5X* + 2% +4x2 - 3x+7
—4x* —8x d x—1> —5x° +7x* +2x3 —7x* +10x -7
X+2 —5x° +5x*
X+2 2x* +2x°
0 2xt =2x°
So X 4+5x° +2x* —Tx+2 A — ¥
X+2 4%3 — 4x°
= x*+3x% —4x+1 ~3x” +10x
—3x% +3x
4x% + 2x2 —3x =5 =T
b x+3>4x4+14x3+3x2—14x—15 Zﬁzﬁ
axt+12x° —5x° +7x* +2x° = 7x* +10x -7
2x° +3x° So x—1
2x° +6x°
3y _14x = —B5x* +2x° +4x* —3x+7
—3x* —9x
_5x-15 x> +2X* —5X+4
_5x_15 4 a 3x+2> 3x* +8x° —11x* +2x+8
0 3t +2x°
So 4x* +14x% +3x* —14x-15 6x° —11x2
X+3 6x° +4x°
= 4x% +2x% —3x—5 ~18x" + 2x
—15x* —10x
12x +8
—3x% +3x* —4x-7 12% 1.8
c x—2> —3x* +9x® —10x* + x +14 0

4 3
M 2 g I +8X 11 +2x+8
3x°=10x 3X+2
3x® —6x°
S, =x3+2x* - 5x+4
—4X° + X
—4x% +8x
~7x+14
—7x+14
0
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X} —x*+3x-1

4 b 4x+1> A%t —33 +11¢% —x —1 4 So 6x° +13x* —4x° —9x* + 21x +18
axt 150 2X+3
x* + X
_A%% £11x2 =3+ 2x3-5x2+3x + 6
—4x% —x*
12x% — X 2x' — 2 +3x% + 4Ax-7
12x? +3x e 3x—1> 6x° —8x* +11x3 +9x* —25x+ 7
—4x-1 6x° — 2x*
—4x—1 —6x* +11x°
0 —6x* +2x°
4 3 2 -
So 4x —3x4+111x -x-1 9% + 92
X +
9x® —3x?
=x3—-x2+3x—-1 12x? — 25x
12x% —4x
2X% +5x+2 —21x+7
c 2x—3> 4x* —6x% +10x% —11x—6 —21x+7
4x* —6x° 0
3x-1
10x* —15x
4x—6 =2 - 23+ 3%+ 4x— 7
4X—6
0 4x* —3x® - 2x%* +6x-5
4x* —6x3 +10x* —11x—6 - - - 3
SO ox_3 f 2x—5>8x —26x* +11x° + 22x° — 40X + 25
8x° — 20x*
=23 +5x+2 .,
—6x* +11x°
—6x* +15x3
3x* +2x* —5x* +3x+6 4 4 9252
5 4 2v3_ Qy2
d 2x+3)6x°+13x‘ —4x° ~9x + 21x+18 D
5 4 JE
M 3 12x% — 40X
4X4 _4X3 122 —30x
4x° +6x _10x+25
~10x* - 9x* _10x+25
10x® —15x* 0
6X° + 21X
65 +9x So 8x° —26x* +11x° + 22x> —40x + 25
2X—-5
12x+18
12x+18 =4x* - 33— 22 +6x—5
0
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5x* +12x* —6X—2
4 g 5x+4§25x4+75x3+6x2—28x—6
25x* +15x°
60x° + 6x°
60x° +36x°
—30x* — 28x
—30x* —18x
-10x—6
-10x—6
0
o 25x* +75x° +6x° — 28X -6
5x+3

S

=5x3 + 12x2 — 6x — 2

3x* +5x°+6

h 7x—2> 21%° + 29x* —10x° + 42x 12
21x° —6x*
35x* —10x°
35x* —10x°
0+42x-12
42x—-12
0

o 21x° +29x* —10x3 +42x —12
7X-2

S

=3x*+5x+6

x*—2X+5
5 a x+2> X3 +0x%+x+10

X2+ 2x°
22 + X
—2x* —4x
5x+10
ox+10

0

3
So X+—X+10 = X2—2X+5

X+ 2

SolutionBank

2x% —6x+1

5 b x+3>2x3+0x2—17x+3

2x° + 6X°
—6x% —17x
—6x% —18x
X+3

X+3
0

3
0 2X Z17x+3 2x° —6x+1

X+3

S

—3x* —12x+2
c x—4> —3x* +0x*+50x—8
—3x3+12x°
—12x% +50x
—12x° + 48x
2x-8
2x—8
0
—3x*+50x-8 _

SO —————— = -3x* -12x+2
X—4

X2 +4x+12
6 a x—3> x*+ x> +0x—-36
x® —3x°
4x* +0x
4x* —12x
12x—36
12x—36
0

3,2
So X +x 86 _ X% +4x+12
X—3
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2x* —x+5
6 b x+5> 2%° +9x2 +0x + 25
2x% +10x2

—x* +0x

—x* =5x
5x+25
9X+25

0

3 2
So w = 2X2—X+5
X+5

—3x*+5x+10
C X- 2) —3x% +11x% + 0x — 20
—3x®+6x°
5x° + 0X
5x* —10x
10x-20
10x—-20
0

50 =X +11; 20 _ a4 5x410
X_

7  RHS=(x+2)(x*—5)
=x3+2x2-5x— 10
= LHS

X2 —x+2
8 a x+5> X3+ 4x% —3x+2
x® +5x°

—x* —3x
—x* —=5x
2X+2
2x+10
-8

So the remainder is —8.

SolutionBank

3x*—2x-2
8 b x—6> 3x° — 20x2 +10X +5
3x® —18x°
—2x% +10x
—2x° +12x
—2X+5
—2X+12
-7
So the remainder is —7.

—2x* -5x -8
c x—4> —2%° +3x2 +12X+ 20
—2x3 +8x?

—5x? +12x

—5x* + 20x
-8x+20
—8x+32
-12

So the remainder is —12.

X+ x+1
9 x—l) 3 —2x>+0x+4
3x% —3x?

x% +0x

X2 =X

X+4
x=1
5
So the remainder is 5.

33 —11x% +21x - 24
10 x+1> 3x* —8x% +10x%2 —3x—25

3x* +3x%°
—-11x° +10x°
-11x° ~11x?
21x% —3x
21x° + 21x
—24x—25
—24x—24
-1
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x}—2x*+4x-8
14 x+2> x* +0x>+0x> +0x—16

10 So the remainder is —1.

x* +2x3
2 e ———
5x 3— 20x2+7 PR
11 x+4> 5x3+0x 2—73x+28 o a
= +20)2( 4x% +0x
—20x° — 73X I + 8
—20x% —80x ——8x—16
X+ 28 816
X+ 28 —0
0 X716 o e e
The remainder is 0, so (x + 4) is a factor of 0 12 X*—2X°+4x—
5x3 — 73x + 28.
32 4 6x 1 4 2x> +7x—6
a : X+2 15 5x+4>10x3+43x2—2x—10
12 x—2> 3x° + 0x% —8x -8 o
3x —6x° 10x° +8x"
6x2 —8X 35x% —2x
6x* —12x 35x* + 28x
4% —8 -30x-10
4x—8 -30x—24
0 14
, So the remainder is 14.
5o X 88 5o 6xaa
X—2
3x* —5x—62
16a x—3>3x3—14x2—47x—14
X2+ x+1 3 2
13 x—l) x* +0x% +0x -1 3x” —9x
x3 — x2 —5x? —47x
2
x* +0x —5x° +15x
W —x —62x—14
1 —62x+186
X_ =0 =
1 -200
X—1
0 So the remainder is —200.
3_
So X = x*+x+1
x-1
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SolutionBank

3x% - 20x—7
16b x+2>3x3—14x2—47x—14
3x% +6x°

—20x%* —47x

—20x* —40x
_Tx-14
_Tx-14
0

f(x) = 3x® — 14x% — 47x — 14
=(x+2)(3x*—20x—7)
=(x+2)Bx+1)(x—7)

x? +8x+21
17a i x—2>x3+6x2+5x—12

x® — 2x?

8x” +5x
8x* —16x
21x-12
21x—42
30

So the remainder is 30.

X2 +3x—4
i x+3>x3+6x2+5x—12

X2 +3x°
3x? +5x
3x* +9x
—4x-12
—4x-12
0

So the remainder is 0.

b f(x) =x3+6x%+5x—12
=(x+3)(x*+3x—4)
= (X +3)(x +4)(x - 1)
Sox=-3,x=—4orx=1

18a

19a

X*+2x-3
2x—1>2x3 +3x* -8x+3
2 -x*

4x* —8x
4x° - 2x
—6x+3
—6x+3
0

f(x)=2x3+3x>—8x + 3
=(2x—1)(x* + 2x — 3)
a=1,b=2c¢c=-3

f(x)=2x3+3x>—8x + 3
=(2x—1)(x* + 2x — 3)
=(2x—-1)(x—1)(x + 3)

2x-1)(x-1(x+3)=0
=3z, x=landx=-3

3x% +2x+1
4x—912x3+5x2+2x—1
12x3 —3x?
8x% +2x

8x% — 2x
4x -1
4x -1

0
f(x) = (4x — 1)(3x%* + 2x + 1)
a=3,b=2c=1

(4x—1)(Bx*+2x+1)=0

Using the discriminant for 3x? + 2x + 1:
b2 — 4ac = 22 — 4(3)(1) = -8 < 0 so there
are no real solutions.

So f(x) has only one real solution, x = +.
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SolutionBank

Algebraic methods 7C

1 a fx)=4x3-3x*-1
f(1) = 4(1)° - 3(1)2 - 1
=4-3-1
=0
So (x — 1) is a factor of 4x3 — 3x? — 1.

b f(x) = 5x* — 45x?> — 6x — 18
f(—3) = 5(-3)* — 45(-3)2 — 6(-3) — 18
= 5(81) — 45(9) + 18 — 18
=405 — 405
=0
So (x + 3) is a factor of
5x* — 45x% — 6x — 18.

c f(x)=—-3x3+13x>—6x+8
f(4) = —3(4)% + 13(4)> — 6(4) + 8
—-192+208-24 +8
=0
So (x — 4) is a factor of
—3x3 + 13x> — 6x + 8.

2 f(x)=x®+6x2+5x—12
f(-1) = (1) + 6(1) + 5(1) — 12
=1+6+5-12
=0

So (x — 1) is a factor of x> + 6x? + 5x — 12.

X +7x+12
x—1> X2 +6x*+5x-12
X3 —x?
7x* +5X
x> =7x
12x-12
12x-12
0

X3+ 6x2+5x—12 = (x — 1)(x> + 7x + 12)
=(x—D(x+3)(x+4)

3 f(x) =x3+3x2—33x — 35
f(-1) = (-1)®+ 3(-1)>—33(-1) - 35
=-1+3+33-35
=0
So (x + 1) is a factor of
x3 + 3x? — 33x — 35.

X* +2x-35
x+1> x®+3x*-33x-35
X + X
2x* —33x
2X° +2X
—-35x—-35
—-36x—-35
0

X3+ 3x2 —33x — 35 = (X + 1)(x*> + 2x — 35)
=(x+1)(x+7)(x—5)

f(x) =x3+ 7x%2+ 2x + 40

f(5) = (5)% + 7(5)% + 2(5) + 40
=125-175+10 +40
=0

So (x — 5) is a factor of x3 + 7x? + 2x + 40.

x> —2x-8
x—5> X3 —7x*+2x+40
x® —5x°
—2%% 42X
—2x° +10x
—8x+40
—8x+40
0

X3 — 7x2 + 2x + 40 = (x — 5)(x> — 2x — 8)
=(x—5Xx—-4)(x+2)

f(x) =2x3+3x>—18x + 8

f(2) = 2(2)° + 3(2)2 — 18(2) + 8
=16+12—-36+8
=0

So (x — 2) is a factor of

2x3 + 3x? — 18x + 8.
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2X° +7x—4 s
_ 3 2_ 6 ¢ f(x)=x"—4x"—11x+ 30
5 X 2) 2x3 +3x2 18x+8 ) = (27— 42~ 11(2) + 30
2x° —4x” =8-16-22+30
7x% —18x . (:02)_ . .
) 0 (x — 2) is a factor o
Ix” —14x X3 — 4x2 — 11x + 30.
-4x+8
—4X+8 x? —2x-15
0 x—2> X — 4% —11x +30
23 + 3x2 — 18X + 8 X -2
= (x—2)(2¢ +7x—4) —2x% —11x
=(x— — +
X=2)2x—-1)(x + 4) oy 4 dx
6 a f(x)=x3—10x%>+19x + 30 —15x+30
f(—l) = (—1)3 - 10(_1)2 + 19(_1) + 30 ~15x +30
=-1-10-19+30
So (x + 1) is a factor of 0
x3 — 10x? + 19x + 30. X3 —4x2 — 11x + 30 = (x — 2)(x> — 2x — 15)
=(x—2)(x+3)(x—5)
x* —11x+30 s,
R 7 ai fx)=2x°+5x°—4x—3
xﬁox 10x” +19x+30 £(1) = 2(1)° + 5(1)? — 4(1) - 3
X2+ X2 =2+5-4-3
~11x +19x =0
" So (x — 1) is a factor of
—11x* —11x 2x3 + 5x% — 4x — 3.
30x+30
30x + 30 2x2 +7x+3
0 x—1) 2x* +5x* —4x-3
x3 — 10x2 + 19 + 30 2x° —2x*
= (x + 1)(x> — 11x + 30) 7x2 _ Ax
=(x+1)(x—5)(x—-6
(x+1)(x = 5)(x — 6) 73— Tx
b f(x)=x3+x>—4x—4 3x-3
f(-1) = (-1)°+ (-1)* - 4(-1) - 4 3x-3
=—1+1+4-4 -
=0 0
So (x + 1) is a factor of x3 + X2 — 4x — 4. y=2x*+5x"—4x -3
=(x—1)(2x* + 7x + 3)
W2 _4 =(x—1)(2x+1)(x +3)
x+1) X*+x*—4x—4 i 0= (x— 1)(2x + 1)(x + 3)
X2+ x° So the curve crosses the x-axis at (1, 0),
0 —4x-4 (=%, 0)and (=3, 0).
Ay Whenx=0,y=(-1)(1)(3)=-3
4x -4 i
The curve crosses the y-axis at (0, —3).
0 X — o0, y —> 00
XCH+X2—4x—4=(x+1)(xX*—4) X— —00,y — —o0

=(x+1D)Xx—-2)(x+2)
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SolutionBank

7 a ii

4

b i

Y

f(x) = 2x3 — 17x* + 38x — 15

f(3) = 2(3)® - 17(3)> + 38(3) — 15
=54 -153+ 114 - 15
=0

So (x — 3) is a factor of

2x3 — 17x% + 38x — 15.

2x* —11x+5
x—3> 2x° —17x% +38x—15
2x% —6x°
~11x* +38x
~11x* +33x
5x-15
ox—15
0
y=2x3—17x> +38x — 15

= (x—3)(2x* — 11x + 5)
=(x—3)(2x—1)(x—5)

0=(x—-3)(2x—1)(x—5)

So the curve crosses the x-axis at (3, 0),
%, 0)and (5, 0).

When x =0,y =(-3)(-1)(-5)=-15

The curve crosses the y-axis at (0,

—15).

X— 00,y — ©

X— =0,y —>—x®

g A

f(x) =3x3+8x? +3x — 2

f(-1) =3(-1)* +8(-1)> + 3(-1) - 2
=-3+8-3-2

=0

So (x + 1) is a factor of

3x3+8x% + 3x — 2.

3x? +5x-2
x+1> 3x* +8x° +3x-2
3x° +3x°
5x* +3x
5x° +5x
—2X—2
—2x-2
0
y=3x3+8x2+3x—2
=(x+1)(3x* +5x — 2)
=(x+1DBx—1)(x+2)

0=(x+1)Bx—1(x+2)

So the curve crosses the x-axis at
(-1,0), (3, 0) and (-2, 0).
Whenx=0,y=(1)(-1)(2) = -2

The curve crosses the y-axis at (0, —2).
X— o0,y — o

X — —0, y — — 00

y A

/\

VA

f(x) =6x3 + 11x%> —3x — 2

f(-2) =6(—2)° + 11(-2)> - 3(-2) - 2
=—-48+44+6-2
=0

So (x + 2) is a factor of

6x3 + 11x2 — 3x — 2.
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7 d i

6x° —x—1
x+2>6ﬁ+¢b&-3x—2
6x° +12x°

—x?—-3x

—x% —2X

y=6x3+11x2 - 3x — 2
=(x+2)(6x*—x—1)
=(x+2)(3x +1)(2x—1)

0=(x+2)(Bx+1)(2x—-1)

So the curve crosses the x-axis at
(—2,0), (=%, 0) and (3, 0).
Whenx=0,y=(2)(1)(-1)=-2

The curve crosses the y-axis at (0, —2).
X— 00,y —

X— -0,y —>—x®

y.lk

=y

!

f(x) = 4x3—12x> - 7x + 30

f(2) = 4(2)° - 12(2)> - 7(2) + 30
=32-48-14+30
=0

So (x — 2) is a factor of

4x3 — 12x% — 7x + 30.

4x* —4x-15
X=2) 4 =12x* = 7x+30
4x° —8x?
—4x* —TX
—4x% +8X
—15x+30

-15x+30
0
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10

i y=4x3—-12x*—7x + 30
= (X — 2)(4x® — 4x — 15)
=(x—2)(2x + 3)(2x — 5)

i 0=(x—2)(2x+ 3)(2x—5)
So the curve crosses the x-axis at (2, 0),
(=2,0)and (3, 0).
Whenx =0,y =(-2)(3)(-5) =30
The curve crosses the y-axis at (0, 30).
X— 00,y —
X— =0,y — —©

YA
30

A

0

s
o
o

3|

/_

f(x) =5x3—9x* + 2x + a
f(1)=0
5(1)3 - 9(1)2 +2(1) +a=0
5-9+2+a=0
a=2

f(x) = 6x° — bx® + 18
f(-3)=0
6(~3)° —b(-3)2 + 18 =0
-162-9b+18=0
9b =-144
b=-16

fX)=px+gx?—3x—7
f(1)=0
p)°+a(l)*-3()-7=0
p+q-3-7=0
p+q=10 1)

f(-1)=0
p(-1)°+a(-1)* - 3(-1) ~7=0
p+q+3-7=0
Pra=4 (2

(1) +(2):
20=14
q=7
Substituting in (1):
p+7=10
p=3
Sop=3,9g=7
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11 f(x) =cx®+dx?—9x—10 13b
f-1) =0
c(-1)? + d(-1)2— 9(-1) — 10 = 0
—-+d+9-10=0

d=c+1 (1)
f(2)=0
c(2®+d(22-9(2)-10=0 14a
8c+4d-18-10=0
8c+4d—-28=0
8c +4d =28 2)

Substituting (1) in (2):
8c+4(c+1)=28
12c+4 =28
c=2
Substituting in (1):
d=2+1=3
Soc=2,d=3

12 f(x) = gx® + hx? — 14x + 24
f(-2)=0
g(=2)? + h(=2)% — 14(-2) + 24 =0
—8g+4h+28+24=0
—8g +4h+52=0
h=2g-13 1)

f(3)=0 c
93?3 +h(3)2—14(3)+24=0
279+9h—42+24=0
279 +9h =18 (2)

Substituting (L) in (2): 15a
279 +9(2g — 13) = 18
459 =135
g=3
Substituting in (1):
h=2(3)-13=-7
Sog=3,h=-7

13a f(x) =3x*—12x*+ 6x— 24 b
f(4) = 3(4) — 12(4)> + 6(4) — 24
=192-192+24—-24
=0
So (x — 4) is a factor of f(x).

33X +6
b x—4>3x3—12x2 +6x—-24

3x® —12x?
0+6x-24
6x-24
0

f(x) = (x — 4)(3x% + 6)

(x—4)(3x*+6)=0

Using the discriminant for 3x? + 6:

b2 — 4ac =0 —4(3)(6) =—72 < 0.
Therefore 3x? + 6 has no real roots, so f(x)
only has one real root of x = 4.

f(x) =4x3 + 4x>— 11x— 6

f(—2) = 4(-2)° + 4(-2)> - 11(-2) - 6
=-32+16+22-6
=0

So (x + 2) is a factor of f(x).

4x* —4x-3
x+2>4x3 +4x2 ~11x—6
4x° +8x°
—4x* ~11x
—4x% - 8x
-3Xx—6
—3x-6

0
f(x) = (x + 2)(4x® — 4x — 3)
=(x+2)(2x —3)(2x + 1)

0=(x+2)(2x—3)(2x +1)
The solutions are x = -2, x = 2 and

X=—1.
f(x) = 9x* — 18x3 — x% + 2x
f(2) = 9(2)* — 18(2)° — (2)2 + 2(2)
=144 -144—-4+4
=0
So (x — 2) is a factor of
Ox* — 18x3 — x% + 2x.

9% — x
X — 2>9x4 —18x3 —x* +2x
9x* —18x°

0— x> +2x

—x* 42X
0
ox* — 18x3 — x% + 2x
=(x—2)(9 —x)
=x(x — 2)(9x% — 1)
=x(x—2)(3x +1)(3x — 1)
0=x(x—2)(3x+1)(3x— 1)

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.



Pure Mathematics Year 1/AS SolutionBank

15b The solutionsare x =0, x =2, x =—% and

X= 3.
Challenge

a f(x) =2x*—5x3—42x> — 9x + 54
(1) = 2(1)* — 5(1)° — 42(1)> — 9(1) + 54
=0
f(—3) = 2(-3)* — 5(-3)* — 42(-3)? — 9(-3)
+54
=162 + 135 - 378 + 27 + 54
=0

2x3 —3x* —45x—54
b x—1> 2x* —5x* —42x* —9x+54

2x* —2x°
—-3x* —42x°
-3x* +3x°
—45%% —9x
—45%* + 45X
54X +54

54 +54
0

2x*—9x-18
x+3>2x3 —3x% —45x —54
2x% +6x°
—-9x% —45x
—9x* —27x
~18x—54
—18x—54
0

f(x) = (x — 1)(x + 3)(2x* — 9x — 18)
=(x—1)(x + 3)(2x + 3)(x — 6)

0=(Xx—-1)(x+3)2x +3)(x—6)

The solutionsare x =1, x=-3,x=—3

and x = 6.
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1

n?—n=n(n—1)

If niseven,n—1is odd

and even x odd = even

If nisodd, n—1 is even

and odd x even = even

So n? —n is even for all values of n.

LHS = —= x(l_ﬁ)
(1+x/§) (1—x/§)
_x(1-+2)
- (1-2)
Cx-x2
a1
= X2 —x
= RHS
X = _
So (1+\/§)=x\/§ X
LHS = (x+./y)(x=4y)
= X2 —xJy +xy -y
= X2_y
= RHS

So (x+\/§)(x—\/§)s X2 -y

LHS=(2x—1)(x + 6)(x — 5)
= (2x — 1)(x% + x — 30)
=2x3+x2—61x + 30
=RHS
So(2x—1)(x+6)(x—5)=
2x3 +x2—61x + 30

Completing the square:

2 2
X% + bx = (X+Bj —(Ej
2 2
2 2
So X2+ bx = £x+9j —(Ej
2 2

x2+2bx+c=0

Completing the square:

(x+b)2—-b*+c=0
(x+b)2=b?>-c

X+b=+Vb?—c

10

11

SolutionBank

= -b++b’-c

So the solutions of x2 + 2bx + ¢ = 0 are

X=-b++b?-c.

3
LHS = [x—gj
X
bt
X X
= x3—6x+E—£3
X X
= RHS
3
So (X—EJ =x*-6 E—%
X X X
1\ 2 5
LHS = [xs——)(xz +X ZJ
X
9 1 1 7
= X2 +X2—X2—X 2
9 7
N
1
i
=RHS
1

3n°-4n+10=3 n2—£n+£j
3 3

2
=3 n_gj +§
3 3
The minimum value is £ so

3n2 - 4n + 10 is always positive.

—n?-2n-3=—(n*+2n+3)
==((n+ 1) -1+3)
=—(n+1)%*-2

The maximum value is —2,

so —n? — 2n — 3 is always negative.

X2 + 8x + 20
Complete the square
(X+4)2-16+20=(x+4)°+4
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11

12

13

14

15

The minimum value of (x + 4)? + 4 is 4
So(x+4)>+4>4
Therefore, x? + 8x + 20 > 4

kx? + 5kx + 3 = 0 has no real roots,
so b?—4ac<0
(5k)> — 4k(3) < 0
25k? — 12k <0
k(25k — 12) <0
O<k< £
When k = 0:
(0)x* +5(0)x +3=0
3=0
which is impossible, so no real roots.
So combining these:
0<k<3

px> —5x—6 =0 has two distinct real
roots, so

b?—4ac>0
25 + 24p > 0
p>-%

A(1, 2), B(1, 2) and C(2, 4)

The gradient of line AB = 2-1 = 1
1-3 2
. : 4-2
The gradient of line BC = 51 =2
. : 4-1
The gradient of line AC = > 3 =-3
The gradients are different so the three

points are not collinear.

Hence ABC is a triangle.

Gradient of AB x gradient of BC

= _1 X 2

=-1

So AB is perpendicular to BC,

and the triangle is a right-angled triangle.

A(L, 1), B(2, 4), C(6, 5) and D(5, 2)
4-1

The gradient of line AB = 2—_1 =3
The gradient of line BC = 5-4 = 1
6-2 4
. . 2-5
The gradient of line CD = Fry =3
The gradient of line AD = 2-1 = 1
5-1 4

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

15

16

17

Gradient of AB = gradient of CD, so AB
and CD are parallel.
Gradient of BC = gradient of AD, so BC
and AD are parallel.

So ABCD can be a parallelogram or a
rectangle and we need to check further.
Since there is not a pair of gradients which
multiply to give —1 there is no right angle.
Hence ABCD is a parallelogram.

A(2, 1), B(5, 2), C(4, -1) and D (1,-2)

The gradient of line AB = 2-1 = 1
5-2 3
. . -1-2
The gradient of line BC = iy =3
The gradient of line CD = —2+1_1
1-4 3
-2-1

The gradient of line AD = 13 =3

Gradient of AB = gradient of CD,
so AB and CD are parallel.
Gradient of BC = gradient of AD,
so BC and AD are parallel.

Distance AB = /(5—2)% + (2 1)’

= 10

Distance BC = /(4 —5)? + (—1—2)?

=10

Distance CD = \/(1—4)2 +(=2+1)?

=10

Distance AD = \/(1— 2)° +(-2-1)°

- /0

All four sides are equal. Since no pairs of
gradients multiply to give —1 there are no
right angles at a vertex so this is not a
square. Hence ABCD is a rhombus.

A(-5,2), B(-3,-4) and C(3,-2)

The gradient of line AB = —4-2 _ 3
-3+5
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17

18

19

The gradient of line BC = —2+4 _1
3+3 3

The gradient of line AC = —2-2_ 1
3+5 2

The gradients are different so the three
points are not collinear. Hence ABC is a
triangle.

Gradient of AB x gradient of BC
1

= _3 X —
3

=-1

So AB is perpendicular to BC.

Distance AB = /(-3+5)? + (—4—2)?

- a0

Distance BC = +/(3+3)? + (-2 +4)’

N

AB =BC

As two sides are equal and an angle is
right-angled, ABC is an isosceles right-
angled triangle.

Substituting y = ax into (x — 1) + y? = k:
(x— 172 +a’? =k
XX—2x+1+a’?-k=0
x2(1+a%)—2x+1-k=0
The straight line cuts the circle at two
distinct points, so this equation has two
distinct real roots, so
b?—4ac>0
(-2)?-4(1+ad)(1 -k >0
4—-4(1-k+a’>—ka®)>0
4k — 4a% + 4ka® > 0
-a?+k+ka?>0
-a’+k(1+a®)>0
2

k> 2
1+a’
4y —3x+26=0
4y = 3x — 26
=3, 13
4 2

Substituting y = %x—% into
(x + 4)? + (y — 3)? = 100:

19

20

2
(x +4)* + Gx—%} =100

X2+ 8x + 16 + ixz—ﬂx+% - 100

=0
16x% + 128x + 256 + 9x% — 228x
+ 1444 - 1600=0
25x%2 —100x + 100 =0
X2 —4x+4=0
(x—2)2=0
X=2
There is only one solution so the line
4y — 3x + 26 = 0 only touches the circle in
one place, so it is a tangent to the circle.

Area of square = (a + b)? = a? + 2ab +b?
Shaded area = 4(%abj =2ab

Area of smaller square
=a’+2ab +b*—2ab
= a2 + b2

= C2

Challenge

1

Find the equations of the perpendicular
bisectors to the chords AB and BC:
A(7, 8) and B(-1, 8)

. 7-1 8+8
Midpoint=| —,—— | =(3, 8
p (2 Zj (3.9)

The gradient of the line segment AB
_ 8-8

-1-7

=0

So the line perpendicular to AB is a
vertical line x = 3.

B(-1, 8) and C(6, 1)

Midpoint = (_“6,%}

=(3:2)

The gradient of the line segment BC
_1-8

N

Njo

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.



Pure Mathematics Year 1/AS

SolutionBank

Challenge

1

So the gradient of the line perpendicular to
BCis 1.

The equation of the perpendicular line is
y —y1=m(X - x)
m=1and (x1, y1) = (5.9)

9 5

SOy— — =Xx——
y 2 2
y=x+2

AB and BC intersect at the centre of the
circle, sosolvingx=3andy=x+2
simultaneously:

Xx=3,y=5

Centre of the circle, X, is (3, 5).

Distance AX = /(7 —3)? + (8—5)?

J25
5

Distance BX = \/(—1—3)2 +(8-5)°

J25
5

Distance CX = +/(6—3)? + (1—5)?
J25
5

Distance DX = /(0—3) +(9-5)°

=25

=5

The distance from the centre of the circle
to all four points is 5 units, so all four
points lie on a circle with centre (3, 5).

3=22-1°
5=3-2°
7=42-3°
11=6*-5

Let p be a prime number greater than 2.

1 1 ?
[E(pﬂ)j —(E(p—nj

((p+1)* - (p-1)?)

(4p)

T NPk NP

So any odd prime number can be written
as the difference of two squares.
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1

a

Example: whenn=1,m=3
and 3 is not divisible by 10.
So the statement is not true.

3,5,7,11, 13,17, 19, 23 are the prime
numbers between 2 and 26.

The other odd numbers between 2 and 26
are 9, 15, 21, 25.

9=3x3

15=5x%x3
21=7x3
25=5x%5

So every odd integer between 2 and 26 is
either prime or the product of two primes.

1> +2% =odd
2> +3% =odd
3 +4°=o0dd
4> +5° =odd
5 +6” =odd
6> +7° =odd
7° +8% =odd

So the sum of two consecutive square
numbers between 12 and 8 is always an
odd number.

Break down the integers into numbers
divisible by 3 and numbers giving a
remainder of 1 or 2 when divided by 3.

(3n)* =271 = 9n(3n?) which is a multiple
of 9.

Bn+1)>=27n°+27n* +9n + 1
=9n(Bn*+3n+1)+1
which is one more than a multiple of 9.

(B3n+2)=27n* + 541>+ 36n + 8
=9n(Bn*+6n+4)+8
which is one less than a multiple of 9.

So all cube numbers are either a multiple

of 9 or 1 more or 1 less than a multiple of
9.

Example: whenn=2,2*-2=14
14 is not divisible by 4.

Any square number has an odd number of
factors, for example 25 has 3 factors.

5 ¢

Example: when n = %,
2
7 I T IR A S
2 2 4
L,
2
3

which is negative.

Example: whenn =1,
2(1*-2(1)-4=2-2-4=—4
which is not a multiple of 3.

The error lies in the last stage. We can
only write this statement if 3(x?)y + 3x()?)
is greater than zero. No work has been
done to prove or disprove this.

Example, when x =0 and y = 0,
0°+0°=(0+0)

(x + 5)? > 0 for all real values of x
As (x +5)?=x+10x + 25

and (x + 6)> =x*+ 12x + 36
(x+5)72+2x+ 11 =(x + 6)
So(x+6)>2x+11

As a is positive, multiplying both sides by
a does not reverse the inequality
Soa’+1>2a

Thena?—2a+1>0

Factorising gives

(a — 1)> > 0 which we know is true.

By squaring both sides, consider (p + ¢)*
(p+qy=p*+2pq+q
=(p—q)° +4pq
(p — g)> > 0 since it is a square
s0 (p+q)° 2 4pq
p and ¢ are both positive
sop>0andg>0
Therefore,p + g >0

Sop+qg>.4pq
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9 b

10a

10b

Whenp=¢gq=—-1,p+tqg=-"2
and/4pq =2

but—2<2,ie p+q<+4pq
which is inconsistent.

The student had forgotten the significance
of x and y both being negative i.e the left
hand side is negative while the right hand
side can be positive. In this case the
inequality could not be true.

Whenx=y=-1,x+y=-2

and \/x*+ )% =2
_2< \/5

(x ) = + 2xp + 2

As x> 0and y> 0 then 2xy > 0.

So x* + 2xy + 32 > x? + ?

As x +y >0, square root both sides

xty= \/x2+y2
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3x* =21x B 3x* 3 21x

3x ©3x 3x
=x"-7

b x*—2x-24
xP—7x+6
_(x=6)(x+4)
 (x—=6)(x—1)

_x+4

x—1

2x% +7x—4
2x* +9x+4
(2x-D(x+4)
T 2x+1)(x+4)
~2x-1

S 2x+1

3x* +5

x+4>3x3+12x2+5x+20
3x° +12x°

0+5x+20

5x+20

0

o 3x’ +12x% +5x+20 _
x+4

S

2x* —2x+5
x+1>2x3+0x2 +3x+5

2x° +2x°
-2x* +3x
—2x° —2x
Sx+5
3X+5
0

2x° +3x+5 _
x+1

So

Pure Mathematics Year 1/AS

Algebraic methods, 7 Mixed Exercise

3x2+5

2x?—2x+5

4 a

SolutionBank

o) =2x° — 2x* — 17x + 15
f(3) =23 —2(3)* - 17(3) + 15
=54—-18—-51+15
=0
So (x — 3) is a factor of
2x3 = 2x* = 17x + 15.

2x° +4x-5
x—3>2x3—2x2—17x+15
2x° —6x°
4x* —17x
4x* —12x
—5x+15
—5x+15
0

23— 2x*—17x + 15
=(x—3)(2x2+4x—5)
Sod=2,B=4,C=-5

for) =x* +4x* - 3x— 18
f(2) = (2)3 + 4(2)2 -3122)—18
=8+16—6—18
=0
So (x — 2) is a factor of x> + 4x? — 3x — 18.
XX +6x+9
x—2>x3+4x2—3x—18
X —2x?
6x* —3x
6x° —12x
9x—18
9x—18

0
X442 -3x—18=(x—2)x* + 6x+9)
~ (= 2)r +3)°
Sop=1,9g=3

fx)=2x>+3x*— 18x + 8
f(2) =22 +3(2)* - 18(2) + 8
=16+12-36+8
=0
So (x — 2) is a factor of
2x3+3x2 - 18x + 8.

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.



Pure Mathematics Year 1/AS SolutionBank

2x° +7x—4
6 x—2)2x¢ +3x"—18x+8 9 a ()+Q2)
3 5 3r=9
2x" —4x” r=3
7x* —18x Substituting in (1)
7x* —14x 3-s=3
s=0
—4x+8 Checking in (2):
—4x+8 2r+s=23)+(0)=6v
Sor=3,5s=0
0
207 +3x* — 18x + 8 = (x = 2)(2* + Tx — 4) b h(x)=x>+4x%+3x
=(x = 2)(2x — 1)(x +4) = x(x* + 4x + 3)

=x(x+3)(x+1)
7 fx)=x-3x*+kx—10

f(2)=0 10a g(x)=2x>+9%>—6x—35
(2 =32 +k(2)—10=0 g(1)=2(1° +9(12 - 6(1) -5
8—12+2k—10=0 =24+9—-6-5
2k=14 =0
k=17 So (x — 1) is a factor of 2x> + 9x? — 6x — 5.
8 a f(x)=2x*+px+gq 2x” +11x+5
f(-3)=0 3 2
x—1)2x"+9x" —6x-5
2(=3+p(=3)+q=0 ) 5 h2
18-3p+¢=0 2x —2x"
3p—q=18 1) 11x* —6x
f(4) =21 )
2047+ p(4)+ g =21 Ix” —11x
32+4p+g=21 5x-5
4p+q=-11 (2) 5x-5
(1) + (2 0
Tp="1
p=1 g(x)=2x>+9x* —6x—5
Substituting in (2): = (x— D2x* + llx +5)
4(1)+g=-11 =@ = D@2x+ Dx+5)
qg=-15
Checking in (1): b g(x)=0
3p—q=3(1)—(-15)=3+15=18V = DEx+ Dx+5)=0
Sop=1,g=-15 Sox=1,x=—+orx=-5
b f(x)=2x>+x—-15 11a fix)=x>+x>—5x—2
=(2x = 5)(x +3) f(2)=(2) +(2)* - 5(2) -2
=8+4-10-2
9 a h(x)=x>+4x>+rx+s =0
h(-1)=0 So (x — 2) is a factor of x> + x? — 5x — 2.

1P +4=1)>+r(-1)+s5=0
“1+4—-r+s=0
r—s=3 (1
h(2) = 30
(2} +42)* +r(2) +5 =30
8+16+2r+s=30
2r+s=6 2)
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x+3x+1

11b x—2> X +xi—5x-2

12

13a

X —2x?
3x? —5x

3x? —6x

NS NS

xX—
xX—

< ‘

fo)y=x+x*—5x—2
=x—2)@*+3x+1)

f(x) =0 when x =2
orx’+3x+1=0

o —b++b* —4dac

2a

Y (3)" —4()(1)

2(1)
_ 3245

2

“3+4/5

So the solutions are x =2, x = 5

—3-45
and x = S

2x> =7x+3
x+1>2x3 —5x* —4x+3
2x° +24°

~7x* —4x

—7x* =7x
3x+3
3x+3
0

23 =52 —4x+3=(x+ 1)(2x*— Tx +3)
=@+ D2x—1D(x—3)
The roots are x =—1,x= 1 and x = 3.

So the positive roots are x = 1 and x = 3.

fox) =x* — 2x* — 19x + 20
f(—4) = (—4)> — 2(—4)> — 19(—4) + 20
=—64—-32+76+20
=0
The remainder is 0.

SolutionBank

x> —6x+5
13b x+4>x3—2x2—19x+20

X +4x”
—6x> —19x
—6x° —24x
5x+20

5x+20

0
for) = x> — 2x2 — 19x + 20
= (x+4)(x*—6x+5)
=(x+Hx—5x-1)
f(x) = 0 when
x=—4,x=50rx=1

14a fx)=6x"+17x>—5x—6
(5)=o3) 5] (3¢
3 3 3 3
5ol
27 9 3

_16 68 10

9 9 3
=0
So (3x — 2) is a factor of f(x).

2x% +7x+3
3x—2>6)c3 +17x> =5x-6
6x° —4x’
21x* —5x
21x* —14x
9x—-6
9x=6
0

for) =6x° + 17x* = 5x — 6
=(Bx—2)(2x*+ Tx +3)
Soa=2,b=7,c=3

b f(x) = (3x — 2)(2x> + Tx + 3)
= (3x — 2)(2x + D)(x + 3)

¢ Bx—2)2x+D(x+3)=0
The real roots are x = 3, x =—1 and

x=-3.
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SolutionBank

15

16

17

18

X-y (‘/—+\/—)
(V=) ()
()

LHS =

X=Yy
—Vary

=RHS

S0 =

Completing the square:
n?—8n+20=(n—4)>+4

The minimum value is 4, so n> — 8n + 20
1s always positive.

A(1,1), B(3,2), C(4,0) and D(2, —1)

The gradient of line AB = 2-1 1
3-1 2
0-2
The gradient of line BC = 13 =-2
. . -1-0 1
The gradient of line CD = —— = —
2-4 2
The gradient of line AD = % =-2

AB and BC, BC and CD, CD and AD and
AB and 4D are all perpendicular.

Distance AB = \/(3—1)> +(2—1)*
=5

Distance BC = /(4-3)? +(0—2)
=5

Distance CD = /(2 —4)* +(~1-0)
=5

Distance AD = (2—1)> +(-1—1)’

-

All four sides are equal and all four angles
are right angles, therefore ABCD is a
square.

1+3=even
3+ 5=even
5+ 7 =-even
7+ 9 =-even

So the sum of two consecutive positive
odd numbers is always even.

© Pearson Education Ltd 2017. Copying permitted for purchasing institution only. This material is not copyright free.

19

20

21

22

23

To show something is untrue you only
need to find one counter example.
Example: when n = 6,
”-n+3=6"-6+3=33

which is not a prime number.

So the statement is untrue.

1 4 _2
LHS = (x——j[)ﬁ +Xx 3}
X

o1 5

=x3+x3—x3-x3

7 el
— x3 -X 3

1

= 1

2
=x3|x -—
X

=RHS

1 4 2 1 1
So [x——j(ﬁ +x 3JEX3 (xz —_zj
X X

Remember, in an identity you can start
from the RHS or the LHS. Here it is easier
to start from the RHS.
RHS = (x + 4)(x — 5)(2x + 3)
=(x+4)(2x*—Tx—15)
=2x3+x* —43x — 60
=LHS
So 2x* + x* — 43x — 60
=(x+4)(x—5)2x+3)

x* — kx + k = 0 has two equal roots,
sob?>—4dac=0

K —4k=0
k(k—4)=0
k=4or0.

So k=4 is a solution.

Using Pythagoras’ theorem:
The distance between opposite edges

— 1s rational.
2
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24 a Let the first even number be 2n. 25a The assumption is that x is positive.

The next even number is 2n + 2.

(2n+2)?—(2n)* =4n*+ 8n+4 — 4n? b Whenx=0,1+0?=(1+0)?
=8n+4
=42n+1)

4(2n + 1) is a multiple of 4 so is always

divisible by 4.

So the difference of the squares of two

consecutive even numbers is always
divisible by 4.

b Let the first odd number be 2n — 1.
The next odd number is 2n + 1.
Q2n+172—2n—1)>
=@ +4n+1)—@Gn*—4n+1)
=8n
8n is a multiple of 8, which is always
divisible by 4, so the statement is also true
for odd numbers.
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Challenge
1 a Diameter of circle = 1,
so side of outside square = 1
Using Pythagoras’ theorem:
. - 1Y (1Y ] 4
Perimeter of the inside square = 4 ) +H =] |=—==2V2

Perimeter of the outside square =4 x 1 =4
The circumference of the circle is between the perimeters of the two squares, so 2 2 <n<a4.

b Perimeter of inside hexagon = 6 X% =3 because the triangles with 60° angles are equilateral.

Perimeter of outside hexagon = 6 x g =23

The circumference of the circle is between the perimeters of the two hexagons, so 3 <x < 23

r2|—

602

r2—

30°

ax> +(b+ap)x+(c+bp+ap*)

2 x—p)ax3 +bx’ +cx +d
ax’ —apx’
(b+ap)x” +cx

b+ ap)x2 —(bp+ apz)x

(c+bp+ap*)x+d
(c+bp+ap2)x—(cp+bp2 +ap3)

d+cp+bp* +ap’
ax’ +bx’ +cex+d _
xX—=p
So, d + cp + bp* + ap®
f(p) = ap® + bp* + cp + d = 0, which matches the remainder d + cp + bp? + ap® = 0
Therefore (x — p) is a factor of f(x).

So ax? + (b + ap)x + (c + bp + ap*) with remainder.
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The binomial expansion 8A

1 a (x+y)
The (n + 1)th row of Pascal's triangle gives the coefficients in the expansion of (a + b)".
3+ 1 =4throw

b 3x—7)®
15+ 1 = 16th row

C (2x+£j
2

n+1=(n+ 1)throw

d (y_2x)n+4
n+4+1=(n+5)th row

2 a (x+y)*has coefficients and terms
1 4 6 4 1
X4 X3y X2y2 Xy3 y4

(X +y)*= 1x* + 4x3y + 6x2y% + 4xy® + 1y*
=x* + 4x%y + 6X%y? + 4xy3 + v

b (p + q)° has coefficients and terms
1 5 10 10 5 1

p> pq p’d® p*d® pgt @

(p +0)° = 1p° + 5p’q + 10p’q? + 10p’g® + 5pg* + 1¢°
= p° + 5p'q + 10p°g® + 10p°° + 5pg’* + ¢°

¢ (a— b)® has coefficients and terms
1 3 3 1
a® a’(-b) a(-b)? (-b)

a—b)3=1a%-3a%h + 3ab? -
(a—b)® = 1a% — 3a% + 3ab? — 1b°
=a%—3a%b + 3ab? - b

d (x + 4) has coefficients and terms
1 3 3 1
X2 x4 x4? 43

(x + 4)3 = 1x3 + 3x%(4) + 3x(4)? + 4°
= x3 + 12x% + 48x + 64

e (2x — 3)* has coefficients and terms
1 4 6 4 1
(2)* (29°=3) (203 (20)(-3)° (-3)"

(2x — 3)* = 1(20)* + 4(2X)3(=3) + 6(2x)2(=3)? + 4(2x)(<3) + 1(-3)*
= 16x* — 96x° + 216x2 — 216x + 81
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2 f (a+2)° has coefficients and terms
1 5 10 10 5 1
a2 a*2 a’2? a?22® a2t 2

(a+2)°=1a°+ 5a%(2) + 10a3(2)? + 10a2(2)® + 5a(2)* + 32
=a’® + 10a* + 40a + 80a? + 80a + 32

g (3x—4)* has coefficients and terms
1 4 6 4 1
(3)* (3)°4) (347 (3)(4)° (-4)

(3x — 4)4 = 1(3X)4 + 4(3X)3(—4) + 6(3X)2(—4)2 + 4(3X)(—4)3 + 1(—4)4
= 81x* — 432x3 + 864x? — 768X + 256

h (2x — 3y)* has coefficients and terms
1 4 6 4 1

(20)° (29°(=3y) (20)*(=3y)* (29)(-3y)* (-3y)*

(2x = 3y)* = 1(2x)* + 4(2x)*(—3y) + 6(2x)*(—3y)* + 4(2)( —3y)* + 1(-3y)*
= 16x* — 96Xy + 216x%y? — 216xy* + 81y*

3 a (4+x)*has coefficients 1464 1
The bold number is the coefficient of the term 4x°.
Term is 4 x 4x° = 16x°.
Coefficient = 16

b (1 - x)° has coefficients 1510105 1
The bold number is the coefficient of the term 12(—x)3.
Term is 10 x 1%(—x)* = —10x°.
Coefficient = -10

¢ (3 + 2x)® has coefficients 1331
The bold number is the coefficient of the term (2x)3.
Term is 1 x (2x)% = 8x3.
Coefficient = 8

d (4 + 2x)° has coefficients 15101051
The bold number is the coefficient of the term 42(2x)3.
Term is 10 x 4%(2x)% = 1280x3.
Coefficient = 1280

e (2 +x)° has coefficients 16 1520156 1
The bold number is the coefficient of the term 23x3.
Term is 20 x 23x3 = 160x3.
Coefficient = 160

4
f (4 - %x} has coefficients 1464 1

3
The bold number is the coefficient of the term 4(—%x)
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3
3 f Termis 4x4(—%xJ =-2x°
Coefficient = -2

g (x+2)° has coefficients 15101051
The bold number is the coefficient of the term x322.
Term is 10 x x32% = 40x°.
Coefficient = 40

h (3 —2x)* has coefficients 1 46 4 1
The bold number is the coefficient of the term 3(—2x)°.
Term is 4 x 3(—2x)° = —96x3.
Coefficient = —96

4 (1 + 2x)® has coefficients and terms
1 3 3 1
13 12(2x) 1(2x)* (2x)®

Hence (1 + 2x)® =1+ 6x + 12x2 + 8x®

(1+3x)(1 +2x)®

= (1 + 3x)(1 + 6x + 12x* + 8x%)

= 1(1 + 6x + 12x% + 8x3) + 3x(1 + 6x + 12x% + 8x°)
=1+ 6x + 12x% + 8x> + 3x + 18x? + 36x3 + 24x*
=1+ 9x + 30x% + 44x3 + 24x*

5 (2 +y)? has coefficients and terms
1 3 3 1
23 22y 2y2 y3

Hence (2 +y)® =8 + 12y + 6y +y?

Substitute y = x — x2
(2+x=x%)%=8+12(x — x%) + 6(x — x?)? + (x — x?)?
=8+ 12x(1 — x) + 6x2(1 — x3)2 + x3(1 — x)®

Now

(1=x)°=(1=x)(1 —x)°
(1=x)3=(1—x)(1 —2x +x?)
(I-xP=1-2x+x2—x+2x*—x3
(1-x°%=1-3x+3x2—x®

Or, using Pascal’s triangle
(1=x)°=1(1)> + 3(1)*(—x) + 3(1)(—x)* + 1(x)°
(1-x°%=1-3x+3x2—x®

SO (2+x—x%)=8+12x(1 —Xx) + 6x2(1 — 2x + x?) + x3(1 — 3x + 3x* — X%)

=8+ 12x — 12X + 6x2 — 123+ 6x* + X3 — 3x* + 3x° — %8
=8+ 12x — 6x2— 11x3 + 3x* + 3x° — x®
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6 (2 +ax)®has coefficients 1331
The bold number is the coefficient of the term 2(ax)?
Term in x? is 3 x 2(ax)? = 6a’x?
Coefficient of x? is 6a°

So 6a2 = 54
a?=9
a =43
7 (3 +bx)? has coefficients and terms
1 3 3 1
33 3%bx) 3(bx)? (bx)°

(3+bx)®=1x3%+3 x3%x + 3 x 3(bx)? + 1 x (bx)®
= 27 + 27bx + 9b>Z + b3x®

S0 (2 — X)(3 + bx)® = (2 — x)(27 + 27bx + 9b%? + b3x®)

Term in x%is 2 x 9b%x% — x x 27bx = 18b%2 — 27bx?
Coefficient of x? is 18b% — 27b

So 18b?—27b =45

2b>—3b=5

2b>—3b-5=0

(2b—5)b+1)=0
b=5%,-1

8 The coefficientsare 1, 3, 3, 1
The term in x? is 3(p)(—2x)? = 12px?
So the coefficient of the term x? is 12p

5
9 500 (1+ Lj
100

The coefficients are 1, 5, 10, 10, 5, 1

X\ ; A X J XY
500| 1+— | =500| 1(1)° +5()" | — |+10(1)° | — | +...
100 100 100

2
= 500 1+L+ X +...
20 1000

2
Z500+25X+X7

A=500,B=25C= 3
Challenge

1
x2 =3
( 2x)
Coefficientsare 1331
] ] 1 3x> 3
Third term is 3(x*)!(-—) =—"— ==
() 2x) 4x* 4
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The binomial expansion 8B

1l a 4=4x3x2x1
=24

b 91=9x8x7x6x5x4x3x%x2x1
=362 880

o 1_0I _ 10x9x8x7x6x5x4x3%x2x%x1
7! Tx06x5x4x3x2x1
_ 3628800

5040

or 10 x 9 x 8 since the 7! on numerator and denominator cancel

=720

d Eﬂ :]5x14x13x12x11x10x9x8x7x6x5x4x3x2x1

13! 13x12x11x10x9x8x7x6x5x4x3x2x1

_ 1307 674 368 000
6227020800

=210

4 |
2 a = i
2 2121

_ 4x3x2x1
C 2x1x2x1
_ 4x3

~ 2x1

=6

6
b = i
4 4121

_ 6x5x4x3x2x1
C 4x3x2x1x2x1
_ 6x5

© 2x1

=15

or 15 x 14 because the 13! cancels

6(:3 = i
313!
_ 6x5x4x3x2x1
T 3x2x1x3x2x1
_ b6x5x4
T 3x2x1
=20
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_ bx4x3x2x1
4x3x2x1x1

S
1
5

lOCB = E
812!
_10x9x8x7Tx6x5x4x3x2x1
 BxTxBx5x4x3x2x1x2x1
_10x9
~2x1
=45

9 |
f = 9_
5 5141

Ix8x7Tx6x5x4x3x2x1
Ex4x3x2x1x4x3x2x1
_ 9x8x7x6
"~ 4x3x2x1
=126

15
3 a (6) = 5005

b °C, =120

20
c [ = 184756

10
20

d = 1140
17

e C, =2002

f °C, = 8568

4 The rthentry in the nth row of Pascal's triangle is given by "'C_.

a *'c,, =‘C,
b 6_lC:S—l = SCZ
c =°C,

d 'c,, = °C,
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5  5th number on the 12th row = **'C,, = "C, =330

6 a “'C,, = °C, =120
mic =1, =210

b The coefficients are 1, 10, 45, 120, 210, ...
The term in x3 is 120(1)"(2x)® = 960x°.
Coefficient = 960

7 a “c,, ="C, =286
wic =%, =715

b The coefficients are 1, 13, 78, 286, 715, ...
The term in x* is 715(1)°(3x)* = 57 915x*.
Coefficient =57 915

20
8 [10)0.52" = *C,,0.5%
=184 756 x 0.5%°
=0.1762 (to 4 s.f.)
Whilst this seems a low probability, there is more chance of the coin landing on 10 heads than any

other number of heads.

9 a C - nt_ onx(-Dx(n-2)x..x2x1
Un-D!' Ix(n-)x(n-2)x(n-3)x...x2x1

b "C. - n! _ nx(N-1)x(n-2)x...x2x1 :n(n—l)

2 2(n=2)! 1x2x(n=2)x(n-3)x...x2x1 2
o (-2

13) 13'a!

50 50!

[13 131371

a=37
a (92

p p!18!

35 35!

[17}%

p=17
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Challenge
|
a 1°C3= 100 120
3171
|
10c, = ﬂ =120
713!
|
b 14cs = i = 2002
5191
|
14Ce = i = 2002
9151

c The two answers for part a are the same and the two answers for part b are the same.

d "C= _n and "Cn-r = _m because nt and (n—(n—r))=r
ri(n—r)! (n—r)!ir! (n—n)!(n—(n—r))!
n! n!

S = ,
r‘(n-r)!  (n—r)lir!

"Cr="Ch-r
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The binomial expansion 8C

4 4 4
1 a (1+x=1 +(J13x+(2]12x2 +(3j1x3 +x*

=1 +4x + 6x% + 43 + x*

4 4 4
B+x)*=3" +(1J33x+(2J32x2 +(3j3x3 +x*

=81 + 108X + 54x% + 12x3 + x*

(en

o

(4-x)*= 4"+ Gj 4 (—X) + C] 4% (—x)* + (:] 4(=Xx)° + (=x)*
= 256 — 256X + 96x% — 16x° + x*

6 6 6 6 6
(x+2)85=x° +(1Jx52+(2jx422 +(3)x323+[4jx224 +(5)x25+26

= x8 + 12x% + 60x* + 160x3 + 240x% + 192x + 64

o

D

4 4 4
(1+2x)*=1° +(1j13(2x) +(2]12 (2x)? +(3)1(2x)3 +(2x)*
=1+ 8x + 24x% + 32x3 + 16x*

LY e (et (et (L Loy
Kl—zxj =1 +(1J1 (—Ex)+(2jl (—Ex) +(3J1(—Ex) +(_EX)

=1-2x+ §x2—£x3+ ix4
2 16

(1+x)10=110 +(110J 1% + [120j 18x2 + (13 13+ ..

=1+10x1IX+45x 1x2+ 120 x 13 +. . .
=1+ 10x +45x% + 120x3 + . . .

—h

N
QD

O

(1-2x)°=1%+ GJ 14(—2x) + [‘3 13(—2x)% + [gj 12(—2x)% + . ..

=1x1+5x(—2x)+10x4x2+ 10 x (—8x%) +. ..
=1-—10x +40x> — 80x% + . . .

o

(1+3x)°=1%+ (ij 15(3x) + (2) 1%4(3x)? + [2] 133x)°%+. ..

=1x1+6x3X+15x9x°+20%x27x3 + . ..
=1+ 18x + 135x2 + 540x3 + . . .

o

_8:887_ 86_285_3
2-x) 2+(1j2(x)+(2j2(x)+[3j2(x)+...

=1 x 256 + 8 x (—128x) + 28 x 64x% + 56 x (—32x%) + . . .
= 256 — 1024 + 1792x% — 17923 + . . .
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oot (SR

=1 x 1024 + 10 x (—256x) + 45 x 64x? + 120 x (—16X3) +. . .
= 1024 — 2560x + 2880x% — 1920x° + . . .

7 7 7
f 3-x"=3"+ (JB%—X) +[ 2} 3%(—x)? +[ 3J )+ ..
=1 x 2187 + 7 x (—729x) + 21 x 243x% + 35 x (—81x%) + . ..
=2187 — 5103x + 5103x> — 2835x% + . ..
6 6 6 5 6 4,2 6 3,,3
3 a (2x+y)°= (2x)" + L (2x)’y + 5 2x)"y" + 3 2x)°y"+ ...
= 64x° + 192x%y + 240x%y? + 160x%y°

(en

5 5 5
(2x + 3y)° = (2x)° +(J (2x)*(3y) +(2j(2x)3(3y)2 +(3] (2x)°(By)°+ ...
= 32x° + 240x% + 720x3y? + 1080x%y° + . . .

8 8 8
c (p-a)’=p° +[J p7(—q)+(2] p°(-a)’ +[3] PP’ + ...
= p® —8p’q + 28p°q* — 56p°q°> + . . .
6 6 6 5 6 4 2 6 3 3
d @Y= @0°+| | |09+ B9+ | B+
= 729x® — 1458x%y + 1215x%y? — 540x%y°% + . . .
8 8 8 7 8 6 2 8 5 3
e (x+2y)°=x"+ L X (2y)+ 5 X" (2y)" + 3 X*(2y)’+ ...
= x8 + 16x7y + 112x%2 + 448x%y3 + . . |
9 9 9 8 9 7 2 9 6 3
f (2x—3y)’ = (2x)” + L (2x)°(=3y) + 5 (2x)" (-3y)" + 3 (2x)°(-3y)°+ ...
=512x° — 6912x%y + 41 472x"y? — 145 152x5y% + . ..
4 a (L+x8=1%+ (8] 1% + (SJlf‘xz + (8J 153+ ...
1 2 3
=1+8x+28x2+56x3+. ..
6 6 6 5 4 6 2 6 3 3
b (1-2x)°=1"+ 1 1°(—2x) +1 ) (—2x)° + 3 13(=2x)° +. ..
=1-12x+60x* - 160x° +. . .
10 2 3
c (1+ ij =1%+ 10 19(§)+ 10 18(1j + 10 1’ (ﬁj +
2 1 2 2 2 3 2

= 1+5x+ﬁx2+15x3+
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5 5 5
4.d (1-3x°=1%+ (J 14(-3x) + ( 2} 13(=3x)? +[ :J 13(—3x)* +
=1—15x +90x2 —270x> + . . .

e 2+x)=2"+ ! 25 + ! 252 + ! 2%+ ...
1 2 3

=128 + 448x + 672x% + 560x° + . . .

3 3
f 3-2x°=3%+ (J 32(—2x) + (zjs(—zx)z +(—2x)°
=27 — 54x + 36x% — 8x°

6 6 6
g 2-3x)5=25+ (J 25(—3x) + (Zj 24(—3x)? +£3J 23(3x)° +
=64 — 576x + 2160x% — 4320x% + . . .

4 4 4
h (4+x)*= 4"+  |4x+| |42+ _|4°+ ...
1 2 3

= 256 + 256X + 96x% + 16x° + . . .

7 7 7
i (2+5x)'=2"+ (JZG(Sx) + (Zj 25(5x)? + [3} 24(5x)% +
=128 + 2240x + 16 800x> + 70 000x° + . . .

6 6 5 6 4 2
5 (2—-x%=2 +(J2 (—x)+(2j2 (-x)% +

=64 — 192X + 240x° + . . .

5 5
6 (3—-2x°=3 +[1j34(—2x) +(2)33(—2x)2 ...
=243 —810x + 1080x* +. . .
5
7 (X+£j
X

RO IHEORERORAIORD

= x*+5x° +10X+E+—+i

x x x°
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Challenge

4 4 4
a (a+b)*=a* +(1J a3b+(2j a’b? J{Bj ab® +b*

= a* + 4a%b + 6a%b? + 4ab® + b*

_4_443_42_24_3_4
(a-b)'=a +(Ja( b)+(2ja( b) +(3ja( b)° + (=b)
= a*— 4ab + 6a%b® — 4ab® + b*

(a+b)*—(a—b)* = (a* + 4ab + 6a%b? + 4ab® + b*) — (a* — 4a%b + 6a%b? — 4ab® + b%)
= 8a°b + 8ab®
= 8ab(a? + b?)

b 82896 =17*—-5*
a=llandb=6
=8x11x6x (112 + 6%
=8x11x6 x 157
=23x11x2x3x157
=2*x3x 11 x 157
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The binomial expansion 8D
1 a (3+x)°

x3 term = [gj 32(x)® =10 x 9x3 = 90x3
Coefficient = 90

b (1+2x)°
x3 term = [2) 12 (2x)® =10 x 8x® = 80x®
Coefficient = 80

c (1—-x)°
x3 term = [gj (1)3(x)% =20 x (—x3) =—-20x3
Coefficient = —20

d (3x+2)°
x3 term = (gj (3x)%22 =10 x 108x® = 1080x°
Coefficient = 1080

e (1+x)70
x3 term = [130j 17(x)® =120 x 1x® = 120x°
Coefficient = 120

f (3-2x°
x3 term = (2} 33(—2x)° = 20 x (—216x%) = —4320%°
Coefficient = —4320

g (1+x7%
x3 term {230} 11x% = 1140 x x3 = 1140x3
Coefficient = 1140

h (4-3x)7
x3 term = (g 4%(—3x)® =35 x (-6912x%) =-241920x°

Coefficient = —241 920

6
i (1—1xj
2
6 3
x3 term = N —lx =20 x —lx3 =-2.5x3 or—§x3
3 2 8 2

Coefficient=-2.50r -3
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,
1] (3+li
2
7 3
term= | " |3t 1x] =35 x 81 x L = 354,375 or 22X
3 2 8 )

Coefficient = 354.375 or 2=

8
k (Z—EX)
2
8 3
x3 term = 2° (—l xj =56 x 32 x —1x3 = —224x3
3 2 8

Coefficient = —224

5
I (5+1xj
4
125

5 3
x3 term = 52 ix =10 x 25 x ix3 =3.90625x3 or ———
3 4 64 32

Coefficient = 3.90625 or 132—25

2 (2+ax)®
6
X2 term = [2) 24(ax)? =15 x 16ax? = 240a%x?
0

240a°=6

a? =

H N

N| -

3 (3+bx)
5
x3 term = [3} 32(bx)® =10 x 9bx® = 90b*x®

90b% = -720
b®=-8
bh=-2

4 (B-ax)t =3+ [g 3(~ax) + (3] 3(—ax)? + @j 3 (-ax)® + (-ax)*

=81+ 4 x (—27ax) + 6 x 9ax? + 4 x (—3a%%) + a*x*
=81 — 108ax + 54a%x?® — 12 + a’x*

(2 +x)(3 —ax)* = (2 + x)( 81 + 108ax + 54a’x? — 12a%¢ + a*x*)

x3 term = 2 x (—12a°%%) + x x 54ax?
= —24a° + 54a’’
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4  —24a+54a>=30
—4a3+9a’=5
0=4a>-9a’+5
0=(a—1)(4a®—5a—5)

 5++/25+480 5+/105

Eithera=1lor4a’-5a-5=0= a

8 8
Possible values of a are 1, S+ 8| 105 and 5- 8“ 105 )

5 a (1-2xP=10+ (i)]lp‘l(—Zx)+ [gjlp‘z(—Zx)2+...

py_  p'
[J_l!(p—l)!_p

Py__ p'  _p(p-)
2) 2(p-2)! 2

So(1—-2x)P =1+ p(_ZX)er(_ZX)Z +

=1-2px+2p(p— x> +...
X2 term = 2p(p — 1)x?
2p(p —1)=40
p’-p-20=0
(P-5)(p+4)=0
p>0,s0p=5

b Coefficient of x=—-2p =-10

c x3term= [gj 1P~ 3(-2x)®

p(p-1)( p—2)(_2X)3
3!
_ 5x4x%3
=3 (—8x3)
= -80x°
Coefficient of x> = —80

6 a (5+px)*=75% +(310]529(px) +(320j528(px)2 + ...
= 530 + 52%(30px) + 52(435p2¢2) + . . .

b 5%8(435p?) = 29 x 52°(30p)
435p? = 29 x 5(30p)
435p? = 4350p
p?=10p
p>?—10p=0
p(p-10)=0
p=0orp=10
p is a non-zero constant, so p = 10
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10 10 10
7 a (L+qgx)P=1° +( ) jlg(qx)+£ 5 Jls(qx)2 +( 3 jf(qx)3 T
=1+ 100x + 450%x2 + 120033 + . ..

b Coefficient of x3is 120¢°
Coefficient of x is 10q
S0 120g° = 108 x 10q
= 120qg®-1080q =0
= 120q(q?-9) =0
= 120q(q+3)(q-3)=0
g=0,g=-3o0rq=3
But as q is non-zero, q = 3.

11 11
8 a (1+px)“:1“+(1Jll°(px)+(zjlg(px)z+
=1+ 11px + 55p>% + . ..
b 11p =77 and 55p% = q
p=7
=55 x 72 = 2695
p=7,q=2695
15 15
9 a (1+px)15:115+(1)114(px)1+(2j113(px)2+
=1+ 15px + 105p%2 + . ..

b 15p =—qand 105p? = 5q

21p?=q
Substituting 15p = —q into 21p? = q:
21p? =-15p

21p? +15p = 0
3p(7p+5)=0
p=0or -2
p is a non-zero constant, sop = —$
q:—15x —E = E :10§

7 7 7
p=-2,9=103

10 (1 +x)%

30
X2 term = [ o jl” x° = 14 307 150%°

30
x*0 term = [1()}120 x'° = 30045 015x*°

0= 14307150 and q = 30 045015
9 _ 30045015 _ 54 (152 51)
0 14307150
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Challenge
a (3-2x)°

9
x* term = (2j37(—2x2)2

=36 x 2187 x 4x*
=314928x*

The coefficient of x* in the binomial expansion of (3 — 2x?)%is 314 928.

b (% xzjs
x4 term = GJ (;)4 (x? )4

=70 x (@j x x8
N

=43 750x*

8
The coefficient of x* in the binomial expansion of (§+ xzj Is 43 750.
X
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The binomial expansion 8E

g (R ) G

=1-0.6x+0.15x2 - 0.02x3 + . . .

b We want (1 — —)=0.99
10

X ~0.01
10
x=0.1
X 6
Substituting x = 0.1 into the expansion for (1—Ej :

0.99° = 1 — 0.6(0.1) + 0.15(0.1)% — 0.02(0.1)?
~0.941 48

i (R

= 1024 + 1024x + 460.8x> + 122.88x3 + . . .

10
b We want (2+§) =21

X =01
5
x=0.5
X 10
Substituting x = 0.5 into the expansion for (2 +§j :

2.1~ 1024 + 1024(0.5) + 460.8(0.5)> + 122.88(0.5)°
~ 1666.56
5 5 5 4 5 3 2
3 1-3xP=1"+ 11(—3x)+ 21(—3x)+...
=1-15x+90x>+. ..
(2+x)(1-3x°=(2+x)(1-15x+90x* +. . )

=2-30x+180x%+...+x—-15x%+ ...
~ 2 — 29X + 165x2

4 4
4 (B+x)4 =3+ (1]33x+ [2J32x2+...
=81+ 108x +54x> + . ..
(2-X)(B+x)*=(2-x)(81 +108x +54x> +...)
=162 + 216x + 108x? +...—81x —108x%> + . ..
~162 + 135X+ Ox2 + . . .

a=162,b=135c=0
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8 8 8
5a (1+2x)8=1° +[1j17 (2x) +{2j16 (2x)* +[3j15(2x)3 + ...
=1+ 16X+ 112x%> + 448x% + . ..

b We want (1 + 2x) = 1.02
2x =0.02
x=0.01

Substituting x = 0.01 into the expansion for (1 + 2x)®:

1.028 ~ 1 + 16(0.01) + 112(0.01)? + 448(0.01)3
~ 1.171 648

30 30 30
6 a (1-5x)%=1% +[ . j129(—5x)+[ ) jfg(—5x)2 +[ 3 j127 (-5x)°%+ ...
=1—150x + 10 875x% — 507 500x3 + . . .

b We want (1 —5x) = 0.995
5x =0.005
x=0.001

Substituting x = 0.001 into the expansion for (1 — 5x)°
0.995% =~ 1 — 150(0.001) + 10 875(0.001)> — 507 500(0.001)3
~ 0.860 368
¢ 0.995% =0.860384 (to 6 d.p.)

Percentage error = 0.860 384 —0.860 368 x100 =0.0019%

0.860 384

e (o) = (R0

=59049 —39366x + 11 809.8x* + . . .

10
b We want (3—%) =2.98

X 20.02
5
x=0.1

10
Substitute x = 0.1 into the expansion for (3—%) :

5 5 5
8 a (1-3x)°= 15+(1j14(—3x)+(2]13(—3X)2+(3j12(—3x)3+ .
=1 - 15X+ 90x2 — 27053 + . . .

b For the expansion (1 — 3x)°, only use the first two terms as x? and higher powers can be ignored.
(1+x)(1—3x)°=(1+x)(1—15x)
~1—15x + x — 15x?
~1-14x
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9 a So that higher powers of p can be ignored as they tend to 0.

200 200
b (1_ p)200 — 1200+[ . JllQQ(_p)+( ) j1198(_ p)2 + ...
~1—200p + 19 900p?

c  1-200p+ 19900p?=0.92
19 900p? — 200p + 0.08 = 0
_ —(~200) #4/(~200)? — 4(19 900)(0.08)
P 2(19 900)

_200+,/33632

39800

p=0.009 63 or p=0.000417 (to 3 s.f.)
As p <0.001, the maximum value for p would be 0.000 417.
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The binomial expansion, Mixed Exercise 8

1 a *'c,, ="C, =455
181c, | = BC, = 1365

b The coefficients are 1, 15, 105, 455, 1365, ...
x3 term of (1+2x)™ = 455(1)*2(2x)® = 3640x3
Coefficient = 3640

()
17) 171al
45) 451
[17J=T28!
a=28

3 a Whenn=5andp=0.5,

20 20
( A ) pn(l_ p)ZO—n :[ 5 )0.55(1_().5)2015
=0.0148 (to 35.f.)

b Whenn=0andp=0.7,

20 20
[ j p"(1-p)°™" = ( j0.7°(1—0.7)2°
n 0
=0.000 0000000349 (to 3 s.f.)

¢ Whenn=13andp =0.6,

20 20
( J pn(l_ p)207n = ( j0613(1_06)7
n 13
=0.166 (to 3s.f.)

O

. p(_s_xj+ p(p-1) (_3_x)2+ p(p-1(P-2) (_g)ﬁ

2 21 2 3! 2
a Coefficient of x is—37p.
—3—p:—24
2
p=16

p(p-1) 9 16x15 9
b Coefficient of x2 = > XZ=TXZ=27O

_P(p-D(p=2) 27 _ 16x15x14 27
3! 8 3x2 8

¢ Coefficient of x° = =-1890
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SolutionBank

(2-xt=28+ [13 2'2(—x) + [123 j 29 ()P + .

= 8192 + 13 x (—4096x) + 78 x 2048x% + . . .
= 8192 — 53 248x + 159 744x> + . ..
=A+Bx+Cx*+...

So A=8192, B =-53248, C = 159 744

(1—-2x)10 = 1+(110J19 (-2x) +[120]18 (-2x)* +(1§J17 (-2x)°+ ...

=1+ 10 x (—2X) + 45 x (—2x)2 + 120 x (~2x)3 + . . .
=1 —20x + 180x% — 960x3 + . . .

We need (1 — 2x) = 0.98
2x =0.02
x=0.01
Substituting x = 0.01 into the expansion for (1 — 2x)*:
0.9819~1—-20x0.01 + 180 x 0.012—960 x 0.013
=0.81704+...

(2 — 3x)10 = 210 _l_(lloJ 29(~3x) +(120J 28(—3x)? +[13?j 21(=3x)°%+. ..

= 1024 + 10 x (—1536X) + 45 x 2304x% + 120 x (—3456x%) + . . .

= 1024 — 15360x + 103 680x* — 414 720x> + . . .

We require (2 — 3x) = 1.97
3x=0.03
x=0.01
Substituting x = 0.01 in the expansion for (2 — 3x)°:
1.971°~ 1024 — 15360 x 0.01 + 103680 x 0.01°> — 414 720 x 0.013
=1024 —153.6 + 10.368 — 0.414 72
= 880.35 (to 2 d.p.)

(B+2x)*=3%+ Gj 33(2x) + [;J 32(2x)? +£:j 3(2x)° + (2x)*

= 3%+ 4 x 54x + 6 x 36X% + 4 x 24x3 + 16x*
=81 + 216x + 216x2 + 96x° + 16x*

Substituting x = —x:
(3 — 2x)* = 81 + 216(—X) + 216(—X)? + 96(—X)* + 16(—x)*
=81 — 216x + 216x2 — 96x° + 16X

Using parts a and b:

(B+2x)*+ (3 —2x)* = 81+ 216x + 216x% + 96x3 + 16x*
+ 81 — 216x + 216x> — 96x3 + 16x*
162 + 432x2 + 32x4

Substituting x = J2 into both sides of this expansion gives:

(3+ 2&)4 +(3—2J§)4 =164+432(\/§)2 +32(J§)4
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8 ¢ (3+2J§)4+(3—2J§)4= 162 + 432x2 + 32x4
- 1154

R R R RS

. n@} n(n-1) (5)2 L N(n-1)(n-2) (5)3 , N(n-1(n-2)(n-3) (ij“ .
- 2 21 |2 3! 2 41 2

n(n-1) "
24
n(n-1) _ 7
2x 4
nin—1)=56
n>—n-56=0

(n=8)(n+7)=0
n is a positive integer, son =8

a x’term=

b Coefficient of x* = n(n-1)(n—2)(n—3) ><i

41 2
Z
_ gx7xﬁ/x5xi
AxExZIx1 16
8
_35
8

10a (3 +10x)*=3%+ @ 33(10%) + @ 32(10x)? + @ 3(10x)° + (10x)*

= 3%+ 4 x 270x + 6 x 900x> + 4 x 3000x* + 10 000x*
= 81 + 1080x + 5400x2 + 12 000x* + 10 000x*

b We require (3 + 10x) = 1003
10x = 1000
x =100
Substituting x = 100 in the expansion of (3 + 10x)*:
1003* = 81 + 1080 x 100 + 5400 x 100 + 12 000 x 100% + 10 000 x 100*
=81+ 108000 + 54 000000 + 12 000 000 000 + 1 000 000 000 000

1000 000 000000
12000 000 000
54 000 000

108 000

81

1012054 108 081

1003* = 1012 054 108 081
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11a (1 +2x)*

=112 +(112J 11(2x) + @Zj 110(2x)% + (13 192x)% + . ..

=1+12x2X+66x4x2+220%x 8x3 +. ..
=1+ 24x + 264x% + 1760x% + . . .

b We want (1 + 2x) = 1.02
2x =0.02
x=0.01
Substituting x = 0.01 in the expansion for (1 + 2x)2:
1.02%2~1+ 24 x 0.01 + 264 x 0.01? + 1760 x 0.01°
=1.268 16

¢ Using a calculator:
1.022 = 1.268 241 795

_1.268 241795 - 1.268 16
1.268 241 795

d Error x100 = 0.006 45%

5
12 (x —ij has coefficients and terms
X

Putting these together gives:

5 2 3 4 5
(x—ij =1x5+5x4(—£J+10x3(—1) +10x2(—£j +5x(—£} +1(—£j
X X X X X X

=X —5x3+10x—9+%——5
x x* x

13a (2k+x)" = (2K)" +@ 2K x + @ (2K)" 22 + @ @K+
Coefficient of x? = coefficient of x°

n ., ([n .
(Zj(Zk) 2—(3}(2k) 8

J?ﬂ./ (Zk)n—Z _ Y(f (zk)n—3

(n—-2)12!

(

( 12!
(2k)"*  (n-3)13!

(

(

(
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